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Chapter 1

Introduction

The monograph "Selected Topics in Modern Mathematics — Edition
2014" has been prepared to summarize results of the current research conducted
at the Cracow University of Technology’s Institute of Mathematics. Occasion to
this summary are reorganization of the institute consisting on creating research
teams that work on various branches of mathematics and its applications as well
as the jubilee of 70th anniversary of the Cracow University of Technology.

70 lat
Politechniki
Krakowskiej

This jubilee is celebrated during the whole academic year 2014-2015. More
information about the anniversary can be found at the following site.

www.jubileusz.pk.edu.pl

There are presently five research teams at the Cracow University of Technol-
ogy’s Institute of Mathematics:

e Abstract algebra and geometry,


www.jubileusz.pk.edu.pl

CHAPTER 1. INTRODUCTION

Differential equations,
Differential geometry,
Functional analysis,

Statistics and stochastic processes.

Several researchers also work in the field of discrete mathematics and graph the-
ory, foundations of mathematics, logic, measure theory and topology.

This is not only occasion to recall and summarize the results achieved, but

also to look ahead, take on new tasks for further development. The editors
hope that the monograph will stimulate exchange of ideas both among authors of
individual chapters and between the authors and readers. The exchange of ideas
is the best way to stimulate scientific research. We hope that the monograph will
gather scientists involved in various branches of mathematics to exchange their
experience and accelerate their research.

The volume consists of thirteen chapters that can be grouped into seven parts:

Algebra (Chapter 9, Derivations on rings, and Chapter 12, Rank functions
in algebra, matriz theory, and geometry),

Approximation theory (Chapter 6, Approzimation of continuous and un-
bounded functions),

Differential equations (Chapter 1, On some applications of the Banach con-
traction theorem, and Chapter 2, Existence of a nontrivial solution for hemi-
variational inequality involving p(x)-Laplacian),

Foundations of Mathematics (Chapter 4, An outline of the theory of
Aut(P(w)/FIN), and Chapter 11, Finite aziomatization of logical matrices),

Geometry (Chapter 8, Lipschitz cell decomposition with a parameter in o—
minimal structures, and Chapter 13, Conformal Killing forms and confor-
mal Killing tensors in Riemannian geometry),

Graph theory (Chapter 5, Cycles through matchings in bipartite graphs, and
Chapter 7, A survey on known values and bounds on the Shannon capacity),

Statistics and mathematical finance (Chapter 3, Estimation of stability in-
dex, and Chapter 10, Simple chooser options with some risk reducing deriva-
tives).



The editors would like to express their thanks to the scientific reviewers of
the monograph, Prof. dr hab. Anatolij Prykarpatski (AGH University of Science
and Technology), Prof. dr hab. Kamil Rusek (Pedagogical University of Cracow),
and Prof. dr hab. Tadeusz Stanisz (Cracow University of Economics) for their
great work and valuable comments.

We would like also to express our thanks to Professors Dariusz Cichon (Jagiel-
lonian University), Barbara Fryc (University of Information Technology and Man-
agement in Rzeszow), Wlodzimierz Jelonek (Cracow University of Technology),
Marta Kosek (Jagiellonian University), Marcin Kulezycki (Jagiellonian Univer-
sity), Piotr Niemiec (Jagiellonian University) and Eugeniusz Wachnicki (Peda-
gogical University of Cracow) for reviewing selected chapters of the monograph.
Their work and comments helped to improve this book.

Grzegorz Gancarzewicz
Marcin Skrzyrski

December, 2014






Chapter 2

On Some Applications of the
Banach Contraction Theorem

LUDWIK BYSZEWSKI

Ludwik Byszewski

Cracow University of Technology
Institute of Mathematics

ul. Warszawska 24

31-155 Krakow, Poland

e-mail: lbyszews@pk.edu.pl

Abstract

The aim of this paper is to prove theorems on the existence and unique-
ness of solutions for some nonlocal differential problems, by applying mainly
the Banach contraction theorem.

Contents

|Part I Existence and Uniqueness ot Solutions of Evolution Nonlocal

| Cauchy Problem| . . . . ... ... ... 0oL 12
|Part 1I: Existence and Uniqueness of Solutions of the Neumann Nonlocal |
| Problem together with Nonlocal Initial Condition|. . . . . . . . .. 18
Referencesl. . . . . . . o oo oo 21
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Part I: Existence and Uniqueness of Solutions of Evolution
Nonlocal Cauchy Problem

I.1. Introduction to Part I

In this part of the paper we prove two theorems on the existence and unique-
ness of mild and classical solutions of a semilinear integrodifferential evolution
nonlocal Cauchy problem for a first order equation. To do it the method of
semigroups, the Banach contraction theorem and the Winiarska theorem will be
applied. The results of this part of the paper are based also on those from |2} |4]
3., 165 18 9]

In this part of the paper we shall assume that F is a Banach space with norm
Il - |l, —A is the infinitesimal generator of a Cy semigroup {T'(t)};>0 on E and
D(A) is the domain of A.

Throughout this part of the paper we shall use the notations:

J = [to, to + a], where tg > 0 and a > 0,
A=A{(ts):to<s<t<tyg+al,
M =sup{||T(t)| : t € [0,a]}

and
X=C(J,E).

The nonlocal Cauchy problem considered here is of the form

u + Au(t) = f(t,u(t), ubi()),. .., ulbn(t)))+

¢ to+a
+/t fl(t,s,u(s))ds+/ Falt s, u(s))ds, te T\ {to}, (1)

to
u(to) + g(u) = uo, (2)
where f: JXxE™t! — B fi: AXE—E(i=1,2),9: X —E,b;:JJ —J
(i=1,...,m) are given functions satisfying some assumptions, and uy € F.

I.2 The Winiarska Theorem

The results of this section were obtained by Professor Teresa Winiarska (see

191)-
Let us consider the Cauchy problem
u'(t) + Au(t) = k(t), te J\{to} (3)
u(to) = x. (4)

A function u : J — E is said to be a classical solution of problem (3)-(4), if
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(i) w is continuous on J and continuously differentiable on J \ {to},
(ii) o'(t) + Au(t) = k(t) for t € J\ {to},
(iil) wu(tp) = =.

Theorem 1. Assume that E is a reflexive Banach space, k : J — E is Lipschitz
continuous on J and x € D(A). Then the Cauchy problem (3)-(4) has the only
one classical solution u given by the formula

u(t) =T(t —to)x + /t T(t—s)k(s)ds, teJ.

Proof. See |9, Section 4.2].

1.3 Theorem about a Mild Solution
A function u € C(J, FE) satisfying the integral equation

u(t) = T(t—to)uo—T(t—to)g(u)+/ T(t—s) (f(s,u(s),u(bl(s)), v u(bm(8)))+

to

+/t: fi(s,mu(r))dr + /t0+a fg(s,T,u(T))dT)ds, teJ

to

is said to be a mild solution of the integrodifferential evolution nonlocal Cauchy
problem (1)-(2).

Theorem 2. Assume that:

(i) f:Jx E™tY — E is continuous with respect to the first variable in J,
fi: AXxE — E (i = 1,2) are continuous with respect to the first and

second variables on A, g : X — E, b; - J — J (i = 1,...,m) are
continuous on J, and there exist positive constants L, L; (i =1,2) and K
such that

m
||.f(8520721a o '7Z’m) - f(8720721a .. aém)H S LZ HZZ - 21” (5)
=0

forseJ, zi,Zz, € E (i=0,1,...,m),
1fi(s,7,2) = fi(s, 7, 2)|| < Lillz — 2|| (i=1,2) (6)
for (s,7) €A, z,Z€ E

and
g(w) — g()[| < Kljw —@|[x for w,w € X, (7)
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(i1) Mla((m+ 1)L +aly +als) + K] <1
(iii) ug € E.

Then the integrodifferential evolution nonlocal Cauchy problem (1)-(2) has a
unique mild solution.

Proof. Introduce the operator F' : X — X given by the formula

(Fw)(t) :=T(t — s)ug — T(t — s)g(w)+

+/t Tt~ 5) (F5,0(s),w(ba(s), - 0B ($))+

s to+a

/. fl(S,T,w(T))dT-i-/tO
From (8) and (5)-(7), we have
[(Fw)(t) — (Fu)@)|| < (9)
<T@ = to)llllg(w) — g(w) ||+
/ 1Tt = s)I11f (s, w(s), w(bi(s)), ..., w(bm(s)))—
—f(s,w(s),w(b1(s)), - -, W(bm(s)))llds+

+ [ (=91 [ It mw) - fits rar)lar)ds+

fols, T, w(T))dT) ds, teJ. (8)

+/tt (I = s)] /ttm ol myw0(r)) = fals, 7, (7)) l|dr ) ds <

< MKl s+ ME [ (Juts) ~ ot + Z J(bi(s)) — (b ()] ) s+

+ML; /tt ( : [Jw(7) —@(T)||d7>ds+ML2 /tt (/ttm lJw(r) —w(T)HdT)ds <

< M[a((m + 1)L +alq + CLLQ) + K]||w — QIJHX
for w,w € X and t € J. If we define

q= Mla((m+ 1)L+ aly + als) + K],
then by (9) and assumption (ii),

|[Fw — Fu|x < qllw— | x for w,w € X (10)
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with 0 < ¢ < 1. This shows that F' is a contraction on X. Consequently, by (10)
the operator F satisfies all the assumptions of the Banach contraction theorem.
Therefore, in the space X there is exactly one fixed point of F' and this point is
a mild solution of problem (1)-(2). So, the proof of the theorem is complete.

I.4 Theorem about a Classical Solution

A function u : J — FE is said to be a classical solution of the integrodiffer-
ential evolution nonlocal Cauchy problem (1)-(2), if

(i) w is continuous on J and continuously differentiable on J \ {to},
(i) w'() + Au(t) = f(t u(t), u(bs(?)),- -, ulbm(t)))+

t

to+a
+ [ fi(t,s,u(s))ds —l—/ fa(t, s,u(s))ds for t € J\ {to},

to tO
(i) u(to) + g(u) = uo.
Theorem 3. Assume that:
(i) E is a reflexive Banach space and ug € E,

(ii) f: JxE™ — E, fi: AXE — E (i = 1,2) are continuous with
respect to the first and second variables on A, g : X — E, b; : J — J

(i =1,...,m) are continuous on J, and there exist positive constants C,
C; (1=1,2) and K such that
||f($, 20y R1y -+ Zm) — f(g, 20, 21, ey gm)H S (11)

SC(‘3—§|+ZH2’1'_5¢”) fors,se€lJ, z,z; € E (i=0,1,...,m),
i=0
[fi(s,m,2) = fi(5, 7, 2)| < Cills = 8| + [z = 2[]) (i=1,2) (12)
for (s,7),(8,7) €A, z,Z€ E
and
lg(w) = g(w)|| < Klw —w|x for w, o € X, (13)
(#ii) Mla((m+1)C + aCi + aC3) + K] < 1.

Then the integrodifferential evolution nonlocal Cauchy problem (1)-(2) has a
unique mild solution (which will be denoted by) u. Moreover, if ug € D(A),
g(u) € D(A) and there is a positive constant  such that

llu(bi(s)) — u(bi(8)|| < &llu(s) — u(3)|| fors,5eJ (i=1,...,m), (14)

then u is the unique classical solution of problem (1)-(2).
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Proof. Since all the assumptions of Theorem [2] are satisfied, it is easy to see that
problem (1)-(2) possesses a unique mild solution, denoted by w.

Now, we shall show that u is a classical solution of problem (1)-(2). To this
end introduce

N = max (s, u(s), u(br(9)), - ulbm(3)], (15)
Nii= max [[fits.mu(r)] (=12 (16)

and observe that
u(t+h) —u(t) = (17)

= (T(t +h—to)uo — T(t — to)uo) — (T'(t + h — to)g(u) — Tt = to)g(u))+

+ /tHh T(t+h—s) (f(s, u(s),u(br(5)), - . s u(bm(s)))+
# [ ntsrunar+ [ plsratrir)as-

= [ 7= ) (st (5D, b))+

S

tot+a
+ , f1(877'7u(7'))d7'+/t0 fg(s,T,u(T))dT)ds =

=T(t = to)(T'(h) — Duo — T(t = to)(T'(h) — I)g(u)+

to+h
—|—/t T(t+h—s) (f(s, u(s),u(b1(s)), ..., u(bm(s)))+

S

to+a
+ [ hma@irs [ fasmam)dr)dst
to

to

+/t T(t—s) (f(s +hyuls + h),u(bi(s + 1)), ulbm(s + 1)) =
—f (s u(s),u(bi(s)), - ulb(5))) ) ds+

+/tt T(t - s)(/ts(fl(s +horu(r) — fi(s,7,u(r))dr )ds+

+/ttT(t — s)</:+h fils+ h,T,u(T))d7->dS+



17

+/tT(t - s)(/t0+a(f2(s +h7u(r)) — fols . u(r)))dr ) ds

to to

for t € [to,to +a), h > 0 and t + h € (to,to + a]. Consequently, by (17), (15),
(16), (11), (12) and (14),
u(t +h) —u@)] < (18)

< hM || Aug|| + hM || Ag(u)|| + hM(N + aNy + aNa) + MCah+
+M0/t (It + 1) = u(s) | + > lubi(s + ) = u(bi(s)) ) ds+

+Ma’Cih + MaN h + Ma?Csyh =

= Ch+ MC [ (luls +h) = u(s)l| + 3 ulbils + 1)) — u(bi(s)] ) ds <

to i=1
t
< Coh+ MC(1 +m/£)/ u(s + B) — u(s)||ds
to

for t € [to,to +a), h > 0 and t + h € (to,to + a]. It follows from (18) and
Gronwall’s inequality that

Ju(t + k) — u(t)]| < CLeMCOEm,

for t € [to,to+a), h >0 and t + h € (to,to + a]. Hence u is Lipschitz continuous
on J. The Lipschitz continuity of u on J combined with the Lipschitz continuity
of fon Jx E™T! and f; (i = 1,2) with respect to the first variables in J implies
that the function

Jot— f(t,u(t),u(bi(t)),. .., ulbn(t))) —|—/t fi(t, s,u(s))ds+

+/t0+a fa(t,s,u(s))ds € E

to

is Lipschitz continuous on J. This property and the assumptions of Theorem
yield, by the Winiarska theorem and Theorem [2] that the linear Cauchy problem

V' (t) + Av(t) = f(t,u(t),u(bi(t)),. .., ulbn(t))+

t

to+a
+ [ fi(t,s,u(s))ds +/ fa(t,s,u(s))ds, te J\{to},

to to

v(to) = uo — g(u)



18 CHAPTER 2. THE BANACH CONTRACTION THEOREM

has a unique classical solution v given by

v(t) =Tt —to)ug — T(t — to)g(u)+
+[zw—ﬂmﬂ&m@w@ﬂg%“wmmxgn+lﬁﬁ@mwu»m+

+/mmﬁ@nmﬂmﬁw=u@ (t € J).

to

Consequently, v is the unique classical solution of problem (1)-(2) and, therefore,
the proof of Theorem [3|is complete.

Part II: Existence and Uniqueness of Solutions of the
Neumann Nonlocal Problem together with Nonlocal Initial
Condition

II.1 Introduction to Part II

Let Q C R™ be a bounded domain. Moreover, let T" be a fixed positive
number and k € R\ {0}. We will need the following assumption.

Assumption (H) (see [1]). J € C(R™,R) is a nonnegative radial function with
J(0) > 0 and

J(z)dz = 1.
R’!L

In [1], the existence and uniqueness of a solution of the following nonlocal
Neumann boundary value problem is studied:

() = / J(& — )y, 1) — u(z, 1)) dy+
Q

+ / G,z —y)g(y, t)dy, =eQ, >0,
R™\Q
u(z,0) = up(z), x €.

The Banach contraction theorem is applied to the study. Kamont [10], Muszyriski
and Myszkis [5], and Pelczar and Szarski 7] also studied the existence and unique-
ness of solutions of differential problems using the Banach contraction theorem.
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The aim of this part of the paper is to give a theorem on the existence and
uniqueness of a solution of the following nonlocal Neumann boundary value prob-
lem together with a nonlocal initial condition:

wlot) = [ I~ ) uly.t) - ule.O)dy+ (19)
Q

+ / Gla,a — y)gly. )y, z €, t e (0,T),
R7\Q

u(z,0) + kTu(z, T) = up(x), x € Q.

For this purpose we will also apply the Banach contraction theorem.

I1.2 Existence and Uniqueness of Solutions

Let assumption (H) be satisfied throughout this section. Moreover, let G €
L®(Q x R™), g € L*>=([0,T); LY(R™ \ ©2)) and ug € L*(Q).

A function u € C([0,T]; L*(Q)) is said to be a solution of nonlocal problem
(19), if

u(z,t) = up(x) — kTu(z,T) + /0 /Q J(x —y)(uly, s) —u(z, s))dyds+

t
+/ / G(z,z —y)g(y, s)dyds, x € Q,te€[0,T].
0o JRM\Q
Consider the Banach space
Xr =0([0,7]; L1 ()

with the norm
lolll = o )1
The solution of problem (19) will be obtained as a fixed point of the operator
Tuo,g : X7 — X1
defined by the formula

Tug.g(W)(2, 1) = uo(x) — KTw(x, T)+ (20)

+ / / J(& — y)w(y, s) — w(z, s))dyds-+
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+/0 /n\Q G(z,z —y)g(y, s)dyds (z € Q, t €[0,T)).

To prove the existence and uniqueness of the solution of problem (19) we will
need the following lemma.

Lemma 4. Let G € L>®(Q x R"), g,h € L>=((0,T); L*(R™ \ Q)) and ug,vo €
LY(Q2). Then there is a constant

C = max{|kl|, k1, k2}, (21)
where k; >0 (i =1,2), depending only on Q, J and G such that
[ Tugg(w) = Tog n ()l < (22)

< o = vollpr ey + 2CT (I[|w = 2l + llg = All Lo (0,77 ®m\02)))

for all w,z € Xp.

Proof. Observe that

[ Taal)(e6) = Top(a)a Dl <
S/Q|u0(x)—vo(x)|dx+|k|T/Q\w(ac,T)—z(x7T)|dx+
[ 9= lwns) = 2.8 = (wlas) = st ) ldyds| do+

¢
+/ / / |G(z,z — y)||lg(y, s) — h(y, s)|dydsdz <
aJo Jrm\Q

< luo =vollr @) + KT lw = 2| + Ea T|[[w = 2[[| + k2 Tllg = Bl Lo (0,521 ) <

< |luo = voll () + 2CT (lllw = 2[[[ + llg = Al (0.1 @ \2))
where C' is defined by (21). This yields inequality (22).

Applying Lemma [4] we will prove the existence and uniqueness of the solution
of problem (19).

Theorem 5. Let G € L>=(Q x R™). Then, for every ug € L*(Q) and g €
L>((0,T); LY(R™ \ Q)), there is a unique solution of problem (19) provided that
2CT < 1, where C is given by (21).
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Proof. Let T = T,,,4. We first check that 7 maps X7 into X7. By (20), we have

1T (w)(t2) — T ) (1) ey < A / 2 /Q iy, 5)|dyds+

to
+B / l9(y, s)|dyds
t1 JR\Q

for 0 < t; <ty < T. The above estimate gives that 7 (w) € C([0,T]; L*(Q2)).
Hence 7 maps X into X7.

Now, choose T such that 2CT < 1. Lemma [4 implies that 7 is a strict
contraction in Xp. Therefore, the existence and uniqueness of the solution of
problem (19) follow from the Banach contraction theorem on the interval [0, 7.
The proof is complete.

References

[1] F. Andreu-Vailo et al. Nonlocal Diffusion Problems. American Mathemati-
cal Society, Providence, R. 1., 2010.

[2] K. Balachandran and S. Ilamaran. “Existence and uniqueness of mild and
strong solutions of a semilinear evolution equation with nonlocal condi-
tions”. In: Indian J. Pure Appl. Math. 25, No. 4 (1994), pp. 411-418.

[3] L. Byszewski. “Existence and uniqueness of mild and classical solutions
of semilinear functional-differential evolution nonlocal Cauchy problem”.
In: Selected Problems of Mathematics, Cracow University of Technology,
Anniversary Issue 6. 1995, pp. 25-33.

[4] L. Byszewski and T. Winiarska. “Integrodifferential evolution nonlocal prob-
lem for the first order equation”. In: Technical Transactions 1-NP (2011),
pp. 15-21.

[5] J. Muszyniski and A. D. Myszkis. Ordinary Differential Equations. Parist-
wowe Wydawnictwo Naukowe, Warszawa [in Polish]|, 1984.

[6] A. Pazy. Semigroups of Linear Operators and Applications to Partial Dif-
ferential Equations. Springer-Verlag, New York etc., 1983.

[7] A. Pelczar and J. Szarski. Introduction to the Theory of Differential Equa-
tions. Paistwowe Wydawnictwo Naukowe, Warszawa [in Polish], 1987.

[8] H. L. Tidke. “Existence of solutions of nonlinear mixed integrodifferential
equations of Sobolev type”. In: Nonlinear Funct. Anal. Appl. 14, No. 4
(2009), pp. 605-618.

[9] T. Winiarska. Differential Equations with Parameter, Monograph 68. Tech-
nical University of Cracow, 1988.



22 CHAPTER 2. THE BANACH CONTRACTION THEOREM

[10] Kamont. Z. Ordinary Differential Equations. Wydawnictwo Uniwersytetu
Gdanskiego, Gdarisk [in Polish|, 1999.



Chapter 3

Existence of a nontrival solution for
hemivariational inequality involving
p(x)-Laplacian

SYLwWIA BARNAS

Sylwia Barna$

Cracow University of Technology
Institute of Mathematics

ul. Warszawska 24

31-155 Krakow, Poland

e-mail: sbarnas@pk.edu.pl

Abstract

We study the nonlinear elliptic problem with p(z)-Laplacian (hemivari-
ational inequality) where the weighted function A may change sign. By
using nonsmooth critical point theory for locally Lipschitz functional and
the properties of the generalized Sobolev spaces, we obtain conditions which
ensure the existence of a solution for our problem.
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3.1 Introduction

Let © € RY be a bounded domain with a smooth boundary 9. We consider a
differential inclusion in € involving a p(z)-Laplacian of the type

—Ap(a)U — /\\u(x)|p(“")’2u(3:) € 9j(z,u(x)) in Q, (P)
u=0 on 0},

where p : Q — R is a continuous function satisfying

L<p:= inf p(z) <pla) < p* = supp(z) <p",
S

e
where
Np~
pro={ o P <N, (3.1)
00 p(z) = N.

A functional j(z,t) is a measurable in the first variable and locally Lipschitz in
the second variable. By 9j(x,t) we denote the subdifferential of j(x,-) in the
sense of Clarke [6]. The operator

Appyu = div(|Vu(z) [PH 2V u(z))

is the so-called p(z)-Laplacian, which becomes p-Laplacian when p(z) = p.
In problem (P) appears A, for which we will assume that

P (p~ —1)p*
A<, and A< o0 N 3.2
pt (p* —1)p~ (3:2)

where A, is defined by

\V/ p(z)q
CitA, = inf Jo V(@) —. (3.3)
wewr @ oy Jg lu(@) P de

When we consider ( n N
~ . p-—1)p" p—
pi=minq ————,— ¢,

{(p+ —Lp~'p }
then
A < DAy (3.4)

It may happen that A, = 0 (see Fan-Zhang [7]).
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3.2 Mathematical preliminaries

Let X be a Banach space and X* its topological dual. By || - || we will denote
the norm in X and by (-,-) the duality brackets for the pair (X, X*).

3.2.1 Clarke subdifferential and Cerami condition

In analogy with the directional derivative of a convex function, we define the
generalized directional derivative of a locally Lipschitz function f at z € X in
the direction h € X by

f°(z,h) = limsup flata + M) = flz+ x/).
’ 2 —0,AN0 A

The function h — f°(z,h) € R is sublinear, continuous so it is the support
function of a nonempty, convex and w*-compact set

Of(x) = {z* € X*: (x*,h) < fO(x,h) for all h € X}.

The set Of(x) is known as generalized or Clarke subdifferential of f at z. If f
is strictly differentiable at x (in particular if f is continuously Gateaux differen-
tiable at x), then 0f(x) = {f'(x)}.

A point x € X is said to be a critical point of the locally Lipschitz function
f: X >R, if 0 € 9f(x). If z € X is local minimum or local maksimum of f,
then x is critical point, and moreover this time the value ¢ = f(z) is called a
critical value of f. From more details on the generalized subdifferential we refer
to Clarke |6] and Gasinski-Papageorgiou [10] .

The critical point theory for smooth functions uses a compactness type con-
dition known as the Cerami condition. In our nonsmooth setting, the condition
takes the following form.

Definition 3.2.1. We say that f satisfies the "nonsmooth Cerami condition”

(nonsmooth C-condition for short), if any sequence {xn}n>1 C X such that
{f(@n)}n>1 is bounded and (1 + ||z, |)m(z,) — 0 as n — oo, where m(z,) =
min{||z*||. : z* € 0f(x,)}, has a strongly convergent subsequence.

3.2.2 Mountain pass theorem

The first theorem is due to Chang [5] and extends to a nonsmooth setting the
well known "mountain pass theorem" due to Ambrosetti -Rabinowitz [1] .
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Theorem 3.2.1. If X is a reflexive Banach space, R : X — R is a locally
Lipschitz functional satisfying C-condition and for some p > 0 and y € X such
that ||y|| > p, we have

max{R(0), R(y)} < inf {R(z)} =:n,

llzll=p

then R has a nontrivial critical point x € X such that the critical value ¢ =
R(zx) = n is characterized by the following minimaz principle

c= inf max {R(7(7))},

where T = {y € (10, 1], X) : 7(0) = 0,7(1) = y}.

3.2.3 Generalized Lebesgue-Sobolev spaces

By S(€Q) we denote the set of all measurable real-valued function defined on RY.
We define

LP@(Q) = {u e 5(Q) : / Ju(z)|P®dz < co}.
Q
We furnish LP(®)(Q) with the following norm (known as the Luxemburg norm)

. u(x) p(x)
lellpey =l ooy = inf {2 > 0 /Q <1},

Also we introduce the variable exponent Sobolev space
W )(Q) = {u € LP)(Q) : [Vu] € LP) ()},
and we equip it with the norm
ol = el e = lllay + [Vl
Fy I/Kol’p(x) (Q) we denote the closure of C§°(Q) in W1P(#)(Q) (see f.e. Fan-Zhao
8L 19))-

Lemma 3.2.1 (Fan-Zhao [8] ). If @ C RY is an open domain, then

(a) the spaces LP™®)(Q), WLPE)(Q) and Wol’p(x)(Q) are separable and reflexive
Banach spaces;

(b) the space LP®)(Q) is uniformly conver;

(c) if 1 < q(x) € C(Q) and q(z) < p*(x) (respectively q(z) < p*(x)) for any

x € (), where
p*(x) _ N_pp(z) p(CC) <N
o pla)> N,
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then WP (Q) is embedded continuously (respectively compactly) in L) (Q);
d) Poincaré inequality in WP (Q) holds i.e., there exists a positive constant
0
¢ such that
][ p) < el V| pea) for allu € Wol’p(x)(ﬂ);

(e) (LP®)(Q))* = L' (®)(Q), where ﬁ + p,%z) =1 and for all u € LP®)(Q) and
v e LP@)(Q), we have

1 1
uvdzg(—+—_)u 0o (2
A|| =+ == lullo vl

3.2.4 Energy functional

Consider the following function

1
p(x) f 11 1,p(z) .
J(u) = / —(x) |Vu|Pt™ de, or all u € W, Q)

We know that J € Cl(WOl’p(I)(Q)) and operator —div(|Vu|P®®)=2Vu), is the
derivative operator of J in the weak sense. We denote

A= T WP (@) —» (W " (@),
then

<Au,v>:/Q|Vu(m)|p(r)_2(Vu(x),Vv(x))dm, (3.5)

for all u,v € Wol’p(m) Q).

Lemma 3.2.2. If A is the operator defined above, then A is a continuous,
bounded, strictly monotone and mazximal monotone operator of type (Sy) i.e.,

if up — u weak in Wol’p(z)(Q) and lim sup(Au,, u, —u) < 0, implies that u, — u
n—roo

in WoP"(q).

We introduce locally Lipschitz energy functional R : VVO1 P (x)(Q) — R defined
by

u) = b u(z)[P® dx — Luxp(’”)x— j(x, u(x))dx
Reu) = [ S iVul e~ | Zopu@p@as = [ G ut)ds.

for all u € Wy P (Q).
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3.3 Existence of solution

3.3.1 Assumptions

We start by introducing our assumptions for the nonsmooth potential j(x,t).

Let us consider the hypothesis
H(j) j: Q2 xR — R be a function such that j(z,t) satisfies j(z,0) = 0 almost
everywhere on 2 and
(i) for all ¢ € R, the function Q 3 z — j(z,t) € R is measurable;
(ii) for almost all z € Q, the function R 3 ¢ — j(z,t) € R is locally Lipschitz;
(iii) for almost all x € @ and all v € 9j(z,t), we have

o] < a(x) + et

with a € LE(Q2),¢1 > 0 and r € C(Q) such that p* < r~ := minr(z) < r(z) <
zeQ)
rT = maxr(z) < p*;
€
(iv) there exists p > 0 such that

. j(,t)
1 < N ad)
ot @
uniformly for almost all z € Q;
(v) we have
t—g(x,t
limsup LI & 0
[¢] =00 [t[p(@)

uniformly for almost all z € Q and all v* € 9j(z,1);
(vi) there exists u € Wol’p(x)(ﬂ) \ {0}, such that

L / V() PO de + 2= / () P de < / j(o,u(x))dz,
p Q p Q Q
where A_ := max{0, —\}.

3.3.2 Cerami condition

Lemma 3.3.1. If hypothesis H(j) hold and \ € (—o0, %/\*), then R sat-
isfies the nonsmooth C-condition.

Proof. Let {un}n>1 C Wol’p(m)(Q) be a sequence such that { R(uy)}n>1 is bounded

and (1 + |luy||)m(u,) — 0 as n — co. We will show that {u,}n>1 C Wol’p(‘r)(Q)
is bounded.
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Because |R(uy,)| < M for all n > 1, we have

_ L un (2)P@ g — Lu:cp(z)x, (e (2))d
e [ L @ra [ X u@ra - [ e ))?3,6)

Since OR(u,) € (Wy "™ (Q))* is weakly compact, nonempty and the norm
functional is weakly lower semicontinuous in a Banach space, then we can find
ul € OR(uy) such that ||uf|« = m(uy), for n > 1.

Consider the operator A : Wol’p(m)(Q) — (Wol’p(z)(Q))* defined by .
Then, for every n > 1, we have

wh = Ay — Mu, [P 20, —vf, (3.7)

where v; € 9(un) C LP@(Q), for n > 1, with L5 +
Wol’p(z)(Q) — R is defined by ¢(u,,) = [ j(z, up(x))dz.
Q

=1 and % :

1
p'(z)

From the choice of the sequence {uy}n>1 C VVO1 P (m)(Q), at least for a subse-
quence, we have

1+ [Jua|

with €, \, 0. Putting w = u,, in (3.8) and using (3.7]), we obtain

[(u*, w)| < for all w € W™ (Q), (3.8)

e <= [ Fun@POde 4 [ fun@Pde+ [ @@ (9)
Q Q Q

Now, let us consider two cases.
Case 1.
Let A < 0. We define A\_ := max{0, —A}.

From (3.6) and (3.9), we have
1 1
M — < = p(x) - p(x)
M-z, < (p_ 1)/Q|Vun(x)| dx+/\_<p_ 1>/Q|un(1:)| dx
+/U;(I)un(x)dzf/j(x,un(x))dzzz (3.10)
Q Q

By virtue of hypotheses H(j)(v), we know that for some sufficiently small con-
stant ¢ > 0 there exist constant L; > 0, such that

vt — j(x,t) < eftP@), (3.11)

uniformly for almost all x €  and all ¢ such that t > L.
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On the other hand, from the Lebourg mean value theorem and hypothesis
H(j)(#it), for almost all z € Q and all ¢t € R such that |¢| < Ly, we have

i (@, )] < es, (3.12)

for some c3 > 0. Therefore, from (3.11) and (3.12) it follows that for almost all
z € Q2 and all t € R, we have

vt — j(x, 1) < cft|P® + ¢4, (3.13)

for some ¢4 > 0. From (3.10)), we obtain
1
A (1 - —_) / |t ()PP de < M + ¢, +/ v;‘L(x)un(;E)dx—/ J(x, up(x))de.
p Q Q Q
If we use (3.13)), we get

1
A (1 . —_)/ lun ()PP de < M + &, —|—c/ |un(x)|p(””)dx—|—/ ¢y dez,
P Q Q Q

for all n > 1, which leads to

[/\_ (1 - pi_) — c} /Q up (2)|P@dx < cs,

for some c5 := M + 1 + ¢4|Q| > 0. Because c is some sufficiently small positive

constant, so we know that A_ (1 — p%) —c>0and

the sequence {uy }n>1 € LP®)(Q) is bounded. (3.14)

Now, consider again (3.10)), we obtain

(1_p%)/Q|vun(x)\p<f>dxgM+an+[2v:(x)un(x)dx—/j(m,un(:mdx-

Q
In a similar way, by using (3.13) we have

1
(1 - j) / (Vi (2)[P®de < M + e, + ¢
p Q

for all n > 1. From (3.14) we know that {u,},>1 € LP®)(Q) is bounded, so we
have that

|un(m)|p(r)daj+/ ¢y dx,

Q Q

the sequence {Vu, }n>1 € LP® (Q;RY) is bounded. (3.15)
From (3.14) and (3.15)), we have that

the sequence {u,}n>1 C Wol’p(w)(Q) is bounded.
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Case 2.
Now, let )\ 0.
Again from and ( ., we have
M-—e, < (—_—1 /\vun (z)[P®) dx+)\ /|un )P
p

Jr/v:‘l(x)un(x)dxf/j(:r,un(x))dx. (3.16)
Q Q
From the definition of ., we get
)\*/ |un(x)|p(”)dx</ |V ()P de, (3.17)
Q Q

for all n > 1. Using this fact in , we have

1 1
_ - _ (@) Jp <
[)\*(1 p_) +)\(p+ 1)]/Q|un(x)| dx <
M +e, +/ vZ(m)un(m)dm—/j(x,un(m))dx. (3.18)
Q Q
In a similar way like in Case 1, by using (3.13) in (3.18]), we obtain

[)\* (1 - pi—) )\(pi‘*‘ - 1) - c] /Q |t (2)|P@ dz < cq,

for some c7 := M + €1 + ¢4|2] > 0. Fro sufficiently small ¢ > 0, we know that
As (1——) —i—)\(——l) — ¢ > 0, hence

the sequence {up}n>1 € LP®(Q) is bounded. (3.19)

In analogous way, from (3.13)), (3.16) and (3.19), we have that

the sequence {Vu, }n>1 C LP® (Q;RY) is bounded. (3.20)
From and (3.20]), we have that
the sequence {u,}n>1 C Wol’p(z)(Q) is bounded.
From Cases 1 and 2, we have that
the sequence {u, }n>1 C Wol’p(x)(Q) is bounded.
Hence, by passing to a subsequence if necessary, we may assume that

Up — u  weakly in Wol’p(z)(ﬂ)’

3.21
u, —u in LP*)(Q), (3:21)
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for some u € W'P(*)(Q). Putting w = u, —u in (3.8) and using (3.7), we obtain

(At — u) — A /Q [t (2)|P@) 20, () (wr, — w) () da—

/ v (x) (un, — u)(m)dm) < €n,
Q
with €, \( 0. If we pass to the limit as n — oo, we get

lim sup(Aup, un, —u) <0

n—oo

(for details see Barna$ |4, [3] ). So from Lemma we have that u, — v in
Wol’p(z)(Q) as n — oco. Thus R satisfies the C-condition. O

We have the following Lemma

Lemma 3.3.2. If hypothesis H(j) hold, A < 2—;)\* and 0 € (r*,p*), then there
exist B1, B2 > 0 such that for all u € Wol’p(x)(ﬂ) with ||u|| < 1, we have

R(u) = B llul®” — Ballull®.

The proof you can find in Barnas [2] ).

3.3.3 Main theorem

Using Lemmata [3.3.1 and [3.3:2] we can prove the following existence theorem for
problem (P).

Theorem 3.3.1. If hypothesis H(j) hold and X < pA., then problem (P) has a
nontrival solution.

Proof. From Lemma [3.3.2) we know that there exist 31, 32 > 0, such that for all
u € Wol’p(m)(Q) with [Ju|| < 1, we have

Rw) > Bullal®” — Balll® = Bullule” (1= 221",

Since p* < 6, if we choose p € (0,1) small enough, we will have that R(u) > L,
for all u € Wol’p(m)(ﬂ), with |lu]| = p and some L > 0.
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Now, let w € Wol’p(r)(Q) be as in hypothesis H(j)(vi). We have

R@) = [ VAP - [ Zfit)p@ds = [ )i

f/IVu )P dx+—/|u )P® da — / (2, u(x))dx.

From hyphothesis H(j)(vi), we get R(u) < 0. This permits the use of The-

orem which gives us u € WOLP(‘T)(Q) such that R(u) > 0 = R(0) and
0 € OR(u). From the last inclusion we obtain

0= Au — AulP™® 2y — v*,
where v* € 0Y(u). Hence
Au = NuP® =2y + v*,

so for all v € C5°(), we have (Au,v) = A(|u|P®)~2u,v) + (v*,v). So we have
/ Vu(z) P2 (Vu(z), Vo(z) g da
Q
/ Mu(z) [P =2 (z)v(z)de +/ v*(z)v(x)de,
Q Q

for all v € C5°(£2). From the definition of the distributional derivative we have

— Apayu(@) — Au(@)P@2u() € dj(a,u(z))  in 2,
u=20 on 0.

Therefore u € Wol’p(x)(ﬂ) is a nontrivial solution of (P). O

Remark 3.3.1. A nonsmooth potential satisfying hypothesis H(j) is for example
the one given by the following function:

— P if <1
gi(@,t) = q (o —2PO)t = 2u—o+ 2P if 1<t <2,
In[t| 4+ o — [2/P®) —1n2 if |t > 2,

with p, o > 0 and continuous function p : @ — R which satisfies 1 < p~ < p(x) <
pt < p*.
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Abstract

Stable distributions are an extension of normal distribution but, on the
contrary, are able to describe heavy tails. A lack of closed form formu-
las for probability density can make a problem of estimating distribution
parameters. In this paper we introduce an estimator of stability index «
based on k-records values. First, we want to remind some properties of
stable distribution, as well defined k-record values and their distributions.
Secondly, we study the asymptotic behavior of presented estimator and we
give some numerical results.
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4.1 Stable distribution

Stable distribution was characterized by Paul Lévy in his study of sums of inde-
pendent identically distributed terms in the 1920’s. This family are a rich class

35
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of probability distributions that have many intriguing mathematical properties.
Additionally, they generalize the normal distribution. Therefore they have been
proposed as model for many types of physical and economic systems. Unfortu-
nately, there is a major drawback to use them by practitioners, that is the lack
of closes formulas for densities for almost all stable distributions (the exceptions
are: normal, Cauchy and Levy distributions). Nevertheless, nowadays there are
reliable computer programs to compute stable densities, distribution functions
and quantiles. With these programs, it is possible to use a-stable models in a
variety of practical problems.

Due to a great interest of a-stable distribution, there are several equivalent
definitions of this distribution. The main definition includes an important prop-
erty of normal random variable:

Property 4.1. If X is normal, then for X; and X5 independent copies of X
and any positive numbers A and B,

AX,+BX, 2 X + D, (4.1)

for some positive number C and some D € R, where 2 denotes equality in
distribution.

This property allows us to define stable distribution in following way.

Definition 4.2. A random variable X is said to have a stable distribution if for
any positive numbers A and B, there is a positive number C and a real number

D (4.1) holds, where X1 and Xs independent copies of X. The random variable
is strictly stable if (4.1) holds with D =0 for all choices of A and B.

The equivalent definition of stable distribution is as follow.

Definition 4.3. A random variable X is said to have a stable distribution if for
any n > 2, there is a positive number C,, and a real number D,, such that

Xi+...+X, 2 C,X+D,, (4.2)
where X1, Xs, ..., X, are independent copies of X .

The only possible choice for the scaling constants is C, = n'/® for some
a€(0,2).

The third definition states that stable distribution are the only distribution
that can be obtain as limits or normalized sums of independent identically dis-
tributed (i.i.d.) random variables.
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Definition 4.4. A random variable X is said to have a stable distribution if it
has a domain of attraction, i.e., if there is a sequence of i.i.d. random variables

Y1,Ys,... and sequence of positive numbers {d,} and real numbers {a,}, such
that

i+Yo+...4Y,

1+ Q;ZF + ta, D X, (4.3)

D o
where —— denotes convergence in distribution.

The next definition describes all possible a-stable distributions in the most
precise way.

Definition 4.5. A random wvariable X is said to have a stable distribution if
there are parameters 0 < a <2, —1 < <1, 0 >0, and p € R such that its
characteristic function has the following form:

_ | exp (f|t|a (lfzﬂsgn ) tan (M))), a#1
Eexp (itX) = { exp (—[t| (14 B2 sgn(t) In [¢| )3 a=1" (44)

Definition[£.5]shows that a general stable distribution requires four parameters
to describe: stability index (tail index, tail exponent or characteristic exponent)

€ (0,2), a skewness parameters § € (—1,1), a scale parameter ¢ > 0 and
a location parameter p € R. Therefore, we will denote stable distributions by
S(a, B, p, o) and write

X ~ S(a, B, p,0)

to indicate that X has the stable distribution S(«, 8, u, o). The index of stability
« is treated as a constant that characterized distribution. Accordingly such
distributions are called a-stable distributions.
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Figure 4.1: Influence of parameters («, 3, 1, 0) on the probability density of a-
stable distributions.

The probability density of a-stable random variables exist and are continuous
but, with a few exceptions, the are not known in closed form. The exceptions
are:

1. Normal distribution A (u,202) = S(2, 3, u, o), whose density is:

flz) = %i/EeXp{—W} -

Note that although the value 3 in not specified, one typically associates the
normal distribution with the choice g = 0.

2. Cauchy distribution C(u, o) = S(1,0, i, o), whose density is:

1
1@ =2 e
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3. Leévy distribution L(u,0) = S(%, 1, u, o), whose density is:

fl@) = \/g m ~exp{—2(mau)} L p,00) (2)-

Stable densities are supported on either the whole real line or a half line. The
latter situations can only occur when o < 1 and |5| = 1.

Lemma 4.6. The support of a stable distribution is

(u, +00) a<land =1

suppf(-la, By, 0) = ¢ (—o0, ) a<land f=-1 . (4.5)
(=00, +00) otherwise

When a = 2, in other words for normal distribution, asymptotic tail properties
are well known. But what if a < 27

For @ < 2 stable distributions have one tail (when o < 1 and || = 1) or
both tails (otherwise), that are asymptotically equivalent to a Pareto law. The
following property describes the tail property behave of stable distributions.

Property 4.7. Let X ~ S(«, 8, 1,0) with 0 < a < 2. Then

1
lim z°P(X > z) = C’a%ﬂao‘,
xl;rgox P(X < —x) = Ca? ,

where

if a=1

T?

a — % gin / ! l1—a i
L(2—a)cos(ra/2) 1
C (/ x sinx Jj) {2(2 o) cos(ra/2)’ Zf o 7& ( | )
0 u

Tail behavior (4.6)) is a widely used property of a-stable distributions. Since
EIX|" = [ P(|X|" > z)dz, we obtain:
Property 4.8. Let X ~ S(«, 8, 1,0) with 0 < a < 2. Then
EX|P <oo forany 0<p<a,
EX|P =00 forany p> c.
The fact that a-stable distributions with 0 < a < 2 do not have finite second
moments or variance causes some to immediately dismiss stable distributions
as being irrelevant to any practical problem. When o < 1 the mean of X is

undefined, because E|X| = co. On the other hand, when 1 < o < 2, E|X| < 00
and the mean of X is given below.

Property 4.9. When 1 < a < 2, the shift parameter u equals the mean.
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4.2 Records

Record values and associated statistics arise naturally in many real life appli-
cations involving data related to economics, sports, weather, meteorology, hy-
drology, largest insurance claims, and others wherein only record values may be
recorded. This was the main cause of creating the record theory. The first per-
son who introduced the study of records values and documented many of basic
properties of records was K. N. Chandler in 1952. His achievement attracted the
attention of many researchers and inspired many new publications. The theory
of records cannot be separate from the theory of order statistics because records
are especially closely related to extremal order statistics. Now we introduce the
formal definitions of record values.

Let X7, Xo,... be an infinite sequence of i.i.d. random variables with cumu-
lative distribution function F'.

Definition 4.10. An observation X; is called an upper record value (or simply
record) if its value exceeds that of all previous observations. The record time
sequence {T,,n > 0} is defined in the following manner:

To =1 with probability 1
and, forn >1
T, =min{j: X; > Xp, .} (4.8)

The record value sequence {R,} is defined by:
Ry=Xr, n=01,2 ... (4.9)

An analogous definition deals with lower record value.
Now we assume that F' is absolutely continuous with corresponding probabil-
ity function f.

Theorem 4.11. The distribution function of nth record value has the form

n

1 n
Fr,(r)=P(R,<r)=1-(1-F Zﬁ —In(1— F(r))". (4.10)
7=0
We may differentiate the above expression to obtain the probability function
for R,.

Corollary 4.12. The probability density of the record value is of the form

frn(@) = — (—In(1 — F(2)))" f(z). (4.11)

n!
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There are several situations where the second and third largest values are of
special interest, e.g. insurance claims some non-life insurance. Thus, the k-th
record values have become an extension of the records theory. In 1976 Dziubdziela
and Kopociniski defined the notion of the k-th record values as follows.

Let X1, X5,... be an infinite sequence of i.i.d. random variables with cumu-
lative distribution function F', continuous with density f. Denote by Xi., <
Xo.n < ... < X,,., the order statistics in the considered sequence.

Definition 4.13. Let k be a positive integer. The sequences of the k-th times
are defined by

Toky =k with probability 1
and, forn >1
Ty =min{j : > Tn1yk)s Xj > XT0 1y —k+1:T 01y} (4.12)
and then the sequence of k-th records values { Ry, x),n > 0} by

Rn(k:) = XTn(k),kJrl;Tn(k) n=20,1,2,.... (4.13)

In other words, by eliminating repetitions in the non-decreasing sequence of
k-th order statistics a strictly increasing subsequence is obtained and it is called
a sequence of k-th record values

X1 < XTZ(k)_k+1:T2(k) < XTg(k)—k-i-liTs(k) <.... (4.14)

Nevzorov (1986) extended the above definition to such k-th record values that
{k = k,,n > 1} is a sequence of integers.
Let us consider the sequence of random variables { R, x),n > 0}.

Theorem 4.14. The probability density of the k-th record value is given by

Frw () = 5 (~( = Fe)S)" (1= FE) T f). (415)

Corollary 4.15. The cumulative distribution function of k-th record value has
the form

—kIn(1-F(r)) w™
Fr o) (r) = P(Ra(K) < 7) = [ Y e, (4.16)

0 n!
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4.3 Defining the estimator

The estimation of stability index « is difficult because of the lack of closed formu-
las for densities functions. Many traditional methods (e.g. method of moments)
cannot be used due to the non-existence of moments. However, there are nu-
merical methods of estimation of a useful in practice. One of them does not
assume a parametric form for the entire distribution, but focuses only on the
tail behavior. In this paper we want to present the estimator which is based on
the relation o = y~!, where v is the extreme value index (EVI)EL but only for
a < 2 since tails of a-stable distributions are asymptotically equivalent to tails
of Pareto distribution (see Property .

Let X1, Xo,... be an infinite sequence of i.i.d. random variables with cumu-
lative distribution function F', continuous with density f. Denote by: Xi., <
Xo.n < ... < X,.n the order statistics associated to the sample X1, Xo,..., X,

and Ryky, Rak)s - - - » Rk @ sequence of k-th record values in the sequence X, Xo, ...

. Assume that F' belongs to the domain of attraction of the extreme value dis-
tributions
G (x) = exp (7(1 + ’y:c)fl/"’> , 14+yz>0, (4.17)

with 7 real and where for 4 = 0 the right-hand side is interpreted as exp(—e™7).
The parameter « is called the extreme value index.
We define the estimator of stability index « as follows.

Definition 4.16. Let {k,,n > 1} be a sequence of positive integers such that
1 <k, < n. The estimator of the tail index o based on the k-th record values has
the form

Ry — Ry -1
X N n(k) — Rin—r)(k)
an = (Yn =(In ) , 4.18
Cin) ( Ry (k) = Bn—2k) (k) (4.18)

where k = k,,.

Before proofing the asymptotic behavior of &,, let us define necessary terms.

Denote by h(z) = —In(1 — F(z)), « € R, the hazard function associated to
F and by H(t) = h*(t) = inf{s : h(s) > t, t € Ry}, its generalized inverse
function.

We shall also need the notation of Il-variation.

Definition 4.17. A measurable function g : Ry — R is [T-varying (g € (a)) if
there exists a function a : Ry — R such that for x > 0,

g(tz) —g(t)
t— 00 a(t)

=lInz. (4.19)

I Definition of the extreme value index can be found in [5]
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Throughout this section we use the following assumptions on the sequence
{kp,n>1}:

kpn — 00, kn/n — 0, as n — oo (4.20)
kn/Inn — oo, kn/n — 0, as n — oo (4.21)

In order to simpify the formulas, we write k instead of k,, whenever (4.20) or
(4.21) are assumed. Our main results are the following.

Theorem 4.18. Under the assumption (4.17) and (4.20), &, —— «a,

where —— denotes convergence in probability.

Theorem 4.19. Under the assumption (4.17) and (4.21), é, —— a,

a.s.
where ——— denotes convergence almost surely.

Theorem 4.20. Assume that the function H has a positive derivative H'. Then
under the assumption £t~ YH'(Int) € II(a) for some positive function a

B/%(a, - 0) 2o (0 (2" + her)

NI (4.22)

as n — oo, for any sequence k = k,, — 0o satisfying k,/n- R (n) — 0 (n — o0),
where R(n) =t (e~ H'(t) /a(t))”.
Now we shall use proofs consider in article [1] to proof the above theorems.
Proof of Theorem [J.18 From Theorem 2.1. in [1] we have 4, ——» 7.
n—oo

In that case, for any € > 0, we get P(|y, —v| > €) —— 0. Thus, we need to
n—oo
check if P(|&,, — o] > €) — 0 to proof the thesis.

n—oo
Let € > 0.
11
P(la, —a| >e)=P(|———|>e)=1-P(—e < — ——<¢) =
Tn Y Tn Y
1 11
1-P(-—e<— < —+e)=1-P(+—— <4, < ) =
¥ Yo T L+ey L—ey
Y. £y
(1+ <An—v 1_57)
. &Y
P(|4n — 0
(A =21>1575) 75
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Proof of Theorem [[.19 From Theorem 2.2. in [1| we have 4, —=>= .
n—oo

In that case, we get

1=PH{we: nhﬁn;(} An(w)=7}) =P{w e Q: nlgl;o ’Ayiw) = %}) =

P{weN: lingo G (w) = a})

n—
O
Proof of Theorem[{.20. From Theorem 2.3. in |1] we have
2y 2
/25 D (e +1)y
k (’)/n ’Y) m N (07 (67 — 1)2 .
We write
1 1 — A 1 .
kl/Z(&n - a) = kl/z(f - 7) = k1/2 : u = < k1/2(7n — ’y).
Yn YIn TIn
Using Slucky’s theorem we obtain 1/(v4,) — 1/7% as n — oo.
This leads us to
2/a 1) a2
12/~ D (e + 1
k% (G, — a) — N(O, 7(61/(1 )7 )
which completes the proof. O

We shall notice that the expected number of k-records values and its variance
are related to the sequence k = k,,. This relation in given by following lemma.

Lemma 4.21. Denote by N*»)(n) the number of k-record values in the sequence
Xl, XQ, e ,Xn. Then

E (N(k")(n)) =k,

[
S| =

I
>

7

Var (N(k") (n)) =k,

i=kn,

S| =
|

o=
3N
[
SI\S‘H

s
Il
>

3

forn > 1.
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4.4 Simulation research

All pictures and simulations in this paper was done by means of R software
(161,121 171)-

To illustrate the finite-sample behavior of the proposed estimator we give some

simulation result for the standard symmetric a-stable distribution, i.e. 5 = 0,
pw=0,0=1, with « € {0.1,0.2, 0.3,0.4,0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2,
1.3, 1.4,1.5,1.6,1.7, 1.8, 1.9}.
We generate pseudorandom independent and identically distributed samples of
size n = 5000 and replicate them J = 1000 times independently for each value of
a. The series of stability index estimators are calculated for all k£ in rang from
1 to 500 with respect to each simulated series. For each independent estimates
a1, ...,0Q  obtained from the estimator of «, quantile lines in orders 0.1, 0.3, 0.5,
0.7, 0.9 are determined.

Figures [4.2] [.3] and [£.4] present simulation research results in graphical form
for stable distribution with several selected values of «.

Table [41] presents arithmetic means and medians for each independent esti-
mates &1, ..., &y obtained from the estimator of «.

4.5 Conclusion

The carried simulation study leads to the following conclusions.

For ao < 1 values of each estimators are underestimated, but with the increase
of the estimated parameter estimators values start to be significantly overesti-
mated. And the closer to a = 2 we are the larger values we get. This fact should
not be surprising. In this paper we propose an estimator based on the relation
a = v~ We have to keep in mind that for normal distribution the extreme
value index is equal to 0. Hence, stable distribution with « close to 2 are close to
normal distribution and the extreme value index tends to 0. Therefore o tends
to infinity. However, this fact should not worry us too much. Most practitioners
want a tool for heavy-tailed distributions that is for v > 0. In other words, the
estimator proposed in this paper can be an useful tool for detection tail heaviness
of distribution.

Problematic becomes the optimal choice of k. We cannot choose to large value
of k (the larger value of k the greater values and instability of the estimator) or to
small (the smaller value of k the greater instability of the estimator). Averaging
a’s estimators seems to be a good idea, but there is a problem too. Namely, what
rang of k we should choose. The selection of the optimal k£ has been subject of
studies, but it has not yet been completely solved; see for instance [3] or |4].
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k =40 k=80 k=120

« mean | median mean median mean | median
0.1 || 0.0987 | 0.1004 0.0963 | 0.0972 0.0952 | 0.0957
0.2 || 0.1948 | 0.1983 0.1946 | 0.1961 0.1909 | 0.1923
0.3 || 0.2927 | 0.2999 0.2914 | 0.2947 0.2855 | 0.2881
0.4 || 0.3899 | 0.4018 0.3869 | 0.3924 0.3842 | 0.3872
0.5 || 0.4844 | 0.5020 0.4915 | 0.4982 0.4873 | 0.4908
0.6 || 0.5856 | 0.6159 0.5882 | 0.6014 0.5839 | 0.5897
0.7 || 0.6883 | 0.7222 0.6815 | 0.7039 0.6869 | 0.6975
0.8 || 0.7866 | 0.8392 0.7913 | 0.8133 0.8026 | 0.8115
0.9 || 0.8857 | 0.9594 0.8956 | 0.9233 0.9125 | 0.9286
1.0 || 0.9658 | 1.0656 0.9974 1.0367 1.0257 | 1.0530
1.1 || 1.0649 | 1.1999 1.1098 1.1572 1.1662 | 1.2019
1.2 || 1.1753 | 1.3051 1.2367 | 1.3005 1.3094 | 1.3559
1.3 || 1.2725 | 1.5387 1.3641 1.3486 1.4910 | 1.5765
1.4 || 1.3669 | 2.0498 1.5089 1.6552 1.7495 | 1.9017
1.5 || 1.5186 | 1.9137 1.7897 | 2.0272 2.2649 | 2.5652
1.6 || 1.5676 | 1.9619 2.2186 | 10.0336 || 3.4623 | 5.7992
1.7 || 1.8618 | 2.4652 3.2917 | 5.4600 4.9301 | 5.5004
1.8 || 2.4332 | 0.5085 4.5366 | 14.7054 || -2.8281 | 1.1272
1.9 || 3.0725 | 1.0131 || -4.2608 | -2.9002 || -5.2600 | -2.5021

Table 4.1: Simulation results of the estimation of the stability index a for some
fixed value of k.
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Abstract

We give several results on hamiltonian cycles through matchings in
bipartite graphs. We are focused on conditions with degree sum of two
independent vertices.
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5.1 Introduction

We consider only finite simple graphs i.e. graphs without loops and multiple
edges. By V or V(G) we denote the vertex set of the graph G and respectively
by E or E(G) the edge set of G. By d(x) we denote the degree of a vertex x in
the graph G and by d(z,y) or dg(z,y) the distance between x and y in G.

In a graph GG a path that contains every vertex of G is called a hamiltonian path
of G and similarly a cycle that contains every vertex of G is called a hamiltonian
cycle of G. A graph is hamiltonian iff it contains a hamiltonian cycle.

Such paths and cycles are named in memory of Hamiltorﬂ, who in 1856 de-
scribed a mathematical game on the dodecahedron in which one person sticks
five pins in any five consecutive vertices and the other person have to complete
the so formed path to a spanning cycle.

Next, the mathematicians were investigating a similar problem in arbitrary
graphs and they called it a hamiltonian problem. In general the hamiltonian
problem is a problem concerning with finding sufficient conditions under which
the graph has a hamiltonian path or cycle.

The hamiltonian problem is one of the most known problems in graph theory.

Research works are extended to find cycles of given length (hamiltonian or
not), containing given edges or vertices.

We are particularly interested in finding cycles (not necessarily hamiltonian)
containing a given family of independent edges (a matching) for the special case
of bipartite graphs.

5.2 Preliminary results

Let G be a graph, V(G) denotes the vertex set of G and E(G) denotes the edge
set of G. By dg(z) or d(z) we denote the degree of the vertex x in the graph G
and J or §(G) denotes the minimal degree of the graph G.

We are particularly interested in degree conditions under which a graph G
is hamiltonian. One of the first conditions of this type was obtained by G. A.
Dirac [7] in 1952. He obtained the following result:

Theorem 5.2.1 (|7]). Let G be a graph on n vertices. If

JOEES (5.1)

1The description of the game is taken from [4].
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then G is hamiltonian.

The condition (5.1)) is called a Dirac condition for minimal degree.

Let us introduce the oy,.

Definition 5.2.1. Let G be a graph and k > 0.

k
oL = min{z d(z;) : {z1,..., 2} C V(G) and independent }
i=1

Eight years after Dirac, O. Ore [10] proved the following:
Theorem 5.2.2 (|10]). If G is a graph on n > 3 vertices satisfying
o9 > 1, (5.2)
then G is hamiltonian.

The condition (5.2]) is called Ore condition. Later many Ore type theorems
and Dirac type theorems have been established.

Ore condition for a graph G :

can be also written as:

If z,y € V(@), vy € E(G), then: d(z)+d(y) >1.

Note that Ore condition is weaker than Dirac condition i.e.

Remark 5.2.1. Let G be a graph and k > 0. If G satisfies Dirac condition

i

G) >

N |

then G also satisfies Ore condition:

O'QZI{:.
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Hence any Ore type theorem has as corollary a Dirac type theorem.

Let Gy and G2 be two graphs. The graph G, * G5 is a graph obtained from
G and Gy by adding all edges between V(G;) and V(Gs), i.e. V(Gy *x Gy) =
V(Gl) UV(GQ) and E(Gl *G2> = E(Gl) UE<G2) U{’U/U RS V(Gl), RS V(Gz)}

The graph G1 *x G4 is called the join of graphs G1 and Gs.

In |9] Ore gave two examples of nonhamiltonian graphs of maximal size (i.e.
with as many edges as possible):

G:Kl*(KluKn,Q), TLZS

and

G= Fg * KQ, n =>.
Next J.A. Bondy [3] and V. Chvatal |5| proved that this is a complete list of
nonhamiltonian graphs of maximal size i.e.

Theorem 5.2.3 (|3, 5]). If G is a nonhamiltonian graph on n (n > 3) vertices
of maximal size then:

G:Kl*(KluKn_g), TLZ?)

or

G:F?,*KQ’ n =>5.

Note that for any n > 3 the graph G from Theorem [5.2.3] satisfies o = n—1,
hence the bound for oy in Theorem [5.2.2]is best possible.

There is also a similar condition, proved by V. Chvatal in 6], under which
the graph G has a hamiltonian path.

Theorem 5.2.4 ([6]). If G is a graph on n > 3 vertices satisfying
oy >n—1, (5.3)

then G has a hamiltonian path.
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A graph G = (V,E) is a bipartite graph if its vertex set can be divided into
two disjoint sets B and W (B and W are independent sets) such that every edge
is joining a vertex from B to one in W. Vertex set B and W are called the partite
sets. In case of bipartite graph we will write G = (B, W;E).

Similar results where proved for the special case of bipartite graphs and the
bound for degree sum in the case of bipartite graphs is about half of its value for
graphs.

Let G = (B, W;E) be a bipartite graph and let S C V(G), then Sp = SN B
and Sy = SN W. We shall say that S is balanced iff |Sg| = |Sw|. A bipartite
graph G = (B, W;E) is balanced iff V(G) is balanced i.e. |B| = |W].

An analogue of Theorem [5.2.2] for bipartite graphs was proved by J. Moon
and M. Moser [§] in 1963.

Theorem 5.2.5 ([8]). Let G = (B, W;E) be a balanced bipartite graph of order
2n. If for all nonadjacent vertices x € B and y € W we have:

d(z) +d(y) >n+1, (5.4)
then G is hamiltonian.

The condition (5.4)) is a generalization of Ore condition for bipartite graphs.
Note that the bound for d(z) + d(y) is best possible, since the graph G =
K»n » + Kz 2 is a balanced nonhamiltonian bipartite graph such that for all

272
nonadjacent vertices z and y from different partite sets we have d(x) +d(y) > n.

5.3 Cycles through matchings in simple graphs

Let G be a graph and let £ > 1. We shall call a set of k£ independent edges a
k-matching or a matching. A matching M of a graph G is a perfect matching of
G iff every vertex from V(G) is incident to M.

R. Haggkvist in |11] proved the first Ore type theorem about hamiltonian
cycles through perfect matchings:

Theorem 5.3.1 (|[11]). Let G be graph of even order n satisfying
g2 Z n+1.

Then every perfect matching lies in a hamiltonian cycle.
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He conjectured that if oo > n + 1, then any matching lies in a cycle. Héag-
gkvist’s conjecture was proved by K.A. Berman in [2].

Theorem 5.3.2 (|2|). Let G be graph of order n satisfying
g2 Z n+1.

Then every matching lies in a cycle.

From Theorem [5.3.1] or Theorem [5.3.2] if a graph G satisfies o2 > n + 1 then
any perfect matching or a matching which can be extended to a perfect matching
is contained in a hamiltonian cycle. However the condition o2 > n + 1 does not
imply that every matching is extendable to a perfect matching.

Let n and s be to integers such that 1 < s < n and (n — s) is even. Consider
a family of graphs:

Grs=K,*xK,_, (5.5)

with a “5* -matching M contained in K,_. (M is a perfect matching in the
graph K,,_s.) The graph G satisfies 09 = 2(n — s) and M is a maximal matching
which cannot be extended to a perfect matching of G. Hence for % <s< "T_l
we have a family of graphs satisfying oo > n+ 1 with a non-extendable matching
and the cycle containing M from Theorem [5.3.2]is not certainly hamiltonian.

On matchings and the condition oy we can cite two results of M. Las Vergnas [12].

Theorem 5.3.3 ([12]). Let G be a graph onn > 2 vertices and let k be an integer
satisfying 1 < k < 5. If G satisfies

g9 Z 2k —1 5
then G contains a k-matching.

Theorem 5.3.4 (|12]). Let G be a graph on n > 2 vertices and let k and | be
two integers satisfying 0 <1 < k < 5. If G satisfies

0'222(14’]15)71,

then every l-matching of G lies in a k-matching of G (or in other words every
l-matching can be extended to a k-matching).

From Theorem [5.3.3] we know that if G satisfies o5 > n + 1, then there is
a perfect matching in G, but using Theorem [5.3.4] we can extend to a perfect
matching only a 1-matching.

About graphs with every k-matching in a hamiltonian cycle or path Las
Vergnas obtained the following two results:
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Theorem 5.3.5 ([12]). Let G be a graph onn > 3 vertices and let k be an integer
such that 0 < k < % If G satisfies

co>n+k—1,
then every k-matching of G lies in a hamiltonian path.

Theorem 5.3.6 (|12]). Let G be a graph onn > 3 vertices and let k be an integer
such that 0 < k < 3. If G satisfies

02 Z n+ k )
then every k-matching of G lies in a hamiltonian cycle.
In 1983 Wojda [13] proved the following generalization of a result of Higgkvist
[11]:
Theorem 5.3.7 ([13]). Let G be a graph on n > 3 vertices, satisfying

4n — 4
7

o2 >

Then every matching of G lies in a hamiltonian cycle or G € G,, where G, is
defined above.

Note that if a graph G from G,, satisfies o9 > 4"3_ 4 then in fact for this graph

we have oy = 4"5 4 and so we have a the following corollary:

Corollary 5.3.1. Let G be a graph on n > 3 vertices, satisfying

4dn — 4
5

g9 >

Then every matching of G lies in a hamiltonian cycle.

Note that if M is a perfect matching or a matching which can be extended
to a perfect matching and the graph G satisfies 0o > n + 1, then from Theorem
5.3.2| M lies in hamiltonian cycle. So if G satisfies 0o > 4n—4 then from Theorem
5.3.3|there is a perfect matching in G and from Theorem forl < ”T'%, every
[-matching can be extended to a perfect matching but for big [ it is not sure.

Ifn > 7and "T” < s < n, then graph G,, ; defined by satisfies oo > %

and has a matching of size at least "T_l which cannot be extended to a perfect

matching. Thus Theorems [5.3.2 and [5.3.7] are independent.
Obviously for k > ”T*Q Theorem is better than Theorem m
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5.4 Results for bipartite graphs

We consider only simple bipartite graphs i.e. bipartite graphs without loops
and multiple edges. In 1972, M. Las Vergnas [12] obtained several results on
matchings in bipartite graphs.

Theorem 5.4.1 ([12]). Let G = (B,W;E) be a bipartite graph and 0
max{|B|,|W|}. If for any x € B, y € W, 2y ¢ E we have d(z) + d(y) >
there is a k-matching in G.

<k<
k, then

Theorem 5.4.2 (|12]|). Let G = (B, W; E) be a bipartite graph and 0 <1 < k <
max{|B|,|W|}. If for any x € B, y € W, xy ¢ E we have d(z) +d(y) > | + F,
then every l-matching is contained in a k-matching in G.

For the existence of a perfect matching, he gave the sufficient condition:

Theorem 5.4.3 ([12]). Let G = (B,W; E) be a balanced bipartite graph of order
2n and let ¢ > 2. If for any x € B, y € W, xy & E we have d(z) + d(y) > n+gq,
then every matching of cardinality q is contained in a perfect matching.

and an analogue of Theorem [5.3.2] for perfect matchings in bipartite graphs:

Theorem 5.4.4 ([12]). Let G = (B,W; E) be a balanced bipartite graph of order
2n. If for any x € B,y € W, xy € E we have d(z) + d(y) > n + 2, then every
perfect matching in G is contained in a hamiltonian cycle.

Using these two results he obtained the following Corollary:

Corollary 5.4.1 (|12]). Let G = (B, W; E) be a balanced bipartite graph of order
2n and let ¢ > 2. If for any x € B, y € W, xy ¢ E we have d(z) + d(y) > n+gq,
then every matching of cardinality q is contained in a hamiltonian cycle.

Theorem [5.4.2] is an analogue of Theorem and is an analogue of
Theorem [5.3.7]

D. Amar, E. Flandrin, G. Gancarzewicz and A.P. Wojda gave sufficient con-
ditions in a balanced bipartite graph for a matching to be contained in a hamil-
tonian cycle or a cycle not necessarily hamiltonian [1]. Moreover, for the hamil-
tonian case the condition is almost best possible.

Results are proved in Sections [5.5.2] and [5.5.3]

Theorem 5.4.5 ([1]). Let G = (B, W;E) be a balanced bipartite graph of order
2n.
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1. If for anyx € B, y € W, xy ¢ E we have
4n
37

then every matching M in G is contained in a hamiltonian cycle.

d(z) +d(y) >

2. If n >4 and for any x € B, y € W, zy € E we have

d(e) +d(y) 2 2

then every matching M in G is contained in a cycle of G.

The first part of the theorem is almost best possible in the sense that if one
decreases the sum of degrees of more than % then the theorem is no more true.
By K we denote the balanced bipartite graph of order 2] with empty edge set.

Let Kpt1,p+1 = (Bpt1, Wps1, Epy1) and Kopi1,2p11 = (Bapt1, Wopt1, Eapia).

Consider the following bipartite graph G = (B, W} E) with B = B,,11UBgp+1,
W = Wpt1 UWopq and E = Egpypq U{uv : u € Bpg1,v € Woppi} U{uv tu €
Wp+1,"U S B2p+1}.

Note that G is a balanced bipartite graph of order 2n = 2(3p + 2). Let M be
a perfect matching of Ko,11,2p41. It is evident that there is no hamiltonian cycle
containing M and that the minimum sum of degrees of two nonadjacent vertices
is %.

Let now G’ be the graph obtained from G by replacing K11 p+1 by Kpp-

Then G’ is a balanced bipartite graph which satisfies the hypothesis of the part
(1) of Theorem and by consequence there is a hamiltonian cycle which
contains M. Notice however that M is not contained in any perfect matching of
G’, and the degree constraint in part (2) of Theoremis clearly not sufficient
to imply that any matching can be extended into a perfect matching.

Thus Theorems and are independent.

5.4.1 Conjecture

During works on the proof of Theorem D. Amar posed the following con-
jecture:

Conjecture:
Let G = (B,W; E) be a balanced bipartite graph of order 2n. If for any = € B,
y e W, xy ¢ E we have

d(z) +d(y) 2 n+2,

then every matching M in G is contained in a cycle of G.
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It is not difficult to show the following;:

Remark: If M| =n—1and forany x € B,y € W, zy ¢ E d(z)+d(y) > n+2,
then M is contained in a hamiltonian cycle.

Suppose that G is not a complete graph (if G is complete then remark
is true.) Let M U (pq), with p € B, ¢ € W, pg ¢ E be a perfect matching
containing M. From Theorem [5.4.4] it is contained in a hamiltonian cycle C. Let
D :  qujius...ugp be a hamiltonian path in G obtained from C by deleting the
edge pq. The edges ujug, ... ,U2;41U2i42, ... ,Ug—1Uz are edges of the matching
M. Since d(p) + d(g) > n + 2 then there exists a k, such that qui+1 € E and
puy € E. Note that p € B, g € W, up, € W and then k is even. The edge ugug41
isnot in M. The cycle C:  quy,...uppuju;_1...ug+1q is a hamiltonian cycle of G
which contains M.

5.5 Proof

We present the proof of Theorem [1], as in this proof we use a concept
of ©-graph, which is very useful in proofs of results concerning cycles through
specified edges of a graph.

5.5.1 Basic definitions and notation

We will give now some definitions and notation, not introduced in the previous
section, that we will use in the proof.

Let G be a graph and H a subgraph of G.

Definition 5.5.1. We use N (H) to denote the set of all vertices of the graph
G which are adjacent to a vertex of the subgraph H, i.e.

Ng(H) = {u e V(G) : Jve V(H) such that wv € E(G)}.

Consider an arbitrary vertex € V(G). We use N(z) to denote the set of all
neighbors of the vertex = in G, i.e. N(z) = {u € V(G) : zu € E(G)}.

If H is a subgraph of G or simply H C V(G), then Ng7(z) denotes the set
of all neighbors of the vertex x in H, i.e. Np(x) = {u € V(H) : zu € E(G)} or
Ng(z)={uve H: zuc E(G)}.
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Similarly the symbol dg(z) denotes the number of neighbors of z in H i.e.
du(z) = [Ng(z)|. Note that if H is a subgraph, then dg(x) is the degree of the
verter x in the subgraph H.

Let D and F' be two subgraphs of G or D, F' C V(G). Then e(D, F') denotes
the number of edges of G with one vertex in D and the other in F. In other words,
it is the number of edges between D and F. Let A be a subgraph of G and v a

vertex of G and also e(D, F) = Z dp(v) = Z dp(v).

veD veF

In the proofs we will only use cycles and paths with a given orientation. For
acycle C:cy...c, or apath P:py...p; we will use implicit orientation. Let C'
be a cycle or a path with a given orientation and let € V(C), then ™~ is the
predecessor of x and x is its successor according to the orientation of C.

Definition 5.5.2. Let C' be a cycle or a path with a given orientation and let
z € V(G). Then No(z)" ={u e V(C): v~ € No(x)}.

Let P be a path p;...pr and u, v € V(G) such that up;, vpr € E(G). Then
uPv is the path up; ... prv and vPu is the path vpg ... p1u.

Definition 5.5.3. Let C' : ¢y ...¢ be a cycle in G with a given orientation. For
any pair of vertices ¢;, ¢; € V(C) with i < j we can define four intervals:

e |c;, cj[ is the path cit1...cj—1.
o [c;, cj[ is the path c;...cj_1.

e |c;, cj] is the path cit1 ... c;.

e [c;, cj] is the path c; . .. c;.

Observe that these four intervals are subgraphs of the cycle C.

A path P is an even path if |V(P)| is even and is an odd path if |V (P)| is odd.
Let G; and G2 be subgraphs of G.

We say that G; and G2 are disjoint if they have no vertex in common.

The union G1UGs of G1 and Gy is the subgraph with vertex set V(G1UG2) =

V(G1) UV(G3) and edge set E(G1 U Gs) = E(G1) UE(G53).
If G; and G5 are disjoint we sometimes denote their union by G + Gs.
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The intersection G1 N G of G; and Gs is defined similarly, but in this case
we assume that V(G1) N V(G2) # 0.

Let G = (B,W; E) be a balanced bipartite graph and M a matching in G.

A subgraph H of G is said to be a ©-graph compatible with M if H is a union
of two cycles C; and (5 satisfying the conditions:

1. The intersection of C; and C5 is a path R of length at least one.
2. Every edge of M is an edge of H.
3. Every edge of M incident with a vertex of R lies in R.

4. |V(R)| is even and the end vertices, say = and y, of R are in different partite
sets.

We denote P:  zC1\Cay, Q: xCy\Ciyand H=(P,Q,R).
The notion of the ©-graph is based on the paper of K.A. Berman [2]. On
Figure (5.1) there is an example of a ©-graph.

A subgraph H of G is said to be a strict ©-graph compatible with M if H is
a ©-graph (P, Q, R) such that if we label the vertices of the paths

P app ... pay

Q : zq1..q3y

R axr..oryy
then 1 e V(H)\V(M), pa € V(H)\V(M), zri € M, and r,y € M.
On Figure (.2) there is an example of a strict O-graph.

If on a path 7 :  zj29..24 of G = (B,W; E) is given an orientation from
r1 to zy, 7 is said to be a BB-path if 1 € B, x;, € B, a WW-path if 1 € W,
rr € W, a BW-path if x1 € B, x;, € W and a W B-path if x1 € W, x;, € B.

5.5.2 Proof of the part (1) of Theorem [5.4.5|

Let G = (B,W; E) be a bipartite graph satisfying the conditions of part (1) of
Theorem [5.4.5] and let us suppose that there is a matching M in G such that
there is no hamiltonian cycle through M. Without loss of generality we may
suppose that:

(i) M is maximal, i.e. M is the only matching which contains M.
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b1 (51

b2 q2
T1

T2

Ch Pa qs Co

Y
s edge of matching M.

Figure 5.1: A ©-graph compatible with M and containing all the vertices of the
graph G.

(ii) G is maximal without a hamiltonian cycle through M (any addition of an
edge uv, u € B, v € W, uv € E creates a hamiltonian cycle containing M)

So we have a hamiltonian path Py :  upp...pon_2v containing M. Since

4
wv ¢ E, we have d(u) +d(v) > ?n and this implies that we have at least two
vertices p;, pi+1 satisfying up; 11, vp; € E. Then the hamiltonian cycle:

c’: UPi+1Pi+2---VPiPi—1---U

contains all edges of the path Py except p;p;+1. Since there is no hamiltonian cycle
containing M in G we have p;p;+1 € M. Now take the cycles: C1:  up;41pi—1...u
and Cy : vp;piy1Pit+2..-v. The subgraph H = C7 U Cy is a ©-graph compatible
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with M and containing all the vertices of the graph G. We can see an example
of such ©-graph which in not a strict ©-graph in the Figure (5.1]).

Following the notations from Section label the vertices of the paths P,
Q@ and R as follows:

P xpy ... pay
Q : zq1 .95y
R : xr ...ryy

and denote P;, ¢ = 1,...,np, Q;, j = 1,...,ng and Ry, k = 1,...,nr the paths
obtained respectively from P, @, R by removal of the edges of M. Without loss of
generality we may assume x € B, y € W.

We may assume that H = (P, Q, R) is a ©—graph compatible with M such
that |V (R)| is maximum.

Remark Since M is maximal, for any i, j and k we have 2 < |V(P;)| < 3,
2<|V(Qj)] <3,and 1 < |V(Ry)| < 3.

From the assumption that every edge of M incident with a vertex of R lies
in R, if one of the edges p,q1, p1gg exists then there is a hamiltonian cycle in G
containing every edge of M, so we may assume p,q; € E and p1gs € E and then
we have:

Alpa) + (@) + d(pa) +d(gs) > o (56)

Neighbors of p1,ps, 1,93 on Q and P.

Claim 5.5.1. If piq; € E andl > 1 (p1 and ¢ are in the same partite set), then
Qqi+1 € M. Moreover for i = 2,..n¢, e(p1,Q;) < 1 and if e(p1,Q;) = 1, then

e(qs, Qi) = 0.

Proof of Claim [5.5.7k

In fact if pyq; € E, then H' = (P',Q',R’) with P’ :  qpip2...pay, Q" :
Qqi+1---q8y and R :  qq—i...querir2..r,y is a ©—graph compatible with M
with |V(R)| > |V(R)| unless ¢qi+1 € M.

So let us suppose that pi1q; € E and ¢;q+1 € M, with ¢, € Q;,. Then ¢, € B
for py € W. The vertex ¢;_; is the only vertex of V(Q;,) in W.

If gsq;—1 € E then the cycle:

C": Qaq—2 T Ty YDaDa—1--P1ADI41---43GI—1 (5.7)

is a hamiltonian cycle of G containing M and Claim [5.5.1] is proved.
|
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Claim 5.5.2. 1 < e(p1,Q1) < 2 and if e(p1,Q1) = 1 then e(qp, Q1) < 1. If
e(p1, Q1) = 2 then e(qp, Q1) = 0.

Proof of Claim [5.5.2k

Since x € N(p1) N Q1 we have e(p1,Q1) > 1. Note that |[V(Q1)| = 2 or
[V(Q1)] = 3. When |V(Q1)| = 2 then gg may be adjacent to g2 and e(gg, Q1) < 1.
If [V(Q1)] = 3 and p1g2 € E then e(gg, Q1) = 0, because otherwise the cycle C”
given by for [ = 2 is a hamiltonian cycle of G containing M and Claim

is proved.

O
Claim 5.5.3. 1. If Q;, is a BB—path and Q;, is a WW —path, 2 < ig, jo <
nqQ, then
V(Qi,)| + V(Q;
e({p17q[3}7Qi0 U Q]O) S 3 _ | ( Z())| 5 ‘ ( ]0)‘ . (58)

2. If Q, 2 < k <ng is a BW-path or a W B-path then

[

e({p1,4s}, Qr) < 1= == (5.9)

3. In any case
e({p1,q5},@1) < 2. (5.10)

Proof of Claim [5.5.3]

For any i, since the matching M is maximal we have |Q;| = 3, if and only if Q;
is a BB—path or a WW —path and |Q;| = 2, if and only if Q; is a BW —path or
a WB—path. Consider a BB-path Q;, and a WW —path Q;,, (2 < ip, jo <
ng). From Claim for 2 < i, jo < ng, we have e({p1,¢s}, Qi) < 1
and e({p1,q98},Qj,) < 2. These proves the inequality . If |Qi] = 2 from
Claim [5.5.1| we have (5.9). The inequality is an immediate consequence of
Claim [5.5.2

]

Let us denote v3(Q) the number of odd paths @; and v2(Q) the number of
even paths Qr, 1 < i,k < ng.

As |V(Q)| is even, the number of BB—paths is equal to the number of WW-
paths and so v3(Q) is even i.e. v3(Q) = 2u. Clearly |V(Q)| =8+ 2 =3v3(Q) +
215(Q) = 6+ 212(Q).

Now we shall estimate e({p1, g3}, Q). From Claims — we have:
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e({p,gs}, Q) = > e{pras}. Q)+ D> e{p1,q5}, Q)
[V(Q:)|=3 IV(Qr)|=2
< 3u+1/2(@)+1—§+2. (5.11)

Similarly we obtain the following three inequalities:

e({a1,pa}, Q) < g +2, (5.12)
e({p1.q5}. P) < % +2, (5.13)
e{qi,pa}, P) < % +2. (5.14)

Neighbors of pi,pa,q1,q5 on R

Note that, for any & = 1,...,ng, we have 1 < |V(Ry)| < 3. If zr;y € M then
Ry = {z} and |V(R:1)| = 1. If ryy € M then R, = {z} and |V(R,)| = 1. For
k=2,..,nr—1wehave 2 < |V(Ry)| < 3.

It is easy to check that if |V(R;)| = 2 then e({p1, pa}, Ri) < landif |[V(R;)| =
3 then e({p1,pa}, R;) < 2.

I |V (R;) = 1 then e({pr, pa}, Bj) = 1.

Denote by v3(R) the number of paths R; with three vertices, by vo(R) the
number of paths R; with two vertices and by v; (R) the number of paths Ry with
one vertex.

Note that v1(R) + v3(R) is even and v + 2 = 3v3(R) + 2v5(R) + v1(R)

We have:

e{prpab, B) = D el{ppad R+ D, e({p1,pa}, Ri)
[V(R;)|=3 IV(R:)|=2
+ Y e({pr,pal, Re)
IV (Ri)|=1
< 2u3(R) + 12(R) + 11 (R)

2y +4+v1(R) — v2(R)

3
2
< 7; 6 (5.15)

Similarly we have:
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2v+6

e({ar qs} R) < —5— . (5.16)

Now we shall estimate the sum d(p1) + d(pa) + d(g1) + d(gg).
From (.11)) — (5.16)) we have:

d(p1) +d(pa) + d(q1) + d(gs) =
e({r1, 45}, Q) + e({q1,pa}, Q) + e({q1,p0}, P) + e({p1,95}, P)

+e({p17poc}7 R) + e({qlvqﬁ}v R) - 26({])1, q1; Pa; Q5}7 {'T7y})

Ay+12 . 3a+38+ 4y

8
3

<a+pB+8+ + 4.

As a > 2 and 8 > 2, we obtain the following inequality:

da+pB+v)+8  8n

d(p1) +d(pa) +d(q1) +d(gp) < 3 R

which contradicts (5.6) and the proof is finished.

5.5.3 Proof of the part (2) of Theorem [5.4.5|

Let G = (B,W; E) be a balanced bipartite graph with |B| = |[W| =n, n > 4
satisfying the conditions of Theorem [5.4.5

For n > 8 we have %” > n+ 2 and so from assumptions of Theorem we
have:

>n+2, (5.17)

forany z € B,ye W, zy & E.
Note that for n = 5, 6 and 7 2 is not an integer so in fact d(z)+d(y) > PT"—‘ .

It is easy to verify that for n =5, 6 and 7 we have [%”—‘ =n-+2.

From the above and (5.17)) we have:

d(z) +d(y) = n+2, (5.18)

forany x € B,ye W, zy ¢ E.
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Let M be a matching in G. We may assume that M is a maximal matching.
If M is a perfect matching, then Theorem [5.4.4] implies that M is contained in
a hamiltonian cycle. We can assume that M is not a perfect matching and we
consider a maximal counterexample, i.e. a balanced bipartite graph G and a
maximal matching M such that:

1. There is no cycle in G containing M.

2. For every pair of vertices (p,q), p€ B, ¢ € W, pq & E, p,q & V(M), then
M is contained in a cycle in G U (pq).

Note that since M is not a perfect matching then we have at least two vertices
p, q such that p,q & V(M).
Thus there is a path:

D: qujug..wp (5.19)

containing M and oriented from ¢ to p.

Since gp ¢ E then from there exists an ¢ such that 1 < i <[ —1,
qui+1 € E and pu; € E.

The cycle:

!
C': QUi 12 U PUU—1 .. UG

cannot contain the matching M, so u;u;41 € M.
Consider paths:

P U;pUy .. Uj42U541
Q  uui—q ... U1qUi+1
R Ui Ui41

and note that H = (P,Q, R) is a strict ©—graph compatible with the match-
ing M. (For an example cf. Figure (5.2)).)

Let ug, u. € V(D), s < r be such that pus € E, qu, € E, ususr1 € M,
Up—1U,. € M (note that s = i, r = ¢ + 1 satisfy these conditions) and r — s is
maximal.

The graph H = (P,Q, R) :

P uspupup—q ... Uppiuy
Q  Uslg_1 ... UIQU,
R

Ug - Up
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rmarn edge of the matching M.

Figure 5.2: A strict ©-graph compatible with M.
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is a strict ©—graph compatible with the matching M such that |V (R)| is maxi-
mum.

Since there is no cycle containing M we have E(P)NM # 0, E(Q)NM # 0
and since H is a strict ©-graph |V(P)[, |[V(Q)| > 6.

We label the vertices of H as follows:

P xpy ... pay
Q : zq1 .93y
R xry..oryy

We assume that x € B,y e W, q=q € W, a =¢q € B, p =p, € B and
b=po1€W.

Let Gps be the subgraph of G induced by V(G) \ V(M) and let Z be the
subgraph of G induced by V(G) \ V(D). Subgraphs Gj; and Z are independent
ie. e(V(Gm), Z) =0.

Since V(G) = V(P - {y}) UV(Q — {z}) UV(R — {z,y}) UV (Z) and the sets
V(P —{y}), V(Q — {z}), V(R — {x,y}) and V(Z) are vertex-disjoint for every
vertex v € V(G), we have:

d(U) = dp,{y}(v) + dQ,{z} (’U) + de{a),y}(U) + dz(’l}). (5.20)

Let | M| = m, [V(M)| = 2m, |[V(D\M)| = 20 and |V(Z)| = 2t, then n =
m+0+t.

Remark: Asp, € V(M), n € V(M), |V(P)| and |V(Q)| are even, then § > 2.
(There are at least two vertices of V(G)\V (M) on P and on Q.)

Denote P; ¢ = 1,...,np, Q;, j = 1,...,ng and Ry, k = 1,...,ng the paths
obtained respectively from P, @Q and R\ {z,y} by removal of the edges of M.

Take an i € {1,...,np}. Note that since M is maximal then if P; is an odd
path then |[V(P;)] = 3 and if P, is an even path then |V(F;)| = 2. Moreover
if [V(P;)| = 3 then P; is a BB-path or a WW-path. If |V(FP;)| = 2 then P,
is a BW-path or WB-path. As |V(P)| is even, the number of BB—paths is
equal to the number of WW-paths. Let v3(P) be the number of odd paths P;,
vBW (P) the number of BW-paths P;, v3VB(P) the number of W B-paths P; and
vo(P) = vBW(P) + v3VE(P) the number of even paths P;.

The paths Q; i = 1,...,ng and R;, i = 1, ..., ng have the same properties as the
paths P; and in the same way as above, we define v2W vBW py = pBW 4, BW
and v3 for paths @ and R (in which the number of BB—paths is also equal to
the number of WW-paths).

From the maximality of G and M the graph induced by V(D) \ V(M) is
independent. Thus since bp,y is a WW-path we have:
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np = I/3(P) + l/Q(P) = |M ﬂE(P)| + 1. (521)

Similarly since xqia is a BB-path we have:

ng = v3(Q) +12(Q) = M NEQ)| + 1. (5.22)
Note that on the path R\ {z,y} we have:

nR:I/3(R)+I/2(R) = |MQE(R)|71 (523)
From (5.21) — (5.23) we have:

3

> @i(P) +vi(Q) + vi(R) =m + 1. (5.24)

i=2
In every path odd P;, there is one vertex of V(D) \ V(M) and since |V (R)] is
even we have:

vs(P) = V(P M) (5.25)
Similarly we have:
v3(Q) = [V(Q\ M)|. (5.26)
vs(R) = |V(R\ M)|. (5.27)
From — we have:
v3(P) +v3(Q) + v3(R) = 26. (5.28)

Lower bound of the sums of degrees

If one of the edges ab, poq1, p1gs exists, we have a cycle in G containing every
edge of M. For example if p1gg € E then the cycle:

C: DPi1Gsgs—1---QiTT1...TYDey----P1

is containing M.
We may assume ab € E, poq1 € E, p1gs € £ and then:

d(a) +d(b) > %n, (5.29)
5

d(gs) +d(p1) = In, (5.30)
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5

d(pa) +d(a1) 2 - (5.31)

Upper bound of the sum of degrees

Neighbors of a, b7 Pas 41, 4, P1 OnN R\{J),y}

1. Consider a WB—path R; : vuon R, u € B,ve W, v=u", uv & M. Since
there is no cycle containing every edge of M, the following inequalities are
satisfied: e({pa,p1}, Ri) <1, e({q1,98}, Ri) <1 and e({a,b}, R;) < 1.

Suppose that e({a, b}, R;) = 2, then av, bu € E and the following cycle C :

C: amf...rla:pl...pa_gbuuf..rqu/g...a
contains M, a contradiction.

Now suppose that e({p1,pa}, Ri;) = 2. In this case piu, pov € E(G) and
the following cycle C' :

C: paUV” ..T1Tq1...RYT~ ... UP1P2...Pa
contains M, a contradiction.

The case e({q1,qs}, Ri) = 2 is the same as e({p1,pa}, Ri) = 2 and so we
have:

6({a7b7p17pa7qlaQ[3};Ri) S 3. (532)

2. Consider a BW —path R; : won R, u € B,ve W, v=u", w ¢ M.
The following inequalities holds: e({p1,pa}, Ri) < 1, e({q1,q98}, Ri) < 1,
e({a,b}, R;) < 2.

Since a, u € B and b, v € W it is clear that e({a,b}, R;) < 2.

Suppose that e({p1,pa}, Ri) = 2., then piu, vp, € E and the following
cycle C':

(O pavv+...r7yqﬂ...q1xr1....upl...pa
contains M, a contradiction.
The case e({q1,qp}, Ri) = 2 is the same as e({p1, pa}, R;) = 2. Thus:

e({avbvplvpou(haq,@};Ri) < 4. (533)
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3. Counsider a WW —path R; : viuvy, u € B, v1, vg € W, u € V(D \ M),
u=1v =vy.As @ € V(M), u & V(M) and M is maximal, we have
qu € E. Since there is no cycle containing M, the following inequalities
holds: e({p1,pat, Ri) <2, e({a,qp}, Ri) < 2.

We will start to compute e({p1,pa}, Ri)-
If pyu &€ E then e({p1,pat, Ri) < 2.

Suppose now that p1u € E and e(ps, R;) # 0. e(pa, Ri) # 0 implies that
PaV1 € E or pyvy € E.

If pov1 € E, then the following cycle C :

C: PaUIV] . T12G1 . GBYT . UPL - Py
contains M, a contradiction.

If povs € E, then the following cycle C :

C: pavgv;...rquﬂ...qlxrl....upl...pa
contains M, a contradiction. So if pyu € E we have e({p1,pa}, Ri) = 1.
Thus in any case we have e({p1,pa}, Ri) < 2.

Now, we shall compute e({a, g}, R;). Note that a and ¢z cannot be adjacent
to two different vertices on R;. Since a, u, ¢g € B and vy, vo € W, we shall
consider the existence of four edges: avi, ggv1, ave and ggvs.

Suppose that avi, ggve € E, then the following cycle C :

C: aviv] ..71ZP1...DYT ... V243 ..
contains M, a contradiction.

If avs, ggv1 € E, then the following cycle C':

. +
C:  avavy ..7yYPq...-P1IT1... V10
contains M, a contradiction.

So we have e({a,gs}, R;) < 2 and since it may happen that bu € E, we
have:

e({avbvplvpavqlaqﬁ}vRi) S 5 (534)
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4. Counsider a BB—path R; : wujvug, ui, ug € B, v € W, v € V(D \ M),
v =wul = uy. Since p, € V(M), v & V(M) and M is maximal, we have
pav € E. Using the same arguments as in the case [3] since there is no
cycle containing M, the following inequalities hold: e({q¢1,¢s}, Ri) < 2,
e({b,p1}, R;) < 2 and since it may happen that av € E, we have:

6({a7b7p17pa7q1aq,3}7Ri) S 5 (535)

By summing over all the paths R; from (5.32)) — (5.35) we have:

6({@, bapom q1, Q5ap1}7 R - {‘T, y}) S 3V2(R) + V2BW(R) + 5V3(R) (536)

Neighbors of a, ba Pas 41, 93, P1 ON Q\{I‘}-

1. Consider the vertices {¢1,a}. Since there is no cycle containing M we have
e({p1, 95}, {q1,a}) <1, aq1 € E, paq1, ab ¢ E and thus:

e({avbaplapavqlvqﬁ}v{qlaa}) S 3. (537)

2. Consider a BW-path Q; : uv, u € B, v € W, v = u", uv € M. Since there
is no cycle containing M we have e({p1,pa},@:) <1 and e({a,b},Q;) < 1.

Suppose that e({p1, pa }, Qi) = 2, then pyu, p,v € F and the following cycle
C:

C: pluu” ..qari...ryYgs....VpaPa—1----P1

contains M, a contradiction.

If e({a,b},Q;) = 2, then bu, av € FE and the following cycle C :

C: buu..avv’...qgyry..11ap;1...b

contains M, a contradiction.

Note that e({q1,¢s}, Qi) < 2 and thus:

e({a7bap1apaaQ17QB}7Qi) S 4. (538)
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3. Consider a WB-path Q; : vu, u € B, v € W, u = v™, vu & M. Since there
is no cycle containing M, using similar arguments as in the case [2] for the
vertices a, b, we have e({q1,pa}, Qi) <1, e({p1,93}, Q:) <1 and thus:

e({avbaplapaaQ17qﬂ}7Qi) S 4. (539)

4. Consider a WW-path Q; : viuva, va # y, u € B, v1, vo € W, u = v] =v; .
Asq1 ¢ V(M), u ¢ V(M) and M is maximal, we have gyu ¢ E and from

this: e({q1,q5}, Qi) < 2.

Since vy # y and as R is maximal p,ve & E. Suppose that p,vs € E then
the graph H' = (P’,Q, R’) with:

P xpy ... pavs

Q : zq1 .. v
R ary .. 1myygs...ve

is a strict ©-graph compatible with M with |[V(R")| > |V (R)|.

Since there is no cycle containing M, using similar arguments as in the case

we have e({p1,pa}, {v1,u}) <1, e({a,b}, {u,v2}) < 1. Hence e({p1,pa},
@;) <1 and since it is possible that av, € E we have e({a,b},Q;) < 2.

From these inequalities we have:

e({a7b7plapaaq17q5}7Qi) S 9. (540)

5. In the case E| we have assumed that vy # y. If vo = y, then i = Ng and the
path Qn, is a WW-path Qn, : ¢gs—19py. In fact, it is the same case as the
case [4 but since p,y € E, we have:

6<{a7b7p1apaaql7Q,3}7Qi) S 6. (541)

6. Consider a BB-path Q; : ujvusg, uy, us € B,v e W, v = uf = u, . Note
that since py, v € V(M) and since M is maximal we have p v & E.
Since there is no cycle containing M we have e({a, b}, {u1,v}) <1, e({p1,95},
{v,us}) < 1.

Suppose that e({a,b},{u1,v}) = 2, then av, bu; € E and the following
cycle C':
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C: bujuy ...avv”...qgyry..r1xp1...b
contains M, a contradiction.

Suppose that e({p1, gz}, {v,u2}) = 2, then piusa, gsv € E and the following
cycle C :

C: p1u2u;....qﬁvu1....qlmrl...mypa...pl

contains M, a contradiction.
Note that pju; € E, because if pju; € E, then the graph H' = (P',Q, R’)
with:

P wipy .. pay

Q" : wuvuy ... qgy

R' ' wul ... quary .. Ty
is a strict ©-graph compatible with M with |V(R")| > |V(R)|, a contradic-
tion.

From the above we have: e({p1,q5}, Qi) < 1, e({a,b},Q;) < 2 and since
e({¢1},Qi) <2 we have

e({avbaplapaaQ17q5}7Qi) S 5 (542)

By summing over all the paths Q; from (5.37) — (5.42)) we have:

e({avbaplapaaqlvqﬁ}vQ \ {:L'}) < 4V2(Q) + 5V3(Q) - L (543)

Neighbors of a,b, pa, q1,93,p1 on P\ {y}

Using the similar arguments as in Section we have:

e({a,b,p1,pa, a1, 48}, P\ {y}) < 4v2(P) + 5v3(P) — 1. (5.44)

Neighbors of a,b,p,q1,93,p1 in Z

Since Gj; and Z are independent we have:

dz(pa) =dz(q1) =0

and thus:

e({aabaplapaaQIan}aZ) < 4t. (545)
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Neighbors of p, and ¢t on RUQU P

Using similar methods as those in Sections — we get the following
inequalities:

e({pa,1}, R\ {z,y}) < vBW(R) + 203V B(R) 4 2uv3(R). (5.46)

e({pa, a1}, @\ {2}) <12(Q) +2(13(Q) — 1) + 1 = 1(Q) + 23(Q) — 1. (5.47)

e({pasa1}, P\ {y}) <wo(P)+2(v3(P)—1)+1=we(P)+2v3(P) — 1. (5.48)
Now we shall estimate the sum of degrees. From (5.46)) — (5.48]) we have
d(pe) +d(q1) < VEW(R) +m+20 —1=v"B(R)+n—t+6—1. (5.49)

Conclusion

From (5.36), (5.43)), (5.44) and (5.45) we have:

d(a) +d(b) + d(p1) + d(pa) + d(q1) + d(gp) <

3
Z )+ 4(Q) + vi(R)) ) (5.50)

7

+v3(P) + 1v3(Q) + v3(R) — 2 + 4t — vy B(R).

From ([5.24), (5.28)) and (5.50) we deduce:

d(a) +d(d) +d(p1) + d(pa) + d(q1) + d(gs) <
—24+4(m+1) +26 + 4t — vy B(R). (5.51)

Since n =m + 0 + ¢, from (5.51) we have:

d(a) +d(b) +d(p1) + d(pa) + d(q1) + d(gs) <
dn +2 — vV B(R) — 20. (5.52)
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From (5.49) and (5.52) we can deduce that:

d(a) +d(b) + d(gg) + d(p1) + 2d(pa) + 2d(q1) <5n—t — 6 + 1. (5.53)

Note that § > 2 and from ([5.53|) we have:

d(a) +d(b) + d(gs) + d(p1) + 2d(pa) + 2d(¢q1) < 5n — 1. (5.54)

Now we shall give the lower bound of the sum of degrees. From (5.29) —
(5.31) we have

4%" < d(gp) +d(p1) +d(a) + d(b) + 2d(pa) + 2d(q1) (5.55)

Assuming that there does not exist a cycle in G which contains every edge of

the matching M, we have obtained (5.54) and (5.55)). Hence,

on < 5n — 1,
a contradiction. The part (2) of Theorem is proved. O
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Abstract

A survey of properties of Aut(P(w)/FIN) in a set-theoretical context
is presented.

Contents

6.2 Automorphisms of P(w)/FIN under CH.| . . . . . ... ... ... ..
6.3 Shelah’smodell . . . . . . . . . . ...
6.4 Automorphisms under PFA| . . . . . .. ..o o000,
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6.1 Introduction

The aim of this paper is to give a survey of results concerning the group of
automorphisms of the Boolean algebra P(w)/FIN. The algebra plays an important
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role in foundation of mathematics. Moreover, the results about P(w)/FIN have a
wide implications in various fields of mathematics. Many mathematical problems
can be reduced to questions on properties of P(w)/FIN. The algebra and its Stone
space w* are well studied both from the topological and set-theoretical point of
view. This paper has been written from the perspective of a set-theorist. We do
not aim to be complete. Several interesting results will not be mentioned.

We begin with reminding some basic facts and definitions. By w we denote
the set of all natural numbers. The symbol FIN stands for the ideal of all finite
subsets of w. The ideal determines the following equivalence relation:

for A, BCw, A=, B ifandonlyif A-+ B € FIN,

P(w)/FIN is its factor algebra. An order in P(w)/FIN is defined in the following
way:
AC, Bif A\ B € FIN.

The space f3 [w] consists of all ultrafilters on w and is equipped with a topology
generated by basic open sets of the form

Va={peflw]: Aép}, for A C w.

This space is the Cech-Stone compactification of the countable discrete space
w. The space w can be embedded into 3 [w] as follows: we identify each natural
number n with a principal ultrafilter p,, = {A Cw:n € A}. A symbol w* denotes
the remainder (or growth) space of w i.e. the space 8 [w]\ w which consists of all
free ultrafilters on w. For A C w C S w], the closure of A (in §[w]) is equal to
A={pefw]: Acp}. Note, that

A=W \Va=Voa=58w\w\4,

thus A is clopen set in 3 [w]. Let A* = A\ A. Thus A* is a clopen set in w*. Thus
for infinite A, B C w, A =, B if and only if the basic sets V4,V g, are equal and
we have

A* = B*if and only if A =, B.

It follows that the Boolean algebra of clopen subsets of w* is isomorphic to the
Boolean algebra P(w)/FIN. To simplify notation we shall identify the equivalence
class [A], (with respect to the relation =,) of A with its growth A*. ( w* and
P(w)/FIN will be used almost interchangeably. As well, subsets of w will routinely
be confused with clopen sets of w*. )

It is well known that the w* is compact zero-dimentional space of weight ¢
(the continuum, ¢ = 2«°). Moreover it satisfies the following conditions:

1.T The space has no isolated points.
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2. T Nonempty G5 sets have nonempty interiors.

3.T w* is an F-space (Recall that a topological space X is an F-space provided
that X is Tychonoff space and each bounded real-valued continuous function
on the complement of a functionally open subset of X can be extended
continuously to the whole of X.)

A compact zero-dimensional space is called a Parovidenko space if it satisfies
conditions 1.T, 2.T and 3.T.

Every separable compact space as well as every compact space of weight at
most wy is a continuous image of w*. Under CH (the Continuum Hypothesis)
every Parovitenko space is homeomorphic to w* ([5])

The above properties can be translated in algebraical language. Let A\, k be
ordinals. A gap of the type (A, k) in a Boolean algebra (A,+,-,0,1) is a pair
({ay : v < A}, {bs : B < K}) of subsets of A such that a, - bg = 0. If for every
M <72 <A Pi1<B2 <K, Ay -Gy, = a, and bg, - bg, = bg,, the gap is said to
be incresingly ordered. An element ¢ € A fills (separates) the gap if a, - ¢ = a,
and bg - ¢ = 0 for every v < A, 8 < k. If there is no such an element, the gap is
called non-separable. A (strictly) decreasing sequence (ag : § < ) of elements of
the A of length ~ is called ~-limit if there is no non-zero element a € A such that
for every 8 < 7, a-ag = a. A non-zero element a of A is an atom if 0 is a unique
element smaller than a. An algebra A is atomless provided it has no atoms at all.

The algebra P(w)/FIN has cardinality ¢. Moreover

1.A P(w)/FIN is atomless.
2.A P(w)/FIN has no w-limits (i.e. y-limits with card(y) = w).

3.A In the algebra P(w)/FIN every countable gap (i.e. card(\) = card(k) = w)
is filled.

Let f be a autohomeomorphism of of w*. Then hy : P(w)/FIN > [A], —
f[A*] = [B]x € P(w)/FIN is an automorphism of P(w)/FIN, where

[Al, = A* — f[{p € w" : A € p}] is clopen in w*,

thus f [{p € w*: A € p}| = [B],, for some B. On the other hand each automor-
phism h of P(w)/FIN determines an autohomeomorphism of w*. Indeed, we set

fozw" 3 p = fulp),

where f,(p) is the unique element of the set

() hI[AL]. for B, = {A*:pe A*}.
A*€B,
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Thus the group of automorphisms of P(w)/FIN is isomorphic to the group of
autohomemorphisms of w*.

Assume that g is almost permutation of w (i.e. an injective function from w
to w whose domain and range are both cofinite). Then g induces an autohomeo-
morphism ¢* of w* and automorphism hg« of P(w)/FIN:

g :wap—={g[Al: A€p}ewr, hy :Pw)/FIN> A" — g*[A]* € P(w)/FIN.

It is easy to see that for almost permutations f and g, f* # ¢* if and only if
{new: f(n)#g(n)} € FIN. Since there are continuum almost permutations of
w, it follows

card (Aut(P(w)/FIN)) > .

An automorphism induced by almost permutation is called trivial. An auto-
morphism h is somewhere trivial if there is an infinite set A C w such that the
restriction of h to P(A)/FIN is trivial. An automorphism is nowhere trivial if it
is not somewhere trivial.

We finish this section with the Sikorski’s theorem (on extending homomor-
phism) which will be frequently used.

Theorem 1 (Sikorski |11], [10]). Let A, B be Boolean algebras, Ay a subalgebra
of A and ag € A\ Ag. Assume that h : Ag — B is a homomorphism. If there
exists an element b € B which fills a gap

L=({h(x):xz<ap},{h(z): 2z a9 =0}),

then h can be extended to a homomorphism h : A; — B (where Ay is a subalgebra
generated by Ag U {ag}) with f(ag) = b.

Morover if h is monomorphism then h is monomorphism if and only if the fol-
lowing condition holds:

forallz,y e Ay [(z<ag < h(z)<b) and (y>ay < h(y) >b)].

6.2 Automorphisms of P(w)/FIN under CH.

We shall show that, under CH, card (Aut(P(w)/FIN)) = 2°. We shall point out
a Parovi¢enko space homeomorphic to w* such that cardinality of group of its
automorphism can be easily estimate. The following lemma is the starting point
of the proof (|2],[3]):

Lemma 1 (L. Gillman, M. Henriksen). If X is non-compact but locally compact
and o—compact space, then the growth X* = S[X]\ X is a compact F-space.
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We shall use the following corollary of the lemma: if Y is a zero-dimensional,
compact space, then (wxY)" = Blwx Y]\ (wxY) is a Parovienko space.
Take Y = 2¢, where 2° is the Cantor cube of weight c¢. Then (w x 2°)* is a
Parovic¢enko space of weight ¢ thus, under CH, is homeomorphic to w*. Since the
cube 2¢ is a topological group of cardinality 2¢, it follows that w* has at least
2¢ autohomeomorpisms. Since w* has weight ¢, it cannot have more than 2°¢
autohomeomorphisms. Thus card (Aut(P(w)/FIN)) = 2°. O

A question arises if for every two ultrafilters p, q € w* there exist an au-
tomorphism h € Aut(P(w)/FIN) such that f,(p) = q, where f,, is the auto-
homeomorphism induced by h. In order to answer this question we use a notion
of P-point. An ultrafilter p € w* is a P-point if for every countable subfam-
ily {V,, :n € w} C p there exists V € p such that V C, V,,, for every n € w.
Equivalentely, an element p € w* is called a P-point if for every countable family
{V¥ :n € w} of neighbourhoods of p, p belongs to the interior of the intersec-
tion (,,c,, Vir- It is obvious that a homeomorphic image of P-point have to be
P-point. Unlike the ultrafilters which are not P-poins and which exist in every
model of ZFC, P-points do not exist in some models (|7]). Under CH the set of
all P-points is dense in w*. Thus there are points p, q € w* (p is a P-point, q is
not a P-point) such that for each h € Aut(P(w)/FIN), fu(p) # q. On the other
hand the following holds:

Theorem 2 (|6]). Suppose that p, q are P-points. Then there exists an auto-
morphism h of P(w)/FIN such that an autohomeomorphism fn induced by h maps

p to q.

Sketch of the proof. We construct a required automorphism by induc-
tion using Sikorski’s theorem. Take two sets of generators of P(w)/FIN: p C
{Co:a<wi}, qC{D, : a<w}.Define by induction two increasing sequences
(Ag)g<w,s (Bg)s<w, of subalgebras of P(w)/FIN and an incresing sequence of iso-
morphisms between them such that:

L {Ca:a<Bt CUu<cpha, {Da:a<B}CU,<sBa,

2. hy : Ay — B, is an isomorphism for ae < 3, h, C h,, for v < a < g,
3. Ag=U,cpBar Bs = U,cpBas hg =Uyepha, if B is limit,

4. Ua<ﬁ A, is at most countable for o < f3,

5. if V.epnAg, WeqnBg then hg(V) €q, h=*(W) € p.

At step 8 + 1 consider generators Cg and Dg. If Cs € Ag, Dg € Bg then
Api1 := Ag, Bgy1 := Bg, hgy1 := hg. Assume that Cg & Ag. Then construct
(using the standard method described in e.g. [10]) a countable gap (L,U) in
P(w)/FIN such that



86 CHAPTER 6. THEORY OF Aut(P(w)/FIN)

1. {CGAﬁZOQ*Cg}gL,{DGAngﬂCg:*}gU,

2. {hs(C): CelLnp}={hs(C):CeL}nq,
{hs(C):C eUnp}={hs(C):CeU}nq,

3. each D ¢ Bg, which fills the gap ({hg(C) : C € L},{hg(C) : C' € U}) satis-
fies the following condition: for all C € Ag
(CCiCp <= hg(C)CyD)and (Cs CC <= D C, hg(C);).

Moreover, if Cg € p the condition 2., and the assumption that q is a P-point
implies that there is an element D € q\ Bg, which fills the gap ({hg(C) : C € L},
{hs(C): C € U}). Let Az (Bg) denote the subalgebra generated by Ag nad Cg
(Bg nad D). Extend hg to the isomorphism hg from Az onto Bs with hz(Cj) = D.
If Dg € Bg put Agyq = Kﬂ, Bgt1 = E and hgy1 = HB. Otherwise, repeat the
construction for the generator Dg, Bg and h;l.

After wq steps we obtain a required isomorphism. O

Under CH, the structure of Aut(P(w)/FIN) is rather complicated. Indeed, if
A is an arbitrary Boolean algebra of cardinality at most ¢, then there exists a
subgroup of Aut(P(w)/FIN) which is isomorphic to the group of automorphisms
of A (|4]).

6.3 Shelah’s model

As one expect the case of negation of the CH is much more difficult. Investigations
of the case we begin with the following result due to S. Shelah ([7]):

Theorem 3. There exists a model in which ¢ = ws and each automorphism of
P(w)/FIN is trivial.

We shortly sketch out construction of the model. As a groud model take
a constructible universe L (V = L). Thus GCH is satisfied and moreover the
principle <$,,, holds in the following form:

Ouwsye There is a sequence (D, : cf () = w1, a <wa), Do C « such that for every
A Cwy the set {a: cf(a) = wy, ANa =D,} is stationary in ws.

For an automorphism h € Aut(P(w)/FIN) fix a function h : P(w) — P(w)

such that the following diagram commutes:

h
P(w) -  Pw)
i bi i:Plw)>A— A* € P(w)/FIN

Pw)/FIN -5 P(w)/FIN
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The ground model will be extended by using forcing. We shall define, by induc-
tion, a finite support iteration (P, : @ < wy) such that

1. card(P,) < wa,

2. P, satisfies the countable chain condition,

3. in the resulting model all automorphisms are trivial.
The principle $,,, implies the following.

Claim 1. Let V=1L and let (P, : @ < ws) be a finite support iteration of forc-

ings such that card(P,) < we and P, satisfies the countable chain condition.

Then there exists a sequence (hy @ a < wo) with hy € VP« such that for arbitrary
P

h C [P(w) x P(w)]” , h € VE the set {a <wy:cf(a) = wr, h|[P(w)]‘V“”a = ha} is

stationary in ws, where P = Ua<w2 P,.

We intend to define (P, : @ < ws) as in the above claim, so we have the set
h, predicting any automorphism h € Aut(P(w)/FIN) in VFe. Put

Py = {0}, P\ = U P, for alimit ordinal A\ < ws.
a<

In order to construct P,1 we consider the set h,. If c¢f(a) # w;y or hy € VPa ig
not a non-trivial automorphism then Q, is a P,-name for Cohen’s forcing and
Pot1 = Pox = Py, % Qq, otherwise we apply the following lemma:

Lemma 2. Suppose that V is a model in which CH holds. Assume that h is
non-trivial automorphism of P(w)/FIN. Then there exists a forcing notion Q of
cardinality at most wy which adds a subset X C w such that

if C is a Cohen’s forcing then for every Y C w added by Q x C there are (in the

ground model) A, B C w such that (X NA=, BandY Nh(A) £, h(B))
or (X NA#, BandY Nh(A) = h(B))

Let @a be the P,-name for the forcing Q, and P,y = P, * @a. Note that
according to the lemma h,, cannot be extended onto [P(w)]” **". Indeed, a new
real X, added by the forcing Q, witnesses that no Y € [P(w)]VP“Jr1 is an appro-
priate candidate for the image under h, of X,. However, care must be taken to
prevent adding such a candidate at some further step of inductive construction.
To do this we use wj-oracle. M = (Ms : 0 < wy, §is limit ordinal) is called an
wi-oracle if

e Ms; is a countable model of ZFC (or sufficiently large part of ZFC)
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e 0 C Ms,
o Ms ' 0 is countable’,
o (WACuw) {6:ANJ e Ms} is stationary.

Denote by Dy, the filter generated by sets {§ <w; : ANéd € Ms}, ACw.
Let P be a forcing. We say that P satisfies the M-c.c. if one of the following
conditions holds:

e (1) P is countable

e (2) card(P) = N; and for some (every) injection h : P — wq the set of all
0 < wy which satisfies the following
(VACuw) if A€ Ms, AC6, h™1[A]is predense in h~[J]
then h~'[A] is predense in P
belongs to the Dy,

e card(P) > ¥y and for all Py C P, with card(Pg) < Ny, there exists Py C P
such that Py C Py and Py satisfies the condition (2)

At each stage o, we define (for P,) an w;-oracles M, € V¥« such that

e If @ <3 < wsy and @ is Pg-name for forcing such that card(@) < wy and @

satisfies My-c.c. then @ does not add any candidate for the image under
h, of X,.

o If o < 8 < ws then @a satisfies M,,-c.c.

Let P = U,,, Pa- P satisfies the countable chain condition and has cardinality
wo __

wo. Thus there are at most wy°® = wy P-names for reals. On the other hand we
add wo new reals thus V¥ I 240 = w,. Assume that h € V¥ N Qut(P(w)/FIN).
We show that h is trivial. Assume to the contrary that h is non-trivial. The set

{a < wsg : cf(a) # wrq, or h|[P(w)]VlP°‘ is a non — trivial automorphism in VP“}

is closed and unbounded. Thus there exists o < woy such that h|[P(w)]V“”a = h,. So
at stage a+1 we added X, and an w-oracle such that the image of X, under h,,
cannot exist in generic extension of V¥4, 3 > o with forcing satisfying M,-c.c.
h € VP is such an extension, a contradiction. O
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6.4 Automorphisms under PFA

The forcing used by Shelah in his construction is proper. Shelah and Steprans in
[9] showed that

Theorem 4. PFA (the Proper Forcing Axziom) implies that all automorphisms
of P(w)/FIN are trivial.

Recall that forcing (P, <) is proper if for every uncountable cardinal \ every
stationary subset of [A]* = {C C \:card(C) =w} remains stationary in the
generic extension.

The Proper Forcing Axiom. [PFA] If (P, <) is a proper forcing and if D is
a collection of wy dense subsets of P then there exists a D-generic filter on P.

Proof of the theorem consists of three steps:
1. Show that under PFA all automorphisms are somewhere trivial.
2. Show that for a given automorphism h € Aut(P(w)/FIN) the set

T(h)={ACw:his trivial on A}

is a P-ideal (i.e. {w\ A: A € T(h)} is a P-filter).

3. Show that PFA implies that every somewhere trivial automorphism is
actually trivial.

The crucial part of the proof is the first step. Let V be a model in which PFA
holds true and 2“° = wy. Assume that h € V is nowhere trivial automorphism
which induces h : P(w) — P(w) (like in the Shelah’s construction). By R denote
a contably closed forcing which forces <. Note that since R does not add any new
reals the h remains nowhere trivial after forcing with R.

Lemma 3. Let h be nowhere trivial automorphism of P(w)/FIN. In the extension
by the forcing R there is a family {(Aq, Ba) : a < w1}, a countable chain condition
forcing P and a P-name X such that:

1. {Ay o <wi} is almost disjoint family (i.e. Ao N Ag € FIN if a # 3),
2. PIF XNA, =B,

3. PIH (VY Cw) 3 €wn) (¥1 > ) (Y Nh(A,) £ I:(B,y))/.

The family {(Aq, Ba) : @ < w1} is constructed by induction (in the construc-
tion assumption that the h is nowhere trivial is used) and is applied to define the
forcing P. P consists of the functions f € {0,1}* such that:

(a) dom(f) =4 Uaes Aa, where s is a finite subset of wy,
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(b) if @ € s then f~1(1)N A, =4 Ba.

P is ordered by inverse inclusion. To see how the forcing can be applied suppose
that G is P-generic and let X = {J;¢ f ~1(1). Then X satisfies conditions 2 and
3. According to these conditions, X determines in P(w)/FIN an (wy,w1) gap,
namely ({Ao \ By : @ < w1},{Ba:a <wi}). The element X separates the gap.
To ensure that there is no element Y which fills the image of the gap we use the
following lemma:

Lemma 4. Let R, P be as above. Then RxP forces that there is a proper forcing
Q and a name I' such that

QIH' T 4s an uncountable subset of w1 and if o, B € T, a # B then
either (n(Aa) \h(Ba)) Nh(Bs) # 0 or (h(A5)\ h(Bg)) Nh(B.) # 0.

To check that ({h(Aa) \h(Ba):a<wi},{h(By:a< wl)}) is unfilled as-
sume the opposite and derive a contradiction. Suppose that Y fills the gap
(h(By) €4 Y and h(Ay \ Bo) NY =, 0, for & < wy). By A lemma there are an
uncountable I'y C I', and finite subsets s, t of w such that

forevery o €Ty YN (h(Ay)\h(By)) =s and h(By)\Y =t.
Fix a, 8 € T'1, a # B. Since (h(Ay) \ h(By)) Nh(B,) = 0 it follows that h(B,) C
(Y'\'s)Ut. Thus

(h(Aa) \h(Ba)) Nh(Bp) € (h(Aa) \ h(Ba)) N (Y \'s) Ut) =10,

a contradiction.
The forcing R x P x Q is proper and for each h € Aut(P(w)/FIN) adds X C
w and I'y € w; which witness that h have to be somewhere trivial. Slightly
modifying the lemma 3 by adding new assumption:
(4) {Aq :a<wi} CT(h)
and using the fact that T'(h) is a P-ideal we conclude that h is trivial. ]

6.5 Automorphisms under OCA+MA (w;)

In this section we present a diffrent approach to Aut(P(w)/FIN) by studying the
properties of the group using Ramsey forcing axioms which assert the existence
of large homogeneous subsets in certain kinds of partitions. We shall outline the
following result due to B. Velickovic (|13]):
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Theorem 5. Under OCA and MA (w;) every automorphism of P(w)/FIN is triv-
1al.

The following version of the OCA will be used: Let X be a set of reals
and [X]? = {{z,y}: 2,y € X, 2 #y}. We say that K C [X]? is open if the set
{(z,y) : {z,y} € K} is open in the space X x X (C R x R with the product topol-
ogy).

The Open Coloring Axiom (OCA). Assume that X is a set of reals. For
any partition [X] = Ko x Ky with Ko open, either there is an uncountable Y C X
such that [Y]? C Ko or there exist sets H,, n € w, such that X = J n and

new H
[H.]? C Ky for all n.

A set Y such that [Y]? C K; is called K;-homogeneous. Recall also the Martin’s
Axiom:

The Martin’s Axiom (MA(w1)). If (P, <) is a partially ordered set that satisfies
the countable chain condition and D is a collection of at most wy, dense subsets
of P, then there exists a D—generic filter on P.

We begin with a remark which holds in ZFC. Note that each subset A of w can
be identified wich its characteristic function x 4. So P(w) can be identified with
the Cantor cube {0,1}* i.e. the set of all zero-one sequences(with the product
topology). {0,1}* is a complete separable metric space with no isolated points.

Remark 1. ([15]) Let h € Aut(P(w)/FIN). Suppose that there are Borel func-
tions Hy, : {0,1}* — {0,1}* such that for every A C w there exists n € w such
that h(A) =, H, (xa)~ " (1). Then h is trivial.

The proof of the theorem 1 consists of a sequence of lemmas. Fix an h €
Aut(P(w)/FIN) and h : P(w) — P(w) (induced by h).

Lemma 5. (OCA+MA(w1)) If h is non-trivial then there exists an uncountable
almost disjoint family A = {A, : aI'} such that h is non-trivial on every A, € A.

In order to show that each automorphism is trivial we construct a subfamily
of B of A such that h is trivial on all elements of B. It will be done in two steps:
firstly, we decomposed elements of the family A to obtain two families which are
neat, secondly, we show that h is trivial on all but countable many elements of a
neat family.

We call a family C of almost disjoint subsets of w neat if there is an injective
map ¢ : w — {0,1}<¥ such that for each C € C and k, [ € c, ¢(k) C ¢(I) or
(1) C (k) (where {0,1}<% denotes the set of all finite zero-one sequences).
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Lemma 6. (MA(wy)) Let A = {A, : a € T'} be an uncountable almost disjoint
family of infinite subsets of w. Then there is an uncountable T'y C T and for every
o € I'y a decomposition A, = A% U AL such that the family C*{AL : a € Ty} is
neat for i € {0,1}.

The following lemma finishes the proof:

Lemma 7. (OCA) Let C be a neat family. Then h is trivial on all but countably
many elements of C.

We sketch out the proof of the lemma (and show how OCA is applied). Fix
a function ¢ : w — {0,1}* witnessing that C is neat. A topological space X
(occuring in OCA) is defined as follows:

X={(A,B): (3C€C) BCACC}

and is eqquiped with the separable metric topology 7 obtained by identifying
(A, B) with (A, B,h(A),h(B)). Define the partition [X]? = Ko UK; by the condi-

tion:

(a) {¢(n) :n € A} # {p(n) : n € A},
((A,B),(A,B)) eKoiff{ ) ANB=ANB,
(¢) h(A) Nh(B) # h(A) Nh(B).

Ko is open in the topology of the [X]2. Firstly it is showed that there is no
uncountable Kg-homogeneous subset of X (We skip the part of the proof). Thus
OCA implies that X is countable union of pairwise disjoint the K;-homogeneous
sets X,,. For each an X,, fix a dense countable subset D,, C X,,. Define a family
B={CeC:(Inew)(3(A,B)eD,) BCACC}. Bisat most countable. We
show that h is trivial on every C' € C\ B. So fix such a C. Using the assertion that
the X,, is K;-homogeneous we prove that C' can be decomposed into two disjoint
sets Cp, C1 in such a way that for every i € {0,1}, n € w, and (4, B) € X,, if
A C C; then for every k € w there exists (A, B) € D,, such that:

(a) ANB=ANB, i )

(by An{0,1,...,m} = An{0,1,...,m} and BN {0,1,...,m} = BN
{0,1,...,m},

(c) D(A) N{0,1,...,m} = tn(fl) Nn{0,1,...,m} and Q(B) N{0,1,...,m} =

h(B)N{0,1,...,m}.
Now define the function H,, : P(Cy) — P(w), for n € w, by putting:

H.(B) = {'2(00) Nh(B): (A, B) €D, and AN B = Co N B} .
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The H,, is a Borel function and conditions (a)-(c) imply that if (Co, B) € X,
then H,,(B) =« h(B). Thus by the Remark 1 H,, is trivial on Cy. Using similar

argument we show that H,, is trivial on C.

To sum up: we have shown that h is trivial on every element of uncoutable
subfamily of arbitrary almost disjoint family of infinite subsets of w, a contradic-
tion. Thus h is trivial.

6.6 Non-trivial automorphisms

It has been shown that under CH there exist non-trivial automorphisms of
P(w)/FIN while several set-theoretical axioms imply that all automorphisms are
trivial. Ome can ask if existence of non-trivial automorphism of P(w)/FIN is
equivalent to CH. Actually, it is not the case. One of the first results towards
constructing non-trivial automorphism without CH was due to Frolik (|1]). He
proved that

Lemma 8. The set of fixed points of any injective function from an extremaly
disconnected space to itself is clopen.

We shall present construction of a non-trivial automorphism due to S. Shelah
and J. Steprans. They apply the Frolik’s result and the following lemma (|[8]):

Lemma 9. Suppose that T is an ideal on w generating by an increasing (with
respect to C, ) sequence (Ay : a < K). Suppose further that f, is almost permu-
tation on Aq (o < k) and fo Ci f3, if @ < . Then the functions {fo : @ < K}

induce an isomorphism h on subalgebra of P(w)/FIN generated by Z defined by

h(B) = (falB])*, if there is «a such that B C, A,
(w\ falw\ B))*, if thereis a such that w\ B C, A,.

Assume that p is a P-point in w*. Take (V, : @ < w1) a neighbourhood base of
clopen sets for p. Construct increasing sequence of permutations f, on A, = w\V,
such that homeomorphism of A}, \ A} is not the identity. By the lemma there
is an automorphism h € Aut(P(w)/FIN) and an autohomeomorphism fi, of w*
induced by the f,’s. This automorphim is non-trivial. To show this note that p
is isolated fixed point of f. If f,, was trivial, then either it or its inverse would
extend to an injective continuous function fi, from B[w] to B[w\s], for s € FIN. But
p would remain an isolated fixed point of f,. Since B[w] and B[w\s] are extremally
disdonected the set {p} would be clopen, a contradiction. It follows that in any
model containing P-point of character w; there is a non-trivial automorphism.
Note that there are such models with ¢ > wy. (A similar proof due to Baumgartner
appears in [12]).
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In [8] S. Shelah and J. Steprans have presented two another proofs of existence
of non-trivial automorphisms in models in which the CH does not hold.

Theorem 6. Assume that V I CH and enlarge V by adding wy Cohen’s reals.
Then in the resulting model there is a non-trivial automotphism of P(w)/FIN.

Note that the Shelah’s model (described in the section 3) is constructed in
such a way that each non-trivial automorphism is eliminated by adding new real
to which it is impossible to extend the automorphism. Omne can ask whether
it is possible to eliminate a non-trivial automorphism by adding a new generic
almost permutation which turns the non-trivial automorphism to a trivial one.
Of course, in some cases it can be possible but there are automorphisms which
are in a sense absolutely non-trivial (|8]):

Theorem 7. Assume that in the ground model V there is F C P(w) a P-filter
of character wy. Let T be its dual ideal. Then there is in V an automorphism of
the Boolean algebra B C P(w)/FIN generated by T which is not induced by any
function from w to w. Moreover, in any extension V1 of V, which preserving w1,
there is no almost permutation which turns the h to a trivial automorphism.

Existence of non-trivial automorphism (in some models in which CH fails)
also follows from the following theorem ([4]).

Theorem 8. It is consistent with ZFC+MA (o-linked) that the cardinality of the
continuum is arbitrarily large and for aech Boolean algebra A of cardinality < c,
there is an embedding i : A — P(w)/FIN such that each automorphism of i[A] can
be extended to an automorphism of P(w)/FIN.

We conclude the this paper with the following result due to the author (in
preparation).

Theorem 9. Suppose that in a ground model V, k1, ko, k3 are reqular cardinals
such that

1. wy < k1 < Ko < Ka,
2. (VA< k1) 2 =XT and if Ky = AT then cf(\) > w.
3. 2M = kg
4. $w, holds in the following form:
Let H(k1) denote the family of all sets of hereditary power < k1 and let

(Hy : a < K1) be a continuously increasing sequence of sets of cardinality
< k1 such that

H(k1) = | Ha-

a<Kki
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Then there is a sequence (To : o < K1, cf(a) = w1) such that for every set
X of hereditary power < k1, the set

{a<ky:cl(a)=wi, XNH,=T,}
18 stationary in Ki.
5. B is a Boolean algebra of cardinality k1 and card(Aut(B)) = ko
Then there exists a generic extension V|G|, which satisfies the following
1. K1, Ka, k3 are reqular cardinals (in V[G] ), 290 = k1 and 2! = kg,

2. there exists a subalgebra Py of P(w)/FIN which is isomorphic to BY and
every automorphism of P(w)/FIN can be (unquely) extended to an auto-
morphism of P(w)/FIN,

3. each automorphism of P(w)/FIN is a composition of trivial automorphisms
and elements of Pg.

We shortly outline how non-trivial automorphism are eliminated in the during
construction of V[G]. Take a ground model V which satisfies the assumptions.
Define a finite support iteration (P, : o < k1). We use two (standard) notions
of forcing: Q(£) which adds a real which separates an unfilled gap £ and E(L)
which guarantees that no forcing satifying the countable chain condition adds a
generic real which separates £ of the type (wi,w;.) (If £ is unfilled gap of the
type (w1, w1) then E(L) adds un uncountable antichain to the Q(L£).)

In the ground model V we choose the algebra B. We enumerate the set of its
generators, {b, : v < k1}. We shall construct an embedding of B into P(w)/FIN
in such a way that images of generators b, will be generic sets added (by Q(£))
to P(w)/FIN. Simultaneously automorphisms of the image of B will be extended.
The sequence in which these automorphisms will appear in our construction is
specified by ¢, . To extend the automorphism we will also use the forcing Q(L)
and Sikorski’s theorem.

Assume, that for some a < k1

V¥ IH T, is a non — trivial automorphism and T, ¢ Aut(Pg).
We start to build an increasingly ordered gap
L=({Xpg:B<w},{Xpg:8<wi})

such that each trivial automorphism from VFe differs from any (non-trivial) ex-
tension of T,, on all (but at most countable many) elements of this gap. Moreover
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the further construction is done in such a way that if that after w; steps at stage
[ some extension T of T, appears i.e.

Ps - There exists T, To C Tsuch that Xp, Yz € dom(T)'.
then the gap will satisfy the following conditions.

1. For each almost permutation f there exist 8 < w; and Ay C Xz such that
T(A}) C [f(Yp)]",

2. T(L) does not "depend on" £ which means that
Q(L) ¥ "T(L) is separated”
and E(L) ¥ "Q(T(L)) has an uncountable antichain’.

Then there are three posibilities:

1. There exists ésuoh that Q(£) IF "T(L) is separated” and we are going to
force with Q(L), then Pgiy = P« E(L);

2. There exists £ such that E(£) IF "T(£) has an uncountable antichain” then
Psi1 =Pg* Q(L);

3. Otherwise Pgy1 =P« Q(L).
This finishes the proof. O
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Abstract

In the chapter we study approximation properties of modified Szasz-
Mirakyan operators for real-valued functions, continuous and unbounded
on [0,00). The function to be approximated must satisfy some growth
condition, so we consider weighted spaces. We present some direct theorems
on approximation order of functions by these operators. We also consider
a truncated version of Szasz-Mirakyan operators which is more useful from
the computational point of view.
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7.1 Introduction

The approximation theory is a branch of mathematical analysis which is focused
on approximation of complex functions by simpler and more easily calculated
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ones. It is obvious that the basis of the theory is the Weierstrass approximation
theorem (1885), which states that every continuous function defined on a closed
interval [a,b] can be uniformly approximated by a sequence of polynomials. In
1912 S. N. Bernstein [4] gave a simple and effective method for constructing the
sequence of polynomials that converges uniformly to the function, now called the
sequence of Bernstein operators. These operators belong to the class of linear,
positive operators. We present below some primary examples of such operators.

Let us denote by C(I) the set of all real-valued functions continuous on I,
where I is an interval in R.

1. The Bernstein operators By, : C([0,1]) — C([0,1]) are defined in [4] by
B =3 (1) o ().
’ k=0 K n

2. Let 0 < a < 8 be real numbers.
The Bernstein-Stancu operators P : C([0,1]) — C(]0, 1]) are defined in

k=0

3. The Landau operators L,, : C([0,1]) — C([0, 1]) are defined in [21] by

_ Jy (= (w=2))" f(w)du
2f01(1 —u2)ndu .

Ly (f;z)

4. Let a > 0, Dy be the set of all real-valued functions f, continuous on [0, c0)
and such that f(z) = O(z®) as z — oo.
The Szasz-Mirakjan operators S, : Dy — C([0,00)) are defined in |24} |31]
by

5. Let a > 0, D5 be the set of all real-valued functions f, continuous on [0, 0o)
and such that f(z) = O(e*®) as x — 0.
The Baskakov operators V,, : D5 — C(]|0,00)) are defined in [3] by

L o~ ntEk-1 zk k
Pl = k_()( ) e (n)
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. Let a > 0, Dg be the set of all real-valued functions f, continuous on [0, 1)

and such that f(z) =0((1 —z) %) asz — 1.
The Meyer-Konig and Zeller operators M,, : Dg — C([0,1)) are defined in
[23] by

Ma(fi) =Y ("1F ) ()

k=0

. Let D7 be the set of all real-valued functions, bounded and uniformly con-

tinuous on [0, co).
The Bleimann-Butzer-Hahn operators H,, : D7 — C(]0,00)) are defined in

5] by 1 2/ k
Hn(f;x)mm)n;)( k >f”kf (n—k+1>

. Let Dg be the set of all real-valued functions, bounded and continuous on

R.
The Gauss-Weierstrass operators W, : Dg — C(R) are defined in [35] by

Wa(fiz) = \/Z /Re‘%(“‘”zf(mdu

. Let Dg be the set of all real-valued functions, bounded and continuous on

(0,00).
The Post-Widder operators P, : Dg — C((0,00)) are defined in |27] by

P,(f;x) = ﬁ (E)n /0OO e =y f(u)du.

n

Let D1 be the set of all real-valued functions, bounded and continuous on
(0,00).
The gamma operators Gy, : D1g — C((0,00)) are defined in [22] by

anrl

G(f:2) = / e § () du

n!
Let a > 0. Dy = {(z,t) : 2 > 0,0 < t < .=}, f is measurable function in

[0,00) and such that f(z) = O(e®*) as z — oo.
The Wachnicki operators T,, are defined in [32] by

To(f;x,t) = f(0)e" 7 + /000 f(8)H (s, x,t)ds,
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where H(s,z,t) = 4 exp(—5)/ZL (\/2175”), I, is the modified Bessel
function of the first kind.

In the 20th century there were a lot of mathematicians who studied approx-
imation properties of these operators, direct approximation theorems giving the
degree of approximation by these operators and inverse theorems for them.

In 1950s T. Popoviciu [26], H. Bohman [6] and P. P. Korovkin [18] independently
proposed sufficient conditions for the uniform convergence of the sequence of
linear, positive operators.

Theorem 7.1.1. If (A,) is a sequence of positive, linear operators on C([a,b])
such that

A, (ex) = e uniformly on [a,b] as n — oo,

where ey, (r) = 2¥, k = 0,1,2, then for every f € C([a,b])
An(f) = f  uniformly on [a,b] as n — oco.

If the domain of the continuous function is unbounded but f has the finite
limit at infinity then the convergence remains valid. In this case the test functions
er, are replaced, for instance, by qx(z) = e **, k= 0,1, 2.

In 1974 A. D. Gadziev |10, [11] introduced the weighted spaces C,(I) to extend
the Bohman-Korovkin theorem for continuous and unbounded functions defined
on [0, 00).

The operators and many generalizations of them still are under consideration, |1}
2] 17,18, 19] [15} 113}, |14} 12} (16} [17], |20l |19} [25] 29} |28, |34} |33}, 32].

In the end of the 20th century E. Wachnicki proposed a new modification of the
well-known Szasz-Mirakjan operators - A? defined below.

Let us define Ry = [0,00) and Ny = NU {0}. In papers |15, |13] we consider
operators of Szasz-Mirakjan type defined as follows

vip oy S b (@) f(E), x>0
An(fax)_ { f(g)’o k xzo
and
1 (nx)Zk-&-y
I,(nx) 22ktvEID(k + v + 1)’

P (@) =

where I' is the gamma function and I, stands for the modified Bessel function,
ie.,
St ZZkJrV

I(2) = .
() ;0 22V (k+ v + 1)
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We study the operators in exponential weight spaces
E, ={f € C(Ry) : vy f is uniformly continuous and bounded on Ry},
where v, is the exponential weight function defined as follows
vg(z) =e%, qgeRy
for € Rg. The spaces E,; are normed spaces with the norm

1fllq = sup vq()[f ().
z€R)

The main aim of this survey paper is to present a brief overview of useful
methods and tools for proving approximating theorems for these operators.

7.2 Auxiliary results

In papers |15, |13] we presented among other thing some preliminary properties
of the operators A%. The purpose of this paragraph is to remind the reader of
some basic results which we apply to prove main theorems.

Lemma 7.2.1. Foralln € N, v € Ry and x € Ry

Il/+1 (mc)

AV (eg;2) =1, Al(ep;a) == T,(nz)

Iio(nx) 2z 1,1 (nx)
v . _ odvy2 abty41
Anleziz) = I, (nx) n I,(nz) ’

where e,.(t) =t", r=0,1,2.
Lemma 7.2.2. Foralln e N, v € Ry and x € Ry

Lat) ),

Ay (duasw) =@ ( I, (n7)

)

v . _ 2 I, 2(7’1.13) I, 1(71])) 2x 1, 1(’[’1,],‘)
Anlfeziv) =2 (&m) 2 na) “) L)

where ¢y (t) = (t — )", r=1,2.
Lemma 7.2.3. For all v € Ry there exists a positive constant M(v) such that

for allmn € N and x € Ry we have

Il/Jrl(nx)

T, (n2) M), nz

L/+1(nm) . v
I, (nz) 1‘ < M).
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Lemma 7.2.4. For all v € Ry there exists a positive constant M(v) such that
for x € Ry and n € N we have
M(v) x+1

A (Gui ) £ =2 Al (Guai o) < M)

Moreover, from paper [13] we have the following lemmas.

Lemma 7.2.5. Foralln € N, v,q € Ry and x € Ry we have

<1;$) _ L,(nxeﬁ)efyg’ A (el;x) _ :E.T,,Jrl(na:ez)6(17”)%7

AV
Vg I,(nx) Vg I,(nx)

2.4\ =22 Iu+2(”ffeﬁ)e(2fy)% n 2£Iu+1(nxeg)e(lfu)%.
I, (nx) n  I,(nz)
Lemma 7.2.6. For all v,q € Ry there exists a positive constant M(v,q) such
that for alln € N and z € Ry we have
I,(zew)
I1,(2)

Lemma 7.2.7. For all v € Ry, s > q > 0 there exists a positive constant
M(v,q,s) such that for n > ng and f € E; we have

< M(v,q) exp (z(e% -1)- %) .

Ay < I’Q;fv)’ < M(v,q, S)M-
Vg

vs () -

In the same paper we prove

Lemma 7.2.8. For allv € Ry and s > q > 0 there exists a positive constant
M (v, q) such that for n > ng we have

| (5+)
Uq

Theorem 7.2.1. For all v € Ry, s > q > 0 there exists a positive constant
M (v, q) such that for n > ng and f € E, we have

1A% (i)l < M)l fllq-

This means that the operators A are linear, positive, bounded and transform
the space E, into E, for some s > g.
Notice that the operators A? do not transform the space E; into itself. This
follows from the following remark.

< M(v,q),

S

where ng = q(In %)~".
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Remark 7.2.1. For allv € Ry, ¢ > 0 and n € N we have

1
sup vg(x)Al <,:c) = o0.

z€R, Uq

A certain modification of A}, ([14]) yields a linear, positive and bounded
operator AZ mapping the space Ey into itself, namely

E;i“;opz,k(w)f(n%’iz), x> 0;

All the basic properties of the modification are still valid because of the following
lemmas.

(i) = {

Lemma 7.2.9. Foralln € N, v,q € Ry and z € Ry

Aeora) =1, Aferiz) = 12 Trnn(n2)

n+q I,(nz) "’
2
—v nx I, 12(nx) 2nx I,41(nx)
A, (ex;1) =
v = (355) v

where e.(t) =t", r=0,1,2.
Lemma 7.2.10. For alln € N, v,q € Ry and x € Ry

n  I,y1(nx) 1
n+gq I,(nz) ’

o - ((p2) e o)

A (o) = 2 (

n+q I(nz) n+4q L(nz)

n 2nx I,41(nx)
(n+q)* I(nx)

where ¢pr(t) =t —2)", r=1,2.

)

Lemma 7.2.11. For all v,q € Ry there exists a positive constant M (q,v) such
that for all x € Ry and n € N we have

—v z+1 —v z(r+1
A (6n: ) < Mla) L (A Gz < Mg,) DD
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Lemma 7.2.12. For alln € N, v,q € Ry and x € Ry we have

A, i;ﬂc 27[”(nmen+q)e’”ﬁ,zz Log)="2 I”“(mewq)e(l’;”;q,
I,(nx) Vg n+q I, (nx)

2 _a_ _a_

— e nx I nrenta) (2-v) 2nr 1, nrenta) (1-v)

A, <23x) B ( + ) ol ) e + vl ) ot
n+q

1, (nx) (n+¢q?  L(nx)

Lemma 7.2.13. For all v,q € Ry there exists a positive constant M (v,q) such
that for alln € N and z € Ry we have
I, (ze7a)

Lemma 7.2.14. For all v,q € Ry there exists a positive constant M(q,v) such
that for all x € Ry and n € N we have

2 (%22 < m PriChay
(2.

n
q n

vg()

Lemma 7.2.15. For all v,q € Ry there exists a positive constant M(q,v) such
that for all z € Ry and n € N we have

)

These lemmas allow one to write

< M(q,v).
q

Theorem 7.2.2. For all v,q € Ry there exists a positive constant M (q,v) such
that for all x € Ry, n € N and f € E; we have

|2 s, < @ v

Hence the operators transfom the space E; into itself.

7.3 Approximation theorems

In the paragraph we present approximation theorems, the inequalities which es-
timate the weighted error of approximation for function belonging to the spaces

Eék) _ {f €E,: f(i) € Eyi= 1,...,k},
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where (V) we denote the i-th derivative of f. We apply the weighted modulus of
continuity of the first and the second order defined as follows,

wy(f; Eq; t) = sup{[[Anfllq : b € [0, 1]},

and

(1) wy(f, Eqit) = sup{||A} fllq : b € [0,4]},

respectively, where

Apf(z) = fz+h)~f(z), Ajf(x) = An(Anf(2)) = flz+2h)—=2f(x+h)+f(x)

for z, h € Ry.
We consider the case of the exponential weight spaces E, (|16]) but we can
assume that f is from polynomial weight spaces

Cp, ={f € C(Ry) : wy, f is uniformly continuous and bounded on Ry},
where w,, is the polynomial weight function defined as follows

L, p=0;
T PEN

wylo) = {

In this case we have analogous results.
As we mentioned in the end of Paragraph 1.1 we demonstrate typical proofs of
several approximating theorems.

Theorem 7.3.1. For all v,q € Ry there exists a positive constant M (v, q) such
that for all z € Ry, n € N and g € E(Sl) we have

vg(@)[ A7 (g30) — 9(x)| < M(q,)llg' @

Theorem 7.3.2. For all v,q € Ry there exists a positive constant M (v,q) such
that for all x € Ry, n € N and f € E; we have

n

v AL (f2) — f(@)] < M(g,v)w (f, By M) .

Proof. Let fp, be the Steklov mean of f € E, i.e.,

h
fua) = 5 [ sty
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for x € Ry, h > 0. We have

fua) = 1) = 5 [ G0 = f@ht fil@) = 3+ B) - F@)).

It is easy to notice that if f € £, then f; € E,Sl) for every fixed h > 0. Moreover,
for h >0

1 h
IUb—jﬂq<sm><h1;vﬂ%ﬂﬂx+t%—f@ﬂﬁ><ﬂdﬁﬁhh)

x€Rg

and 1
||f}/z||q < Ew(fa Eqy; h)

hold. From the above inequalities, linearity of Z:L, Theorem 1.2.2 and Theorem
1.3.1 we get .
g ()4, (f;2) — f(2)]

< v (@) ([ A, (f = fr; @) + |4, (fus @) = fu(@)] + [ fal@) = f(2)])

< M(q,v) <||f—fh|q+||fllz||q x(ﬂfn"‘l)>
< M(q,v)w(f, Eq; h) <1+l11 W)
z(z+1)

for z € Ry, n € N and h > 0. Setting h =
obtain the desired estimation.
The above theorem implies

—— in the last expression we

Corollary 7.3.1. Ifv,q € Ry and f € Ey, then for all x € Rq

lim {4, (f;2) — f(z)} = 0.

n— oo

Moreover, the above convergence is uniform on every interval [x1, 2] with
0< 21 < x9.

It is interesting to see a probabilistic approach to the proof of Corollary 1.3.1
which we present in paper [12|. The idea comes from [4].

Proof of Corollary 1.3.1. Let f € E; with some ¢ € Ry. Pick € Ry and
€ > 0. There exists a number ¢ such that

(2) ) = fl)l < 5
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for [t —z| < 8, t € Ry. By linearity of A, and Lemma 1.2.9 we get

A, (f;2) = f(@)] < AL (|f = f(@)];2)
- T e () e T el () )

—x|<é kg —T26

=1+ 5.

|n+q

Hence by (2) we obtain I; < 5. Furthermore, we have

£y (160 Y . 151
nos o (Peali) 4 Il 0,1,

Applying Holder’s inequality, Lemma 1.2.11, Lemmas 1.2.14, 1.2.15 and Theorem
1.2.2 we can write

e U ()] e ()] e

The above estimations imply the convergence in Corollary 1.3.1.

N

Analogously as in paper [20] we define operators HY to estimate the error of
approximation by the second modulus of continuity.

(3) HY(f;2) = A, (f;2) — f(A, (e1:2)) + f()

for v,q € Ry, f € E; and x € Ry. Considering the basic properties of ZZ we can

it y —v nx I,41(nx)
Hy (fi2) = A, (fi2) - f (n—i—qh(nx)) + f(z).

Observe that the operators are linear and possess the following properties

HZ(GO;‘%) =1, HZ(qu,l;x) =0

In paper |16] we prove

Lemma 7.3.1. For all v,q € Ry there exists a positive constant M(v,q) such
that for all x € Ry, n € N and g € ESQ) we have

vy ()| H (g:2) — g(z)| < M(v,q)|lg" |l a@+1)
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Theorem 7.3.3. For all v,q € Ry there exists a positive constant M (v, q) such
that for all x € Rg, n € N and f € E, we have

vg(@)| A, (f52) = f ()]

< M(g.v) (f, £, WJ”) by B A (61, 2)).

Proof. Let x € Ry and f}, be the second order Steklov mean of f € E, i.e.,

fh(x):%/; /05(2f(x+s+t)—f(:c+2(s+t)))dsdt

for x € Ry and h > 0. Notice that

h h
4 [z (2
1@ = fw) =35 [ [ A%s@asa
for z € Ry and h > 0. By definition (1) we get the following estimations

1f = Fullg < w3(f, Eqg; )

and since

1) = 1 (88727 (2) — AL 7))

we can write 9
170 < 75

The above inequalities imply that the Steklov mean f;, and f; belong to E,.
. . — Vv .
Moreover, by linearity of A, and connection (3) we have

A, (f32) — f(2)]
< HY(If = fulso) + |f(2) = fal@)] + [HY (fr;2) = fu(@)]
H (A (ers2) — ().
Applying above estimations, Theorem 1.2.2 and Lemma 1.3.1 we obtain
vg(2)[ A, (f;7) — f(2)]
< vg(@) HY(|f = fal;2) + vg(@)| f(2) — fu(2)]
+0q(2) | HY (fn; @) = fa(@)] + v4(2)|f (A (e1;2)) = f(2)]

w2(f, Eqg h).
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x(x+1)

< M(g, ) f = fullg + Mg, )| f7llq + 0y (2)] (A, (e1;2)) — f(2)]

< Mg i) (14 5 WD) b (1, A erso),

where A, (e1;2) = = (n%rq 11}:’;7(;;”) - 1). Substituting h = y/ w(m+ ) we get the

assertion of our theorem.

In paper [25] a certain modification of the operators A” is introduced

m(z+an)] o 9%k -
n = A) > O,
Fnldni) :{ Fo TG 22 g

for f € Cp, where (ay) is a sequence of positive numbers such that

(4) lim a,v/n = o0
n—oo
and [n(z + a,)] we denote the integral part of n(xz + a,,).
In the paper there is deduced among other things that

i {BL(f, an; @) — f(2)} =0

for every f € Cp, uniformly on every interval [z, 2], 2 > 21 > 0.
In that case the crucial assumption is that the sequence of positive numbers (a,)
satisfy condition (4).

Similar problems for Baskakov type operators are discussed in paper [34] and
some generalization of truncated operators can be found in [33].

We propose ([12]) the following class of partial operators for functions f € E,

[(n+q)(z+an)] v ok .
EV(f7a’n; ) = { k=0 p’n k:(x)f(rﬂ)7 x>0,

)

f(0)7 JIZO,

where we replace the infinite summing in ZZ by the finite one and we still have
assumption (4).

Theorem 7.3.4. Ifv,q € Ry and f € E, then for all x € Ry

lim {EZ(f, an;x) — f(z)} =0.

n—oo
Moreover, the above convergence is uniform on every set [x1,xs], 3 > x1 > 0.

As we can see both operators BY and E:L have the same degree of approxi-
mation, namely O(n~'/2).
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8.1 Introduction

By a simple graph G we mean an ordered pair of sets V and E such that the set
E consists of two-element subsets of V, that is E C [V]2. The elements of the set
V' we call vertices of a simple graph G, and the elements of the set E are called
its edges. A simple graph we will shortly call a graph. If, at the same time, we
want to indicate that the given set is the set of vertices of the graph G, then we
write V(G). Analogically we write for the set of edges.

Let us consider a graph G. If v,w € V(G) and {v,w} € E(G), then we say
that v is adjacent to w. The degree of a vertex v € V(G) is the number of all
vertices adjacent to v.

We can perform many operations on graphs. By analogy to the algebra of
sets, in graph theory we introduce the relation of containing. We have H C G, if
V(H) C V(G) and E(H) C E(G). Then we say that H is a subgraph of G. In the
case when V(H) C V(G) and E(H) = E(G)N[V(H))?, the graph H is an induced
subgraph of G, and then we note this property by H = G. A next operation that
we will use in this survey is the operation of complement. A complement of a
graph G = (V, E) is a graph G on a set of vertices V, the set of edges of which
is [V]?\ E. A graph G is called a self-complementary graph if G = G. A next
operation that we will describe is the operation of exponentiation of a graph.
The k-th power of a graph G is a graph G* = (V, E}) such that for each pair
of vertices v and w we have {v,w} € Ej if and only if distg(v,w) < k, where
dist¢ is the distance between vertices of a graph. Another operation creating a
graph from already existing graphs is the so called strong product of two graphs.
Given two graphs G = (V(G), E(G)) and H = (V(H), E(H)), the strong product
G X H is defined as follows. The vertices of G X H are all pairs of the Cartesian
product V(G) x V(H). There is an edge between (v,v’) and (w,w’) if and only
if one of the following holds, {v,w} € E(G) and {v',w'} € E(H), or v = w and
{v/,w'} € E(H), or v = w' and {v,w} € E(G). Shortly, we write G¥P, what
means GX GK --- X G, where G appears p times.

Among graphs, we can distinguish graphs of special structure, that is, from
all graphs we can extract some classes of graphs. One of such classes is the
class of complete graphs. A graph G = (V, E) is a complete graph, if its set of
vertices is [V]2. Complete graphs are denoted by K,,, where n is the number of
vertices of such graph. Complete graphs and complements of complete graphs
are closely related to the concept of a clique and the concept of an independent
set, respectively. A cligue in a graph G = (V) E) is a subset V' C V such
that for every two vertices u,v € V' we have {u,v} € E. 1If for every two
vertices u,v € V we have {u,v} ¢ E, then V' is called an independent set.
Other classes of graphs the definitions of which will now be given are paths and
cycles. A path is a non-empty graph P = (V,E), in which V' = {vy,...,v,},
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E = {{v1,v2},{va,v3},...,{vn-1,vn}}, where v; for i = 1,...,n are pairwise
distinct. A path on n vertices we denote by P,,. Let us consider a path P,, where
n > 3. A graph obtained from adding a single edge {v,,v1} is called a cycle on
n vertices. Let us observe that cycles are so called regular graphs, that is, graphs
in which all vertices have the same degree. Among regular graphs we distinguish
vertex-transitive graphs. A graph is vertex-transitive, if for each pair of vertices
(i,7) there exists an automorphism 7 such that 7(¢) = j. Analogically, we define
edge-transitive graphs. Interestingly, the aforementioned cycles are graphs, which
are vertex-transitive and edge-transitive. Another subclass belonging to those
two classes are Kneser graphs. Let ¢ and r be integers such that ¢ > 2r. A
Kneser graph K(q,r) is a graph such that its set of vertices is a set of r-element
subsets of the set [g]. The set of edges of this graph we define in such a way that
between two vertices of this graph there is an edge if and only if the corresponding
sets are disjoint. A next important class of graphs that will be discussed in this
survey are the so called circulant graphs. Let D = {dj,...,d;} be a subset of
the set [n], where n > 3. A circulant graph C, (D) is a graph on n vertices such
that {i,7} € E if and only if there exists k € [I] such that j = i £ dj (mod n).
If G =C,({di,...,di}), then we will shortly write G = Cy(ds,...,d;). If G =
Cn({1,...,p}), then we will shortly write G = C,, .

The size of a largest independent set in a graph G is called the independence
number of G, and we denote it by a(G). Another function defined on graphs is
the fractional independence number [17], which is given by the below formula

0'(G) = max 3" f() (8.1)

veV(G)

where f is a non-negative function such that for each clique C of a graph G we
have

> fw) <L (8.2)

velC

For graphs we also define the so called Lovasz number [15]. Consider a graph
G of order n, and let Ag be the set of real symmetric matrices A indexed by
V(G) that satisfy A,,, =1, if v = w or if v and w are non-adjacent. The Lovdsz
number ¥(G) is defined by

AG) = inf X(M), (8.3)

where A; (M) denotes the largest eigenvalue of M. It is noteworthy that a(G) <
I(G) < a*(G).

To the above measures is related the following measure, the so called Shannon
capacity [18], defined as follows.
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O(G) = lim {/a(G%). (8.4)

1—00
More information on this measure can be found in |14, [11].
We next give fundamental theorems concerning the strong product. Three

first theorems that will be given, in the literature are treated as fundamental
properties of graph products.

Theorem 8.1.1 (Folklore). Let G' and G be graphs such that G' C G and
p>1. Then
G™®r c ¥, (8.5)

Theorem 8.1.2 (Folklore). Let G be a graph and let n > 1. Then
a(K, KG) = a(G) (8.6)
Theorem 8.1.3 (Folklore). Let G and H be graphs. Then
ao(GR H) > a(G)a(H). (8.7)

The following two theorems are the commonly known upper bounds on the
independence number of a strong product of graphs.

Theorem 8.1.4 (Rosenfeld [17]). For every graphs G and H we have
a(GRH) < o(@)a”(H). (8.8)
Theorem 8.1.5 (Lovasz |15]). For every graph G we have
a(G) < O(G) <Y(G). (8.9)

Let us observe that the Lovéasz number is multiplicative, what is given in the
following theorem.

Theorem 8.1.6 (Lovasz [15]). For every graphs G and H we have
YGR H) =9(G)I(H). (8.10)

The next two theorems can be obtained directly from the definition of the
Shannon capacity.

Theorem 8.1.7 (Shannon [18]). For every graphs G and H we have

O(GR H) > 6(G)O(H). (8.11)
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Theorem 8.1.8 (Shannon [18]). Let G be a graph and let i be a positive integer.

Then
O(GQ) > \/a(GR). (8.12)

Interestingly, there exist graphs for which ©(G) > «(G). From the information
theory point of view, the graphs achieving the above inequality describe channels
creating an advantage in the zero-error communication [14].

8.2 Regular graphs

The Shannon capacity is upper bounded by the Lovasz number, that is, for every
graph G we have O(G) < ¥(G) (Theorem [8.1.5). We now give an upper bound
on the Lovéasz number for regular graphs.

Theorem 8.2.1 (Hoffman [15]). Let G be a regular graph on n vertices, and
let Ay > Ao > -+ > )\, be the eigenvalues of its adjacency matriz A. Then
—nAp,

9(G) < T (8.13)

The equality is satisfied if the graph G is edge-transitive.

Lovéasz, in the acknowledgments of his work [15], states that Hoffman is the
author of the above theorem. It is worth to note that edge-transitive graphs do
not have to be regular, for example a path on three vertices. However, vertex-
transitive graphs are always, by definition, regular. For the latter, Lovész gave
the following theorem.

Theorem 8.2.2 (Lovasz [15]). Let G be a vertez-transitive graph on n vertices.
Then -
HG)I(G) = n. (8.14)

From Theorems [B8.1.5 and [B.2.2) we easily get the following inequality,
O(G)O(G) < n, (8.15)

where G is a vertex-transitive graph. The equality is satisfied if G = G, that is,
for self-complementary vertex-transitive graphs. For these graphs the value of
the Shannon capacity is known.

Theorem 8.2.3 (Lovasz [15]). Let G be a self-complementary vertez-transitive
graph on n vertices. Then

0(G) = ¥(G) = vn. (8.16)
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Additionally, Sonnemann, for vertex-transitive graphs, proved a theorem that
helps to determine the value of the lower bound on the Shannon capacity.

Theorem 8.2.4 (Sonnemann [19]). Let G be a vertez-transitive graph. Then

for any graph H,

a(GRH) = Jnin, ||‘/V((g/))||a(G’ X H) (8.17)

If in Theorem the subgraph G’ will be a maximal clique of the graph G,
then using Theorem we will get the following useful corollary.

Corollary 8.2.1. Let G be a vertez-transitive graph. Then for any graph H,

V&)l
w(G)

a(GRH) < { a(H)J . (8.18)

We will now present more detailed results concerning subclasses of regular
graphs.
8.3 Circulant graphs

Circulant graphs are a large subclass of the class of vertex-transitive graphs. To
that class belong, among others, cycles, for which Lovasz [15] gave the following
result.

Theorem 8.3.1 (Lovasz [15]). For odd n,

_ ncos(m/n)
I Cp) = T+ cos(n/n)’ (8.19)

Next, Brimkov et al. [5] determined the Lovasz number for circulant graphs of
the form C,,(1,d), where d = 2, 3.

Theorem 8.3.2 (Brimkov et al. [5]). For odd n,

(8.20)

B(Cn(1,2)) = n(l 05— cos(ax) — cos(z(a + 1)) >

(cos(az) — 1)(cos(ax + 1) — 1)
and

cos? y — cosy cos(bx) + cos?(bx) — 1)
(cosy + 1)(cos(bx) — 1)(1 — cosy + cos(bx))

9(Cn(1,3)) = n(l - ) (8.21)

for odd n, where v = 22, y =X a=[2] and b= [252].
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Directly from Theorem [8:2.2] we get the value of the Lovasz number for comple-
ments of graphs appearing in the last two theorems.

There are many results concerning the independence number of strong prod-
ucts of graphs of the form C,(1,...,k). One of the fundamental results is the
following theorem generalizing a result independently obtained by Hales |10] and
Baumert et al. 2] for cycles.

Theorem 8.3.3 (Badalyan et al. [1]). Let m,n >3 and k,l > 1. Then
a(Cp, W Cy) = min{a*(C},)a(Cp) ], [a(Cry)a™ ()1}, (8.22)

particularly

& & n n
wetmo= ||| 62
Let us observe that it is easy to obtain an upper bound on the maximal inde-
pendent set following from formula (]8_._23[), using Corollary and formulas
a(Ck) = |n/(k+1)|. Jurkiewicz et al. [12| obtained partial results for the third
power of circulant graphs Cy,(1,..., k), which are given in Table

In the case when k = 1, that is, for cycles, several other exact formulas are
known. The first one is a consequence of fundamental properties, which were
given earlier and of the fact that a(C2) = 5.

Theorem 8.3.4 (Lovasz [15]). Leti > 1. Then
a(CB?) = 9%(C5) = 5. (8.24)

Despite the Shannon capacity was determined for C5 and it is ©(Cs) = /5
(from Theorem [8.2.3)), the number a(CE?) is not known for odd integers d > 5.
Sonnemann et al. [19] showed that o(C23) = 10. It is worth to note that this
result was inspired by Hales [10]. Independently, the latter and Baumert et al.
[2] gave the following important result.

Theorem 8.3.5 (Baumert et al. |2]|, Hales [10]). Letd > 1 and k > 1. Then
a(Chh ) = k(k2? + 1)1, (8.25)

Another result for the independence number of strong powers of cycles on k2% +r

vertices is given in the following theorem.

Theorem 8.3.6 (Baumert et al. |2]). Letd>1 and k > 1. Then

(k24 +3)4 + 1

Xd
a(0k2d+3) = k24 + 1

(8.26)
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n\k|[ 1 2 [ 3[4a[5[6][7]8]9]10
4 8 1 L[ 1t [ 11t [1]1]1
5 10 1 Tttt 1[1]1]1
6 27 8 L[t [ 1r[1[1]1]1
7 33 8 T [ 1111 ]1]1]1
8 64 [ 12 8 |1 [ 1|11 ]1]1]1
9 8L [ 27 8 [ 1 [ 1|1 [ 1 ][1[1]1
10 [ 125 [ 30 [ 10| &8 [ 1 [1[1[1]1]T1
11 | 148 [ R [ 13|81 [ 1|1 ]1]1]1
12 [ 216 [ 64 [ 27 [ 8 [ 8 [ 1 [ 1|1 [1]1
13 [247 [ B[ 21081 [1]1]1 1
14 [ 343 [ 8 |33 [ 14|88 11 []1]1
15 | 39 [ [0 811 ]1]1
16 | 512 [ B3 ]64 [ B [12]8 81111
17 [ 578 [ 10 [ B4l 9811 1
18 | 729 [216 | 81 [ 36 [ 27 [ 10| 8 | 8 | 1 | 1
19 [ 807 [ 2591 N [ 210|981 1
20 [ 1000 | 255 [125 [ 64 |30 [ 14 [ 10 | 8 | 8 | 1

Table 8.1: Exact values and bounds on a((C¥)¥3). The values known earlier are
given in the first column |2, [7]. These values are partially present in Table
The remaining non-trivial cases were recently determined in a work of [12]

Sonnemann proved the above theorem performing a different reasoning [19]. Re-
cently, Bohman et al. [4] gave a precise result for cycles on k2¢ + r vertices.

Theorem 8.3.7 (Bohman et al. [4]). Let k > 1. If 2k + 1 is prime, then

(2k+1)8k+5)—1
a(C%2, ;) = (8k +5) 5 : (8.27)
Generally, the following inequality is satisfied.
a(CE5) <ti+2, (8.28)

where t;, is the right hand side of the equation .

It is worth to mention one of the most wanted values of the combinatorial in-
formation theory, that is, concerning the problem of Shannon capacity for chan-
nels described by the cycle C7. Despite it has been over 50 years from the time
when Shannon defined his measure, the value of the Shannon capacity for a
small graph C7 and larger odd cycles has not been determined yet. Although,
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some steps have been made. Baumert et al. [2] numerically determined that
a(C%3) = 33. Later, Vesel and Zerovnik found an independent set of size 108 of
the graph C2* |20]. From Theorems and and the facts given earlier,
we are able to determine the following lower and upper bounds

3.2237 < ©(Cy) < 3.3176. (8.29)

Other known values and bounds for cycles are given in Tables and

P[] 1] 2] 3 1 5 6 F; 9
5 2 5 10 25 50 125 2 2.2361
7 3 |10 ] 33 s 202 1101 4 | 3.2237
9 | 4 | 18 | 8L | 259 | 1as | osor | 3 | 4.3267
11 | 5 | 27 | 148 | S57 | 3006 | 21001 | 3 | 5.2896
13 6 39 247 1531 9633 61009 3 6.2743
15 7 1 52 | 335 | o770 | 1osea | 145024 | 3 | 7.2558
17 8 68 578 4913 39304 334084 4 8.3721
19 9 85 807 | 7666 | gs994 651610 4 9.3571
21 10 105 | 1092 | 11441 114660 | 1201305 4 10.3423
23 | 11 | 126 | 1437 | 16466 | 181126 | 2074716 | 4 | 11.3278
25 12 150 | 1875 | 23125 281250 3515625 4 12.3316
27 | 13 | 175 | 2362 | 51522 | 413950 | ssr00as | 4 | 13.3246
29 14 203 | 2929 | 42017 | 594587 | 8579041 4 14.3171

Table 8.2: Tt presents exact values or bounds on the independence number a(C%?)
for 5 <n <29 |18} 2, |20, |7, 4]. Let us observe that in the table, only odd cycles
were given. For even cycles, the independence number is known. In the last
column, there was given a lover bound 6 for ©(C,,), obtained from Theorem [8.1.8]
from among six exact values or lower bounds, appearing in the same row and
indexed by the letter p. The number p indicates the smallest p, for which the
most accurate bound is achieved.

At the end, we will present results concerning the complements of odd cy-
cles. Bohman et al. |3] proposed a brilliant construction that let them show the
following theorem.

Theorem 8.3.8 (Bohman et al. [3]). Let k > 0. Then

ok
a(Chpis) > 2% +1, (8.30)

Thus, from Theorem [8.1.8| we get ®(C§k+3) > (22k + 1)1/2k.
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NP1 ] 2 3 1 5 6 i 9
31 15 | 232 | 3580 54934 830560 12816400 | 4 | 15.3095
33 16 | 264 | 4356 71874 | 1185921 | 18974736 5 16.3988
35 17 | 297 | 5197 90947 | 1591572 | 97056724 5 17.3926
37 | 18 | 333 | 6142 113586 2101333 | 37824138 | 5 | 18.3865
39 | 19 | 370 | 7105 140211 2734074 | 51947406 | © | 19.3804
41 | 20 | 410 | 8405 | 171462 | 3510825 | 70644025 | O | 20.3743
43 | 21 | 451 | 9696 | 207514 | 4454806 | 94012416 | O | 21.3682
45 | 22 | 495 | 11115 | 249005 5591997 | 123543225 | D | 22.3621
47 | 23 | 540 | 12666 | 206439 | 6950358 | 160427556 | B | 23.3562
49 24 | 588 | 14406 | 352947 8588377 207532836 4 24.3740
51 25 | 637 | 16244 | 414196 | 10492965 | 263867536 4 25.3689
53 | 26 | 689 | 18232 | 483001 | 12721301 | 332840690 | 4 | 26.3638
55 | 27 | 742 | 20377 | 560244 | 15313309 | 415701048 | 4 | 27.3586
57 | 28 | 798 | 22743 | 646551 | 18311493 | 517244040 | 4 | 28.3564
59 | 29 | 855 | 25222 | 742247 | 21761957 | 636149284 | 4 | 29.3520
61 | 30 | 915 | o7877 | 848193 | 25714075 | 7rrievize | 4 | 30.3476
63 | 31 | 976 | 30712 | 965097 | 30220701 | 943226944 | 4 | 31.3432

Table 8.3: It presents exact values or bounds on the independence number a(C%P)
for 31 < n <63 |2, 7, [4]. In the last column, there was given a lower bound 6
for ©(C,,), obtained from Theorem from among six exact values or lower
bounds, appearing in the same row and indexed by the letter p. The number p
indicates the smallest p, for which the most accurate bound is achieved.

8.4 Kneser graphs

Another class of graphs, for which the exact value of Shannon capacity is known,
is the class of Kneser graphs. Since the 60s, the value of the independence number
of these graphs is known.

Theorem 8.4.1 (Erdés et al. |8]). Let ¢ > 2r. Then
otk = (?7] (5.31)
)=\, ) .

It turns out that it is possible to determine the eigenvalues of the adjacency
matrix of the Kneser graph.

Theorem 8.4.2 (Lovéasz [15]). Let ¢ > 2r. The eigenvalues of the Kneser
graph K(q,r) are the numbers
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(—1)t(q_r_t>, t=0,1,...,m

r—t
The above results let us determine the Shannon capacity for Kneser graphs.

Theorem 8.4.3 (Lovasz [15]). Let ¢ > 2r. Then
q—1
O(K(g.r)) = ( - 1). (8:32)

What is interesting, the value of the Shannon capacity is also partially known
for the complements of the Kneser graphs K(g,r). Some of the values of the
capacity we can determine by the following theorem.

Theorem 8.4.4 (Brouwer et al. [6]). Let ¢ > 2r and p > 2. Then

o) ™) < | a@an ™). (8.33)

Additionally, when we consider the first strong power of the graph K(q,r), that
is for p = 1, then we get a(K(q,7)) = []. In this case it is the largest number

of pairwise disjoint sets in the set of all r-element subsets of the set [¢q]. We now

get
oElqr) ") < V {q . VHJ (8.34)

rir T lr
where the floor appears p times. The equality is satisfied for p = 1,2 |6]. Addi-
tionally, if r|q, then for every i > 1 we have

g = a(Klg, ) < Va®lgn ) =2 (8.35)

Thus, if r|g, then ©(K(g,r)) = Z. In the remaining cases the problem is still

open.

Conjecture 8.4.1. Let ¢ > 2r. Then

q
oK) = 2. (8.36)
Let us consider a subclass of the complements of the Kneser graphs, the so
called class of triangular graphs T, = K(q,2), where ¢ > 4. T, contains an
induced cycle Cy, thus from Theorem we get

a(T,2P) > a(CEP), (8.37)

where p > 1. Another lower bound on the independence number of strong prod-
ucts of triangular graphs is given in the following theorem.
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Theorem 8.4.5 (Mathew et al. [13]). Let p > 1 and ¢ > 4. Then

aKG@+2,2) ") >1+ Z (f) K@), (8.38)

The above results lead to many new exact values and bounds on the Shannon

capacity and the independence number o (K (q,2) p), which are given in Table

B4

g\p| 1 2 3 4
5 2 5 12 27
7 | 3 | 10 | 35 | 12
9 | 4 | 18 | 81 | %
11 | 5 | 27 | 148 | 34
13 | 6 | 39 | 3% | i85
15 | 7 | 52 | 31 [ 36
17 8 | 68 | 578 | 4913
19 9 85 | 807 | 7666
21 [ 10 | 105 | T3 | 10

Table 8.4: It shows the values or lower and upper bounds on the independence

X
number a(K (g, 2) p). It is worth to notice that the columns with p = 1,2 are
identical with the appropriate columns in Table

8.5 Graphs with fixed independence number

The Ramsey number R(lq,...,1) is defined as the smallest integer n such that,
no matter how each 2-element subset of an n-element set is colored with k colors,
there exists an ¢ < k such that there is a subset of size [;, all of whose 2-element
subsets are color 7. For instance, R(3,3) = 6, R(4,4) = 18 [16].

In 1971, Erdés et al. [9] formulated results that can be written in the form
of the following theorem joining Ramsey numbers [16] with the independence
number of a graph.

Theorem 8.5.1 (Erdés et al. [|9]). For arbitrary graphs G1,Ga,...,Gp,
a(GIXG K- KG,) < R(a(Gy)+1,a(Ga) +1,...,a(Gy) + 1),  (8.39)

and for all ki, ko, ..., ky > 0 there exist graphs G; with a(G;) = ki, 1 < i < n,
such that
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Furthermore, for the diagonal case k; = k, there exists a single graph G with
a(G) = k, such that a(G®") = R, (k +1) — 1.

It is worth to note that, from the above theorem for any k > 3,

lim_ Ry, (k)™ (8.41)
is equal to the supremum of the Shannon capacity ©(G) for all graphs G with
the independence number equal to & — 1. The best lower bound for this limit in
the case when k = 3 is 3.199... |22, [21].

8.6 Conclusions

This survey of the results concerning the Shannon capacity confirms the interest
of the researchers in this topics. It is worth to notice that many works related to
the problem of Shannon capacity were published in the last five years, thus the
author plans to enrich the current text in the future.
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Abstract

In this paper we prove that for a finite family of sets definable in an
o—minimal structure there exists a finite decomposition compatible with
these sets and such that for any member of this decomposition the fibers
(after linear change of coordinates) are Lipschitz cells.
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9.1 Introduction

Parusiniski [8] and Kurdyka [6] proved that every subanalytic set admits a finite
decomposition into Lipschitz cells. In fact Kurdyka’s proof shows the result to

129
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be true not only for subanalytic sets, but for sets definable in any o-minimal
structure (see [2] and [1] for a definition and fundamental properties). Such a
decomposition requires linear changes of coordinates (by [9] it is enough to use
only permutations of coordinates).

The aim of the present paper is to give the following version with a parameter
of the Parusiniski-Kurdyka theorem.

Theorem 9.1.1. For any subset A C RF x R™ and any t € RF, put
Ay = {x € R” : (t,x) € A}. Let A be a finite set of definable subsets of
R* x R™.

Then there exists a finite decomposition B of R¥ x R™ into definable subsets
compatible with A (i.e. for each A € A,B € B, if ANB # 0 then B C A) and
such that, for each B € B, there exists a linear isometry Up : R — R™ such
that, for each t € R¥, if B; # 0, then Vp(B;) is a regular M, —cell in R™ with a
constant M, > 1 depending only on n.

Similar reesult was proved in [7] however the following corollary plays an
important part in our recent article [5].

Corollary 9.1.2. Let T be a definable subset of R¥ and let A be a definable
subset of T'x R™.

Then there exists a finite partition T = szl T; into definable subsets such
that for each t € T; we have a finite decomposition

Ay =CpU---UCyy,

such that each of the sets Cy; is a regular My —cell with a constant My depending
only on n in some coordinates system depending only on j and i and moreover
the sets {(t,u) : t € Tj,u € Cy} are definable.

Our proof of Theorem will be a modification of the argument from [4]

as well as a modification of the proof of Kurdyka [6].

9.2 Preliminaries on o—minimal structures

Main object of this paper are sets and functions definable in o-minimal structures
on (R, +, ), for the sake of the reader convenience we recall some basic definitions.

Definition 9.2.1 ([1]). A structure S on R consists of a collection S, of subsets
of R™, for each n € N, such that

1. S, is a boolean algebra of subsets of R™,

2. S, contains the diagonals {(z1,...,2,) ER" tz; =x;} for 1 <i<j<m,
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3. if A€ S, then AX R and R x A belong to Spi1,

4. if A € Spy1, then n(A) € S, where 7 : R*™1 — R™ is the projection on
the first n coordinates.

We say that a set A C R" is definable iff A € S,,. A function f : A — R™
with A C R™ is called definable iff its graph is definable.

Definition 9.2.2 ([1]). A structure S on R is o-minimal iff
1. {(z,y) :x <y} € Sy and {a} € S for each a € R,

2. each set in Sy is a finite union of intervals (a,b), —oo < a < b < 400, and
points {a}.

A structure on (R, +, ) is a structure on R containing the graphs of both addition
and multiplication.

We end this section with some examples of polynomially bounded o-minimal
structures on (R 4+ -).

Example 9.2.3. We end this section with easiest ezamples of o—minimal struc-
tures

1. Semi-algebraic sets.
2. Globally subanalytic sets (see [3)]).
3. Let K CR be a field. The structure RE  generated by:

e addition and multiplication,
e all analytic functions f: [—1,1]™ — R, for allm € N,

e the power functions z — x" : (0,+00) — R for allr € K

(see [1|] for details).

9.3 Lipschitz cells

The main technical tool used in the studies of geometry of sets definable in o—
minimal structures is the cell decomposition. The notions of a cell and that of a
cell decomposition are defined inductively.
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Definition 9.3.1. The cells in R are exactly points and open intervals.

A definable set C C R™, where n > 1, is a cell if its image 7(C) C R*~1 by
the projection ™ : R™ 3 (x1,...,Zn_1,Tn) = (T1,...,7n_1) € R""! is a cell and
C is of one of the following two types:

either
C=T(f) = {(«,2,) € 7(C) xR : &, = f(2')}

(and then C is called a graph)

C = (g1,92) = {(2",2n) € 7(C) x R: g2(2") <n < g2(a')}

(and then C' is called a band),

where f: w(C) — R is a continuous definable function (resp. g1, g2 : 7(C) —
R are functions such that g, < go on ©(C) and, for each i € {1,2}, g; is either
a continuous definable function g; : 71(C) — R or g; is identically equal to —oo,
or else g; is identically equal to +00).

A cell C is called a C*—cell (where k € NU {oo,w}), if 7(C) is a C*—cell and
f (resp. gi,i = 1,2 if finite) is a C*¥—function. Notice that every CF—cell is a
C* —submanifold of R™.

Definition 9.3.2. A cell decomposition of R! is a finite collection of open in-
tervals and points of the following form:

{(=00,a1), (a1,a2),...,(ag,+00),{a1},...,{ax}},

where a1 < as < --- < ag are real numbers.

A cell decomposition of R™ (n > 1) is a finite partition C of R™ into cells
such that the set of all projections {w(C) : C € C} is a cell decomposition of
R, where m : R® — R"! is the projection on the first n — 1 coordinates as

in Definition [9.51]

Theorem 9.3.3 (Cell Decomposition Theorem, |2, Chapter 3, §2|). Any o-mi-
nimal structure S on (R,+,.) admits C* cell decompositions, i.e. the following
holds:
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(1) If Ay,..., A, CR™ are definable sets then there exists a Ct cell decomposi-
tion of R™ compatible with sets Ay, ..., A.

(2) For each definable function f : A — R, A C R™ there exists a cell de-
composition of R™ partitioning A and such that for every C C A in the
decomposition the restriction f|C : C — R is a C' function.

To circumvent some pathological behaviour of cells we distinguish their special
class: Lipschitz cells.

Definition 9.3.4. A Lipschitz cell in R! is any cell in R', and, in case n > 1, it
is such a cell C' in R™ that the projection ©(C) of C is a Lipschitz cell in R"™1,
and the functions f or g;, (i = 1,2) (we adopt the convention that a function
equal identically —oo or +oo is Lipschitz) as in Deﬁnitz’on are Lipschitz.

In this paper we also use an equivalent in some sense notion of a regular
L—cell, which again is defined by induction.

Definition 9.3.5. Let L € R, L > 0. Any open interval and any singleton in R
is a regular L—cell in R.

A regular L—cell in R™, where n > 1, is a C' definable cell such that the
projection w(C) of C is a reqular L—cell in R"~' and the function f (resp. g;
(i =1,2), if g; # £00) as in Definition[9.3.1] satisfies

|do f| < L, (resp. |dwgi|l < L,i=1,2), fora' €xn(C).

Since the derivative of a Lipschitz C! function is bounded by the Lipschitz
constant, we have the following obvious implication.

Lemma 9.3.6. A Lipschitz C'—cell is a reqular L—cell, for some L > 0.

To see the converse we shall observe first that every regular L—cell satisfies
the Whitney arc condition with exponent 1.

Definition 9.3.7. A subset T of R™ satisfies the Whitney arc condition with
exponent o (where a € R, a > 0) if there exists a positive constant C such that
any two points p and q of T can be joined in T by a rectifiable arc v of length
less then or equal to Clp — q|* (cf. [10]).

Lemma 9.3.8 (|6l Prop. 8]). A regular L—cell in R™ satisfies the Whitney arc
condition with exponent 1 and a constant C' depending only on n and L.

Corollary 9.3.9. A regular L—cell in R™ is a Lipschitz C* cell with a Lipschitz
constant depending only on n and L.
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Example 9.3.10. The semicircle {x € R? : 22 + 22 = 1,29 > 0} is a cell
satisfying the Whitney property with exponent 1 (and constant 7 ), but it is not a
Lipschitz cell.

We end this section recalling the definition of a stratification.

Definition 9.3.11. Let A be a definable subset of R™. Definable C* stratification
of A is a finite partition of A into definable C* submanifolds (called strata) satis-
fying the following boundary condition: for any two strata S, T of the partition
if SN(T\T)# 0 then SCT\T.

A definable C* stratification S is called compatible with subsets By, ..., By, C
A if each of the sets B, (v=1,...,m) is a union of some strata.

9.4 Proof of Theorem 9.1.1

Let 7 : R¥ x R® — R* denote the natural projection. By Cell Decomposition
Theorem (Theorem [9.3.3) applied to the family A, Theorem reduces by
induction to the following

Proposition 9.4.1. Let A C R¥ x R" be a definable C'—cell in R¥ x R™ such
that, for each t € w(A), Ay is of dimension p. Then A has a finite decomposition

A=SU---US,UQ

into definable subsets such that, for eachv € {1,...,m} there exists a linear isom-
etry ¥, : R® — R"™ such that, for each t € 7(S,) V,(Syt) is a p—dimensional
M, —cell in R™, where M, > 1 is a constant depending only on n, and, for each
ten(Q), dm@; < p.

Definition 9.4.2. The angle between a linear subspace X and a line P in R™ is
the number
0(P,X) = inf{sin(P,S) : S line in X}

where sin(P, S) denotes the sine of the angle between the lines P and S.
The angle between linear subspaces X and Y in R™ is the number

(Y, X) :=sup{é(P, X) : P line in Y}.
If Y = 0 we put 6(0,X) =0.

Definition 9.4.3. Let € > 0 and let ' C R¥ x R™ be a C'—cell. We will say that
I is e-flat with respect to R™ if, for any pair (t,z),(s,y) € T,

§(T,Ty, T,Ty) < e.
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Lemma 9.4.4. Let A be a definable C'—cell in R* x R™ such that dim A, = p,
for each t € m(A). Let € > 0.
Then A has a finite decomposition

A=AU---UAUQ,

where A, (v € {1,...,s}) are C'—cells e—flat with respect to R™, dim A,; = p, for
eacht € m(Ay), andv € {1,...,s}, and Q is a definable set such that dim Q; < p
for each t € R¥.

Proof. Consider the map G : A 3 (t,z) — T,A; € G(p,n), where G(p,n) is
the Grassmannian of p—dimensional linear subspaces of R™. There exists a fi-
nite, semialgebraic covering (U;);er of G(p,n) such that if Wy, Ws € U;, then
§(W1, W) < € (cf. |6]). Let T be a cell decomposition of R¥*™ compatible with
A and G7Y(U;). Let Ayq,..., A be the cells in 7 contained in A and with fibers
of dimension p. Put @ = A\ (A; U---UAy). Clearly, Aq,..., A, Q satisfy the
assertion of the lemma. O

Lemma 9.4.5. Let C C R*¥ x R™ be a C'—cell such that, for each t € m(C), Cy
is an open cell in R™. Let ¢ > 0.
Then C has a finite decomposition

C=CU---uCsUQ

such that for each i € {1,...,s}, C; is a definable C*—cell such that, for each t €
7(C;), Cyt is open in R™ and for every i there exists a family {Ai;} (j =1,...,p;,
where p; < 2n) of Ct—cells e—flat with respect to R"™ such that, for each t € w(C;),
0Cy; C Uf;l Aije and dim Ay = n — 1 and dim Q; < n, for any t € R*.

Proof. We shall use induction on n. For n = 1 the lemma is obvious.

Let 7 : R¥ xR"~! 5 (¢,%) — R* be the projection. By C*-Cell Decomposition
Theorem, Lemma [9.4.4] and the induction hypothesis, we can assume, without
any loss in generality, that

C={(t,z,x,): (t,2) € D,g1(t,%) < &, < 92(t, )},

where D is a definable C1-cell in R* x R"~! such that, for each t € 7(D), Dy is an
open cell in R"™! and there exists a family {I';} (j =1,...,q, where ¢ < 2n—2)
of Cl-cells e-flat with respect to R"~! such that, for each t € 7(D),

q
8Dt C U th

j=1
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and, moreover, the cells
A=A, Z,z,): (£, %) € Dy, = gi(t, %)} (1 =1,2)

are e—flat. We assume here that ¢g; and go are finite, the cases gy = —oo and
g2 = 400 follow by a modification.
Now, it suffices to observe, that for each ¢t € 7(C) = 7(D),

q
0C; C Ay UM U [ (T x R)y,
j=1

where A1, A2, T; xR (j =1,...,2(n — 1)) are C'—cells e-flat with respect to R".
O

After this preparations we are in a position to give the proof of Proposi-
tion [9.4.1]

Proof of Proposition[9.4.1. We shall proceed by induction on n. The case n =1
is obvious.

Let A C R™ x R* be a definable C'—cell. We shall separately consider the
cases p :=dimA; < n and p = n.

Case I: p < n. In this case, by Lemma[0.4.4] we can assume that A is e-flat
for an arbitrary small € > 0. There exists a linear subspace L C R" of dimension
n — p such that §(T,As, L) > 1 — ¢, for each (z,t) € A.

There exists a linear isometry ¥ : R — R" such that U(L) = {z € R" :
zy = =z, = 0}. Using C'-Cell Decomposition Theorem we can assume that,
for each t € 7(A), A; is a graph of a C'-map with bounded derivatives definde
on an open cell I'; € RP, where I' is the projection of A to the space R* x RP.
Applying the inductive assumption to I' end the proof in this case.

Case II: p = n. In this case, applying Lemma we can assume that
there exists a family A1,...,A, (p < 2n) of C'-cells e-flat with respect to R"
such that, for each t € 7w(A), 0A; C U?Zl Aji. By 6, Lem. 3], if € > 0 is small
enough, there exists a line L in R™ such that for any (¢,z) € Aj and j=1,...,p
we have §(L,TyAj:) > o, where oy, is a positive constant depending only on
n. There exists a linear isometry ¥ : R" — R”™ such that ¥(L) = {x € R" :
r1 =+ = x,_1 = 0}. Applying the C! Cell Decomposition Theorem and the
inductive hypothesis we can find decomposition W(A) = S; U--- U S, UQ into
definable subsets satisfying

e dim Q; < n for each t € 7(Q),

e for each 1 € {1,...,m} and for each t € 7(S,), Syt is a C'—cell such that
the projection of S,,; onto R™ is a M,,_;—cell (M,,_; is a constant depending
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only on n) and bounded from above and below by cells contained in some
W(Aj).

Since every W(A;;) is a graph of a function with derivatives bounded by a constant
depending only on n, we conclude the proof.
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Abstract
We give a review of more or less known results concerning the structure

of Lie rings of derivations on abstract rings, and the commutativity of rings
which admit derivations with some good properties.
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10.1 Preliminaries and Introduction

Throughout the text R stands for an associative ring, possibly without iden-
tity. We denote by Z(R) the center of R. By an ideal of R we mean a two-sided
ideal, unless we explicitly say “left ideal” or "right ideal”. The ring R is said to
be prime, if the product of any two nonzero ideals of R is also a nonzero ideal
(in other words, for arbitrary a,b € R, if aRb = {0}, then a = 0 or b = 0).

139
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The ring R is called semiprime, if it does not contain any nonzero nilpotent ideal
(equivalently, Va € R : aRa = {0} = a = 0). The characteristic of R is defined
as the smallest positive integer n with the property that na =0 for all a € R. (If
there is no positive integer n such that na = 0 for all a € R, then char(R) := 0).
The ring R is 2-torsion free, if 2a = 0 implies a = 0, for any a € R. Notice that
char(R) # 2 whenever R is 2-torsion free; the converse of this implication is false.

For arbitrary a,b € R we define the Lie product [a,b] = ab—ba and the Jordan
product a ob = ab + ba. An additive subgroup U C R is said to be a Lie ideal
(resp. Jordan ideal) of R, if [u,a] € U (resp. woa € U) for any u € U and any
a € R.

A map f: R — R is called centralizing on a set S C R, if [f(z),z] € Z(R)
for all x € S. If [f(x),x] =0 for all x € S, then f is said to be commuting on S.

A map d: R — R is said to be a derivation, if it is additive and satisfies the
Leibniz rule

Vz,y € R: d(zy) = d(x)y + zd(y).

The usual derivation on algebras of differentiable functions is obviously a deriva-
tion in the above sense. It is easy to see that for a fixed a € R, the map
0y : R> x> [a,z] € R is also a derivation. This derivation is referred to as the
inner derivation generated by a.

The set Der(R) of all derivations d : R — R is a Lie ring under pointwise
addition and the Lie multiplication defined by [d,d] = dd — dd, where d§ and
dd stand for compositions of the derivations. The primeness and semiprimeness
of Der(R) are defined by means of Lie ideals. It is not difficult to prove that
IDer(R) = {0, : a € R} is a Lie ideal of Der(R).

Refer to |14] for further information concerning noncommutative algebra.

Derivations on abstract rings are very interesting and challenging object of
study in algebra. The number of results on the derivations is immense and still
growing. In this article we give an overview of theorems and examples concerning
derivations on prime and semiprime rings. Our focus is on relationships between
the derivations and commutativity.

10.2 Structure of Lie Rings of Derivations

The study of derivations on abstract rings, though initiated long ago, was
given its impetus by Posner’s paper [20]. In this paper the following result con-
cerning derivations on a prime ring has been proved.

Theorem 10.2.1. Let R be a prime ring of characteristic different from 2 and
let d,6 € Der(R) be such that the composition dd is a derivation. Then d =0 or
0 =0.
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The Posner theorem is a valuable tool for studying the structure of Lie rings
of derivations. Several authors investigated and generalized this theorem in many
ways (see for example [8] 9] |18]).

In 1978 C. R. Jordan and D. A. Jordan published two theorems about prime-
ness and semiprimeness of Lie rings of derivations (see [16]).

Theorem 10.2.2. Let R be a prime ring of characteristic different from 2. Then
Der(R) is a prime Lie ring.

Theorem 10.2.3. Let R be a semiprime 2-torsion free ring. Then Der(R) is a

semuprime Lie ring.

For any integer s > 3 and derivations dy,...,ds € Der(R), we inductively
define
[d1,...,ds] =[[d1,...,ds—1],ds].

A Lie ring D of derivations on R (i.e., D is a Lie subring of Der(R)) is said to be
nilpotent, if there exists a positive integer n such that [dy,...,d,+1] = 0 for all
dl,---,dn+1 eD.

Let us present the main results of [19] and [3].

Theorem 10.2.4 ([19]). Suppose that R is a semiprime ring. Then the following
conditions are equivalent:

(1) the Lie ring IDer(R) is nilpotent,
(2) R is commutative.

Theorem 10.2.5 (|3]). If R is a semiprime ring, then either Der(R) = {0} or
Der(R) is not nilpotent.

Notice that the semiprimeness assumption in the above theorems cannot be
removed.

Example 10.2.6. The ring

0
R = 0
0

oSO8

Y
z rx,y,z €K
0

of all strictly upper triangular 3 x 3 matrices over a field K is not commutative,

although [04,08] = 0 for any A, B € R.

Example 10.2.7 (|3|). The quotient ring Q[X]/(X?) is isomorphic to Qla] =
{p+qa: p,q € Q}, where a is such that a®> = 0. If X € Q, then the map
dy : Q[a] — Q[a] defined by dx(p + qa) = Aqa is a derivation. It is not difficult
to prove that {dy : A € Q} = Der(Qlal]). Since [dx,d,] =0 for all A\, n € Q, the
Lie ring Der(Qla]) is therefore nonzero and nilpotent.
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In the next section, relationships between derivations and commutativity of
semiprime rings will be discussed in detail.

Now, suppose that R is a commutative (and associative) algebra with identity
over a field K. We will denote by Derg(R) the Lie algebra of all K-derivations
on R. (Recall that a derivation d : R — R is said to be a K-derivation, if it is
a K-linear map). This Lie algebra has also the R-module structure defined by
(ad)(x) = ad(x), where a,x € R and 6 € Derg(R).

Definition 10.2.8. Let L be a Lie subalgebra of Derg(R). An ideal I of the
ring R is said to be an L-ideal, if 5(I) C I for all § € L. Moreover, R is called
L-simple, if R and {0} are the only L-ideals of R.

In the following theorems due to D. A. Jordan (see [17]), D stands for a
nonzero Lie subalgebra of Derk(R) being also an R-submodule of Derg(R).

Theorem 10.2.9. If R is D-simple, then D is a simple Lie algebra except possible
when char(K) = 2 and D is cyclic as an R-module.

Theorem 10.2.10. Assume that char(K) = 2 and D = R6 is cyclic as an R-
module. Then D is a simple Lie algebra if and only if 6(R) = R.

10.3 Commutativity of Prime and Semiprime Rings with
Derivations

A ring which admits a derivation with sufficiently good properties must be
commutative. This phenomenon was first investigated by Posner.

Theorem 10.3.1 (see [20]). Let R be a prime ring and d : R — R a derivation.
If [d(a),a] € Z(R) for all a € R (i.e., d is centralizing on R), then d =0 or R is
commutative.

It is not difficult to give an example showing that the primeness is a necessary
assumption in the above theorem.

Example 10.3.2. Consider the ring R = Ry X Ro, where Ry is a nonzero commau-
tative ring with a nonzero derivation di and Ry is a noncommutative ring. Then
the formula d(x1,x2) = (di(x1),0) defines a nonzero derivation d : R — R.
This deriwation is commuting on R. However, R is not commutative.

Many authors extended the Posner result by assuming that the derivation is
only centralizing on an appropriate subset of the ring. The following two theorems
come from [5].
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Theorem 10.3.3. Let R be a prime ring of characteristic different from 2 and
3. If a nonzero derivation d : R — R is centralizing on an ideal U of the ring
R, then U C Z(R) (in other words, U is a central ideal).

Theorem 10.3.4. Let R be a prime ring of characteristic 2. Suppose that U
is simultaneously a subring of R and a Lie or Jordan ideal of R. If a nonzero
derivation d : R — R 1s centralizing on U, then U is commutative.

If we just assumed that U is a subring OR a Lie (Jordan) ideal, then Theorem
[10.3:4 would not be true. Consider examples due to Awtar.

Example 10.3.5. The ring R of all 2 X 2 matrices over the field Zy is prime.

Let
_ x oy .
U{(z x).x,y,zGZQ}.

It is easy to see that U is a Lie ideal, but not a subring of R. Define the map

d:R— R by
a( & v (w2 z-w
z w ) \z—-w y—2z )
Then d is a nonzero derivation centralizing on U. However, U is not commuta-
tive.

Example 10.3.6. Let R be the ring of all 2 X 2 matrices over a noncommutative
prime ring with identity. Then R is prime. The set U of all diagonal matrices in
R is obviously a noncommutative subring, but neither a Lie ideal nor a Jordan
ideal of the ring R. If d: R — R is defined by

(1 2)-(0 %)

then d is a mnonzero derivation commuting on U.

Further extensions of Theorem [I0.3.1] have been provided by Bell and Mar-
tindale in [7].

Theorem 10.3.7. Let R be a semiprime ring and U C R a nonzero left ideal.
If R admits a derivation which is nonzero on U and centralizing on U, then R
contains a nonzero central ideal.

Theorem 10.3.8. Let R be a prime ring and U C R a nonzero left ideal. If R
admits a nonzero derivation which is centralizing on U, then R is commutative.

Now, we will present a few results of a slightly different nature. The first one
has been proved by Herstein.
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Theorem 10.3.9 (see [13|). Let R be a prime ring of characteristic not 2 ad-
mitting a nonzero deriwation d such that [d(x),d(y)] = 0 for all x,y € R. Then
R is commutative.

The next two results are due to Daif and Bell (see [11]).

Theorem 10.3.10. Let R be a prime ring and let d : R — R be a derivation.
If there is a nonzero ideal U C R such that either d([z,y]) + [x,y] = 0 for all
xz,y €U ord([z,y]) = [z,y] for all z,y € U, then R is commutative.

Theorem 10.3.11. Let R be a semiprime ring admitting a derivation d such that
either d([z,y]) + [z,y] = 0 for all x,y € R or d([z,y]) = [z,y] for all z,y € R.
Then R is commutative.

In the sequel we will need technical definitions, introduced also by Bell and
Daif.

Definition 10.3.12. Let U be an ideal (left, right or two-sided) of R. A deriva-
tion d : R — R 1s said to be

e o U*-derivation, if [d(z),d(y)] + d([z,y]) =0 for all z,y € U,
e o U**-derivation, if [d(z),d(y)] = d([z,y]) for all x,y € U,
e o U**-derivation, if d([z,y]) =0 for all x,y € U.

The purpose of introducing the U*, U** and U***-derivations was to formulate
the following theorems.

Theorem 10.3.13 (see |6]). Let R be a prime ring and U C R a nonzero right
ideal. If R admits a nonzero U* or U**-derivation d, then either R is commutative

or d(U)d(U) = {0}.

Theorem 10.3.14 (see |10]). Let R be a semiprime ring and U a nonzero ideal
of R. If R admits a U™, U™ or U™**-derivation which is nonzero on U, then R
contains a nonzero central ideal.

In |10] Daif also proved

Theorem 10.3.15. Let R be a 2-torsion free semiprime ring and let U C R be
a nonzero ideal. If R admits a derivation d which is nonzero on U and such that
[d(z),d(y)] =0 for all z,y € U, then R contains a nonzero central ideal.

The above theorem would not be true, if we assumed that U is only a one-sided
ideal.
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Example 10.3.16. The ring R of all 2 x 2 matrices over a field K is prime and
does not have nonzero central ideals. Nevertheless, if

(10
““\o o)
U € {aR,Ra} and d : R — R is the inner derivation generated by a, then d is

nonzero on U and [d(z),d(y)] =0 for all z,y € U.

A complete characterization of central ideals of an arbitrary 2-torsion free
semiprime ring in terms of derivations was given by Hongan.

Theorem 10.3.17 (see |15]). Let R be a 2-torsion free semiprime ring and let
U be a nonzero ideal of R. Then the following conditions are equivalent:

(1) R admits a derivation d such that d([x,y]) — [x,y] € Z(R) for all x,y € U,
(2) R admits a derivation d such that d([x,y]) + [z, y] € Z(R) for all x,y € U,

(8) R admits a deriwation d such that for all x,y € U we have
d([l’,y]) - [x,y] € Z(R) or d([xay]) + [‘Tay] € Z(R))

(4) U CZ(R).
This characterization immediately yields

Corollary 10.3.18. If a 2-torsion free semiprime ring R admits a derivation d
such that for all z,y € R we have d([z,y]) — [z,y] € Z(R) or d([z,y]) + [z, y] €
Z(R), then R is commutative.

The assumption "2-torsion free" cannot be removed from Corollary [10.3.18]

Example 10.3.19. Let R be the ring of all 2 X 2 matrices over Zs. Then R is
noncommutative, prime and char(R) = 2. On the other hand, it is not difficult
to see that the inner derivation 0, : R — R generated by

(10
“=Lo o
satisfies 0q([x,y]) + [z,y] € Z(R) for all x,y € R.

In [4] Atteya provided sufficient conditions for the existence of nonzero central
ideals, involving Jordan multiplication o.

Theorem 10.3.20. Let R be a 2-torsion free semiprime ring and let U be a
nonzero ideal of R. Suppose that one of the conditions
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(i) [x,y] +x oy € Z(R) for all z,y € U,
(i) [z,y] —x oy € Z(R) for all z,y € U,

(i%i) R admits a derivation d which is nonzero on U and such that
d([z,y]) =d(xoy) for allz,y € U

is satisfied. Then R contains a nonzero central ideal.

A similar, although more advanced, theorem can be found in [1].
Interesting and elegant commutativity criteria were given by Gupta, Argag
and Inceboz.

Theorem 10.3.21 (see [12]). Let R be a semiprime ring with identity. If for
any x,y € R there exists a positive integer n (depending on x and y) such that
(xy)* — 2¥y* € Z(R), where k = n,n + 1,n + 2, then R is commutative.

In their three criteria, Arga¢ and Inceboz made use of derivations (see [2]).

Theorem 10.3.22. Let R be a prime ring, let U be a nonzero ideal of R, and
let n be a positive integer. If R admits a derivation d such that

(d(x)y + zd(y) + d(y)z + yd(x))" = vy + yx
for all x,y € U, then R is commutative.

Theorem 10.3.23. Let R be a prime ring with char(R) # 2, let U C R be a
nonzero ideal, and let n be a positive integer. If R admits a derivation d such
that

(d(x)y + 2d(y) + d(y)z + yd(x))" — (zy + yz) € Z(R)

for all x,y € U, then R is commutative.

Corollary 10.3.24. Let R be a prime ring, U C R a nonzero ideal, and d :
R — R a derivation. If one of the conditions

(i) d(z)x + zd(z) = 2* for any z € U,
(ii) char(R) # 2 and d(z)z + zd(x) — 22 € Z(R) for any x € U
is satisfied, then R is commutative.

It seems noteworthy that the proof of the above corollary consists in substi-
tuting = + y for = (linearization), and applying Theorems [10.3.22[ and [10.3.23|
with n = 1.

The following example taken from [2] shows that the primeness assumption
in Theorems and [[0.3:23] cannot be omitted.
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Example 10.3.25. Let K be an arbitrary field. Define

- {(5 §)-e0ed

and notice that R is a ring under the usual matrix operations. The set

(2 1) v

is an ideal of R. Consider the map d: R — R defined by

z y\_ (0 =z
(5 6)=(00)
It is easy to see that d is a derivation and
(d(A)B + Ad(B) + d(B)A + Bd(A))" = AB + BA,

for all A, B € U and all positive integers n. However, the ring R is not commu-
tative.

Analogous results hold for semiprime rings.

Theorem 10.3.26 (see [2]). Let R be a semiprime ring and let n be a positive
integer. If R admits a derivation d such that

(d(x)y + zd(y) + d(y)z + yd(x))" = vy + yx
for all x,y € R, then R is commutative.

Theorem 10.3.27 (see [2]). Let R be a 2-torsion free semiprime ring and let n
be a positive integer. If R admits a derivation d such that

(d(x)y + 2d(y) + d(y)z + yd(x))" — (zy + yz) € Z(R)
for all x,y € R, then R is commutative.

Corollary 10.3.28. Let R be a semiprime ring and let d : R — R be a nonzero
derivation. If one of the conditions

(i) d(z)x + zd(z) = 2% for any x € R,
(ii) R is 2-torsion free and d(x)x + zd(x) — 2* € Z(R) for anyz € R

is satisfied, then R is commutative.
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Abstract

In this paper we discuss two portfolios: one consisting of simple chooser
options and second- additionally containing some proposed risk reducing
derivatives. We use the Black-Scholes model to describe the price of un-
derlying asset and we derive an explicit formula of the non-arbitrage price
of the proposed derivative. We use Monte-Carlo methods to analyze the
impact of the proposed instrument on the risk of investing in simple chooser
options. We show that the proposed derivative instrument can be used to
reduce the risk of large loss from investing in simple chooser options. The
presented simulation is performed using MAPLE.
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11.1 Introduction

An option is a contract between a holder of an option and a seller that gives the
holder the right - but not the obligation - to buy or to sell the underlying asset
at an agreed price at a later date. The agreed price in the contract is called the
strike price(strike, exercise price), the date - the expiration date(maturity). In
this paper we will have three kinds of options: calls, puts and simple choosers. A
call stock option gives the holder of the option the right to buy specified quantity
of the stock at the strike price on or before the expiration date. The seller of the
call option has the obligation to sell the stock at the agreed price, if the holder of
the call option decides to exercise his right to buy. A put option gives the holder
the right to sell specified quantity of the underlying asset at the strike price on
or before the expiration date. The seller of the put option has the obligation
to buy the stock at the strike price if the holder decides to exercise his right
to sell. This paper deals with European options which may be exercised only
at the expiration date and is devoted to the study of chooser options. They
are sometimes named "you-choose" or "as-you-like" options because they are
purchased in the present, but are chosen to be either put or call at some specific
point in time ¢(t < T'). Chooser options are suitable when strong volatility of
the underlying asset is expected but investors are not certain about direction of
the change [3]. When the underlying asset decreases, over a period of time, the
holder of the option will choose the put option because it will have a higher value
than the call option. Otherwise, in the case of rising value of the underlying
asset the choice will be the call option. Once this choice was made at time the
option stays as either a call or a put to maturity. If the strike prices of the call
and the put are the same, just as their expirations, such option is referred to as
a simple chooser. Chooser options have been traded since July 1990 with the
initial contracts traded by Bankers Trust [6]. In [6] the relationships between
choice date and chooser price, and between chooser price and its strike price were
examined. Monte-Carlo methods to price simple chooser options were used in
[8]. Moreover dependence of the distribution of rate of return from investment
in simple chooser options on the strike price was investigated in [§]. To protect
a holder of simple chooser options against large loss, in the presented paper we
propose a portfolio composed of simple chooser option, a certain amount invested
in underlying asset (stocks) and some derivative financial instrument, paying an
agreed amount of money when the value of the underlying asset falls below an
agreed level. The writer of this instrument could be a large financial institution
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with high liquidity. An investor investing in risky simple chooser options and
risky stocks would be the buyer of this instrument. In this paper, we obtain
an analytical closed form formula to price the proposed derivative instrument.
Using Monte Carlo simulations we show that the proposed investment portfolio
is less risky than the portfolio composed exclusively of simple chooser options.
The idea of the financial instrument is based on the idea of catastrophe bonds
[10]. We use the Black-Scholes model to describe the price of an underlying
asset. We assume that there are no riskless arbitrage opportunities, there are
no transaction costs, there are no dividends during the life of an option, security
trading is continuous, the risk-free rate of interest and the stock price volatility
are constant and the price of an underlying asset follows a geometric Brownian
process. Using crude Monte Carlo, we examine distributions of rate of return
from considered portfolios. The simulations are performed using MAPLE. In
this chapter we present also results obtained in |7].

11.2 Model description

The Black-Scholes model is based on the assumptions that markets are arbitrage
free and the price of underlying asset follows a geometric Brownian motion

1
Sy = Spexp((r — 502)75 +oW,),t € 10,7, (11.1)

where W = W, ¢ € [0,T] is a standard Brownian motion under the risk-neutral
probability P,r is the risk-free interest rate, Spis the stock price at time 0, T' is
the expiry date and o > 0 is the stock price volatility [2]. Under the assumption
of no arbitrage, the price of a generic derivative security can be expressed as the
expected value of its discounted payouts, taken with respect to the risk-neutral
measure. Then today’s price of a derivative, that pays at some time t according
to a F}- measurable payoff function H(t), is

E(e "t H(t)) (11.2)

where E denotes the expectation operator under P- measure [11]. Independent
replications H®(T),i = 1,...,n give us not only the estimation of the price of
the derivative [4]

I &
~ s o) el (@)
¢~ eap(—rT) - Z HO(T) (11.3)
=10
at t = 0 but also the sample of rate of return R, expressed in percentage:

exp(—rT)H(T)

C

RO = —C100%, i=1,...n
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Let Sy denote the price of the underlying asset at ¢, T- the expiry date, T'—t time
to maturity, and let K denote the strike price. For a call option, the pay-off is
given by

H(T) = (St - K)*

and by
H(T)= (K - S7)"

for a put option. Let T'— ¢ denote time to maturity and
C (S, K, T —t) - premium of European call option,

P(S;, K,T —t) - premium of European put option.

Hence C(Sy, K,T) = (St — K)* and P(Sy, K,T) = (K — St)*.
Let us consider now the situation of a holder of simple chooser option. At time
t he will choose the call option if

C(Sy, K, T —t) > P(S;, K, T — t),
otherwise he will choose the put option [6].
Using the put-call parity
C(Sy, K, T —t)— P(S;, K, T —t) = S; — Kexp[—r(T — t)]
it is easy to see that above inequality is equivalent to
Sy > Kexp(—r(T —t)).
Hence the value of chooser option at time ¢ equals
ch(t) = max(C(S, K, T —t), P(S;, K, T —t)) = (11.4)
C(St, K, T —t) + max(Kexp(—r(T — t)) — St,0). (11.5)
The value of the option at time 0, when the choosing time is ¢, is equal to
CH(t) = exp(—rt)E[C(St, K, T — t) + max(Kexp(—r(T —t)) — St,0)]. (11.6)

In next section we will define a financial derivative instrument reducing prob-
abilities of large loss in the case of investing in simple chooser options. The
payoff function of the derivative is similar to the payoff from catastrophe bonds.
Catastrophe bonds are designed to cover mostly costs of natural disasters as hur-
ricanes, windstorms or earthquakes. If X denotes random moment of occurrence
of a catastrophe ( triggering point), the payoff of the catastrophe bond is

H(T) = 1(r<x)ST

The returns from catastrophe bonds are incorrelated with macroeconomics factors
and can be used to diversify investment portfolios [10].
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11.3 Two portfolios, pricing

Applying (11.4) we can price the simple option by simulation [5]. For this purpose
we express a payoff Hi(T') of the option at T in the following way

Hy(T) = 1g4maz(St — K,0) + 1gmazx(K — St,0) (11.7)
where
A={S; > Kexp[-r(T —t)]}, B={S: < Kexp[—r(T —1t)]}.

Let U and V be independent, normal distributed random variables with mean 0
and variance t and T — t respectively,

1
X = Spexp|(r — Eaz)t + U]

and
Y = exp|(r — %UZ)(T —t)+oV].

By(1) we have Sp = XY. We generate independent samples of X and Y. By
definition of simple chooser option, if X > Kexp[—r(T — t)] then H{(T) =
max(St — K,0), else Hi(T) = max(K — Sp,0). In this way , we obtain sample

H(T),i=1,...,n,

of random variable Hy(T'). By (3) we obtain the estimation CH of the simple
chooser option price at time 0 and the sample of rate of return from investing in
the options, expressed in percentage:

exp(—rT)H)(T) — CH

RO(T) = CH

100%, i=1,...,n.

Figure presents a histogram of rate of return , based on n = 10% sim-
ulations, where a maturity 7' is one year, the underlying asset price Sy is 50,
r =10%, o = 30%,t = 0.6, K = 50. Mean is equal 0 and median equals —22.66.

In Table we present the probabilities corresponding to different value
ranges of return R, obtained by simulation [8].

From Table it follows that in the case of simple chooser options, a large
loss and a large gain can have high probabilities. The level of risk of investing
in these options is high. To reduce the risk we propose a portfolio composed
of simple chooser options, an amount invested in underlying asset and some
derivative financial instrument, paying an agreed amount of moneywhen the value
of the underlying asset falls below an agreed level.
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Figure 11.1: Histogram of rates of return for strike price K = 50

Table 11.1: Approximated distributions of rates of return for strike price K = 50

PR < —75%) 0.3
P(—75% < R < —50%) | 0.09
P(—50% < R < —25%) | 0.1
P(—25% < R < 0%) 0.1
P(0% < R < 25%) 0.09
P(25% < R < 50%) 0.07
P(50% < R < 75%) 0.06
P(R > 75%) 0.19

Precisely, we buy:

1) one simple chooser option on underlying asset with value Sy at 0 and payoff
function given by (11.7)

2) a derivative with the following payoff function

Hy(T) = 1457 (11.8)

where A = {St < K},
3) an underlying asset with value Sy at 0, where

Sy = Spexpl(r — %az)t +oWy, tel0,T].

Thus we obtain the following payoff from the portfolio

H(T) = Hy(T) + H5(T) + St (11.9)
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The payoff Hy(T) is similar to a payoff of catastrophe bonds [9]. Derivative
instrument proposed in this paper, with payoff Ho(T') can be considered as an
obligation transferring the risk from an individual investor investing in simple
chooser options and an underlying instrument ( a holder of the derivative ) to a
writer- a capital market company with high liquidity. Since Ho(T') is positive,
Fi;— measurable and square-integrable with respect to measure P, we obtain the
today’s arbitrage price of the proposed instrument as the expected value of its
discounted payouts, according to (11.2):

¢ = E(exp(—rT)Hy(T)) (11.10)
To calculate above expected value let us first note that the random variable
L,
X =(r— P )T + oW
has probability density function

1 [z — (r — 50%)T)?
eXp(_ 2
oV 2T 202T

Since St = Sy exp(X), it follows that the probability density function g of St is
expressed as

flx) = ).

g(x) = lf(lnsi) for x > 0 and g(z) =0 for x < 0.
x 0

Hence [1]
c=exp(—rT)E(1(s;<k)ST)
K
= exp(frT)/ L(sr<r)STdP = exp(frT)/ zg(z)dr. (11.11)
Q 0
With the change of variables, we have

K
c= eXp(—rT)/O f(ln(sio))dx.

Substituting In(g-) = u in last integral we have
ln(sﬁo)
c=Soexp(—rT) [L.J° f(u)exp(u)du

So exp(—rT) /ln<§2> [u—(r—30%)T)?
= exp{u —
oV 2T oo 202T

Ydu. (11.12)
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An easy computation shows that

[u—(r— %JQ)T]2 B —fu—(r+ %02)T]2 + 2rg2T?

202T o 202T

u —

and consequently we obtain the price of considered derivative
In(& — (r+ 16T

¢ = SoN( (5, ~(r +307)
oVT

where N is the cumulative probability distribution function for a standarized
normal distribution. Moreover,

) (11.13)

E(exp(—rT)St) = So (11.14)

because the process exp(—rt)S;, t € [0,7] is a martingale. Finally, by (11.6),
(11.13) and (11.14) we obtain the today’s price of the proposed portfolio

In(& — (r+ 103)T
C(T)=CH(T)+ SoN(—= T

) + So. (11.15)

11.4 Rates of return, an example

Using Monte Carlo method we can analyse the profit function, expressed by rate
of return from a portfolio, at the expiry date.To obtain this goal we simulate
values of a payoff function.We present results of the simulations in Tables 1.2-
1.4 below.Symbol I in column headers concerns portfolio containing only simple
chooser option with payoff function Hy(T) given by (11.7), symbol IT denotes
portfolio composed of simple chooser option, a proposed risk reducing derivative
and an underlying asset, the payoff function of this portfolio H(T") is determined
by (11.9). Approximated distributions of rates of return, for given strike prices,
are presented in the tables.The results are based on n = 10* simulations in
each case, where a maturity 7 is one year, the underlying asset price Sy is 50,
r = 10%,0 = 30%,t = 0.6. Mean is equal 0 in each case, with accuracy to fifth
decimal place.

As you can see (Tables 1.2, 1.3 1.4), the greatest losses have smaller proba-
bilities in the case of portfolio I1 than in the case of portfolio I.Moreover proba-
bilities of gain in the interval (0%, 25%] corresponding to portfolio I exceed 0.5
for strike price K > 60.

In the case of K = 70 and K = 80 probabilities of moderate gains from
portfolio 11 considerably exceed that from portfolio I.

Let us observe that in the cases of strike prices K = 30,40, 70, 80 the proba-
bilities of relative loss from considered portfolios have fairly close values while in
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Table 11.2: Approximated distributions of rates of return for strike price K = 30
and K = 40

[LK=30 [I,K=30 | L K=40 | I, K = 40

P(R < —75%) 0.1 0 0.24 0
P(—75% < R < —50%) | 0.1 0.06 0.13 0
P(—50% < R < —25%) | 0.15 0.24 0.13 0.24
P(—25% < R < 0%) 0.18 0.27 0.11 0.38
P(0% < R < 25%) 0.14 0.2 0.08 0.18
P(25% < R < 50%) 0.1 0.12 0.07 0.1

P(50% < R < 75%) 0.1 0.06 0.05 0.05

P(R > 75%) 0.13 0.05 0.19 0.05

Table 11.3: Approximated distributions of rates of return for strike price K = 50
and K = 60

[LK=50 [ I, K=50 | L, K=60 | I, K = 60

P(R < —75%) 0.3 0 0.26 0

P(—=75% < R < —50%) | 0.1 0 0.03 0

P(—=50% < R < —25%) | 0.1 0.19 0.1 0.14
P(—25% < R < 0%) 0.1 0.28 0.1 0.27
P(0% < R < 25%) 0.1 0.43 0.1 0.55
P(25% < R < 50%) 0.08 0.05 0.09 0.02
P(50% < R < 75%) 0.06 0.02 0.08 0.01
P(R > 75%) 0.16 0.03 0.19 0.01

the cases K = 50 and K = 60 the probabilities are different.If K = 50 portfolio
I gives loss with probability 0.6, portfolio IT with probability 0.47. Respective
probabilities are equal to 0.54 and 0.41 in the case K = 60. In both last cases, gain
from portfolio I is more probable. Large losses from portfolio 11, exceeding 50%,
have probability 0 in the cases K > 40 while such losses from portfolio I have
probabilities 0.37,0.4,0.34,0.26 and 0.21 for K = 40, K = 50, K = 60, K = 70
and K = 80 respectively. In the cases K > 40 the distributions of rates of return
from portfolio 11 are concentrated around zero, much more than the distributions
relating to portfolio I. Let us compare values of P(—25% < R < 25%) relating
to portfolio I and IT respectively:0.19 and 0.56 for K = 40, 0.2 and 0.71 for
K =50, 0.2 and 0.82 for K = 60, 0.26 and 0.89 for K = 70, 0.32 and
0.95 for K = 80. Figure 1.2 presents histograms and medians of rates of return
dependent on K, based on performed simulations.

As can be seen the data set of simulated rates of return is unimodal and
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Figure 11.2: Histograms and medians of rates of return
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Table 11.4: Approximated distributions of rates of return for strike price K = 70
and K = 80

LK=70 [ILK=70 | L, K=280 | I, K = 80
P(R < —75%) 0.18 0 0.13 0
P(—75% < R < —50%) | 0.08 0 0.08 0
P(—50% < R < —25%) | 0.1 0.09 0.11 0.05
P(—25% < R < 0%) 0.13 0.34 0.15 0.43
P(0% < R < 25%) 0.13 0.55 0.17 0.52
P(25% < R < 50%) 0.12 0.01 0.16 0

P(50% < R < 75%) 0.1 0.01 0.12 0

P(R > 75%) 0.15 0 0.08 0

positively skewed, when K < Sy. The data set of rate of return is multimodal in
the case K > Sj.

11.5 Conclusions

Using Monte Carlo simulation we can determine distribution of rate of return
from investments in options. Knowledge of this distribution helps to determine
an investment risk. As demonstrated in this paper, the risk of incurring a large
loss is smaller in case of investing in the proposed portfolio than in the case of
investing in simple chooser options only. In both considered cases of portfolios,
the distributions of rate of return and consequently level of risk are significantly
dependent on the strike price.
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Abstract

This chapter is an overview of the current state of knowledge on the
finite axiomatization problem for finite logical matrices.

An axiomatization of a mathematical theory consists of a set of ax-
ioms from which all laws true in the theory can be deduced. The finite
axiomatization question in algebra, known as the finite basis problem, asks
whether for a given finite algebra there is a finite set of basic equations
such that every identity of the algebra can be derived from them, by means
of equational logic. We consider a similar question for propositional logics
determined by so-called logical matrices. The two—element Boolean algebra
with the designated value 1 is an example of a matrix. It is well known
that its tautologies all follow from a fnite set of axioms. Thus this ma-
trix, used to define the tautologies of the Classical Propositional Logic, is
finitely axiomatizable. The question whether for any finite logical matrix
there is a finite axiomatization was considered in the literature in three
versions. Counterexamples have been found for each of them, but under
additional assumptions some positive results have been obtained. In con-
nection with the result of |33|, another question was asked: whether the
finite axiomatization of a matrix is indepedent of the language, i.e., if it is

163
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preserved under term-equivalence. Some class of logics for which the an-
swer is positive was isolated in ([13]). It has also been recently verified for
some special three-element matrices. The general version of the problem
if the finite axiomatizability of a finite matrix depends on the language is

open.
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12.1 Introduction

This overview is based on the literature, although proofs of some of the results
included in section [12.5] are still to be published. In the Introduction we summa-
rize the chapter less formally. More technical details are left for the subsequent
sections.
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12.1.1 Axiomatizations

Mathematical theories are often presented by a finite set of axioms from which all
true statements of the theory follow. Set theory or group theory are typical ex-
amples. In case of algebraic theories, their axioms take the form of equations and
to deduce new equations from them the rules of the so-called equational logic are
used. These rules express properties of the equality relation: its reflexivity, sym-
metry, transitivity and the property called replacement (see subsection .
In general, in other mathematical theories one needs a richer deduction tool —
the first order classical logic. This logic can also be presented in an axiomatic
form.

In this chapter we will restrict our attention to propositional logics. The best
known such logic is the classical one, which is the fragment of the first order
classical logic not involving quantification — only propositions and connectives
are used. Classical Propositional Logic (CPL for short) can be defined as the
set of tautologies of the two-element Boolean algebra, i.e., formulas written in
symbols used in CPL, such as A, V,—,—, that in this algebra always evaluate to
1. But CPL can also be presented as the set of theorems that follow from some
axioms by means of a rule of Modus Ponens ((MP) for short). Such axioms and
rule form an aziomatization of the CPL. Many different finite axiomatizations for
CPL have been found. Here is one (due to Frege) that uses the following axioms
and rule:

1.t = (s —t),
2. t—=(s—r) = ((t—s)— (t—r),
3. (-t — —s) = (s = ).

t, t—s

()

Other propositional connectives used in CPL such as A,V can be defined in terms
of —,— in a standard way.

12.1.2 Finite axiomatizability problems for matrices

The 2-element Boolean algebra with the designated value 1 is an example of a
matriz (Definition . In general, a matrix is an algebraic structure in which
some elements have been designated. For each matrix, its tautologies can be
defined as these formulas, written in the language appropriate for the matrix, that
always evaluate to a designated value. If a finite martix 9t has an implication
connective, denoted by —, then one may ask if it is finitely axomatizable relatively
to the (MP) rule, i.e., if there is a finite set of some “basic" tautologies of 9 from
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which all of its tautologies can be derived by means of this rule. In his paper 35|
from 1977, M. Wajsberg showed that this not always must be the case. For every
n > 2, he constructed an n-element matrix that is not finitely axiomatizable with
the (MP) rule being the only rule allowed in the deduction. See subsection[12.3.2}

Because of the abstract definition of a matrix, the implication connective need
not be one of its operations, so not always the (MP) rule can be expressed in its
language. Moreover, even if it can there might be some rules other than (MP)
that should, in some natural sense, be allowed in the deduction. These are so-
called wvalid rules that will be defined later (Definition [1§] in subsection .
So one may generalize the above question and ask, for a given matrix and a
fixed finite set R of its valid rules, whether there exists a finite set of tautologies
of the matrix, from which all of its tautologies can be derived by means of the
rules from R (see |38]). If this is the case, we will say that the matrix is finitely
axiomatizable relatively to R. Thus we have the following first version of the
finite axiomatization problem for matrices:

Question 1. Given a finite matriz I and a finite set R of its valid rules, is M
finitely aziomatizable relatively to R?

It turns out (e.g., |38] or see [32]) that there exists such a finite set R of
rules that all Wajsberg’s matrices are finitely axiomatizable relatively to R, see
Theorem [23] So it makes sense to ask the following, more general question:

Question 2. (P.Wojtylak [38]) Given a finite matriz M, does there exist any
finite set R of its valid rules, such that M is finitely axiomatizable relatively to
R?

If the answer to Question [I]is “yes" then, obviously, the answer to Question [2]
is also positive. But the converse need not be true, as the example of Wajsberg’s
matrices witnesses. Also in [38], P. Wojtylak presented an example of a finite
matrix for which the answer to Question [2] is negative. It was later improved
in [37, |12} |26], where smaller counterexamples were found, see section m

A tautology can be identified with a valid rule of a special form, namely a
rule with the empty set of premisses. Therefore, Question [2] can be reformulated
as ([38]):

Given a finite matriz M does there exist a finite set R of its valid rules, such
that all tautologies of M can be deduced from these rules?

One may also ask a more general question:

Question 3. (R. Suszko, S. L. Bloom, R. Wdjcicki) Given a finite matriz, is
there some finite set of rules valid in M, from which all rules valid in I can be
derived?
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Such a set of rules is called a basis for (the consequence operation of) I
and Question [3] is called the finite basis problem for logical matrices. It has
been investigated, among others in |8, (7} 40} 34, [39, [33] |9} 11} 10l |6]. Notice
that the positive answer to Question |3 obviously implies the positive answer
to Question [2] Thus the positive answer to Question [2]is the weakest positive
and the negative one is the strongest negative answer. Hence a matrix that
is not finitely axiomatizable in Wojtylak’s sense neither is finitely based nor is
finitely axiomatizable relatively to any fixed set of rules. When we speak about
“a" finite axiomatization problem, we mean any of the three; while“the" finite
axomatization problem is the one in Wojtylak’s sense.

12.1.3 Connections to Universal Algebra

The finite axiomatization and finite basis problems for matrices are related to
the finite basis problem in Universal Algebra (UA). This important problem asks
if for a given finite algebra A there is a finite set of basic equations from which
all equations true in the algebra, and only these, can be deduced by means of
equational logic. Such a set of equations is called a basis of the algebra and if it
is finite then, in the terminology of UA, the algebra is called finitely based. An
equation true in an algebra is also called its identity.

Consider, for example, a finite group. The set of its identities is strictly larger
than the set of identities satisfied in all groups, so it makes sense to ask if there
is a finite set of basic identities of this particular group, from which all of its
identities follow. This question was first asked by J. von Neumann in 1937. In
the paper |22] of 1964 it has been proved that the answer is "yes" for every finite
group.

Similar theorems hold for finite rings (|15, |16]), finite lattices (|19]) and in
general for every finite algebra generating a so-called residually small congruence
modular variety (|20]). This last theorem generalizes an earlier theorem from 1976
due to K. Baker [1]. Baker’s theorem says that if a finite algebra generates a so-
called congruence distributive variety then it has a finite basis for its identities
(congruence distributivity is a stronger property than congruence-modularity).
An important generalization in another direction, to so-called congruence meet-
semidistributive varieties, was given in [36], see also |28} 36}, |3}, |14} |2, 18], among
others. It is also worth mentioning that every two-element algebra is finitely
based, [17]. But in general, the answer to the finite basis question in UA is
negative: many finite algebras for which no finite basis exists, were discovered.

The finite basis problem in UA and the finite axiomatization relatively to a
fixed set of rules can be expressed as one problem in the terminology of so-called
k-deductive systems introduced in [4], see Definition m in subsection

If the set of rules valid in a given matrix forms a so-called algebraizable deduc-
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tive system defined in [5], then the finite axiomatization problems translate di-
rectly to their corresponding problems in UA. For example, CPL is algebraizable,
as are some nonclassical logics like intuitionistic propositional logic or Lukasiewicz
logic. For nonalgebraizable logics the study of a finite axiomatization does not
seem to be reducible to studying finite axiomatization in algebra. For example,
it may happen that a matrix is not finitely axiomatizable while its underlying
algebra is, as is the case with matrices disscussed in section [12.4]

12.1.4 Some known finite axiomatization results for matrices

Some of the positive finite basis results in universal algebra that were mentioned
in subsection [[2.1.3 have their analogues for matrices. First of all, all two element
matrices are finitely based |13|. Analogues of the Baker’s finite basis theorem for
propositional logics were proved by J. Czelakowski |9, (10, [11]: if the logic deter-
mined by a finite matrix is filter-distributive and some additional conditions hold,
then this matrix is finitely based and therefore also finitely axiomatizable. The
property of filter-distributivity is the analogue of the congruence-distributivity
in UA. Both Baker’s and Czelakowski’s theorems have been generalized to a the-
orem concerning filter-distributive Universal Horn Logics [23] 24], from which
also the main result of [28|] follows. A new proof of this theorem can be found
in [21]. In the general case, the finite axiomatization of a finite matrix may fail,

see Section [[2.4]

12.1.5 Term-equivalence

We often define new operations in terms of the basic ones. For example in the
presentation of CPL in subsection [12.1.1] it is enough to use only — and —,
because other connectives can be defined in their terms. It often happens that
also conversely, the basic operations can be expressed in terms of the new ones.
Such is the case with the “division" operation in groups: a +b = a-b~! and then
a~! = e + a. Each group can be equivalently presented using the multiplication
and division operations rather than multiplication and inverse, as it is usually
done. The presentations, using different sets of mutually definable operations,
are called term-equivalent. It is easy to prove that two term-equivalent algebras
are either both finitely based, or none is. When it comes to matrices, however,
then it seems far from obvious if finite axiomatization properties are preserved
under term-equivalence. This question was asked by professor W. Rautenberg in
connection with his work in [33] and so far the answer is not known.

Question 4. (W. Rautenberg) Given that a matriz MM is finitely aziomatizable
and N is term-equivalent to M, is N also finitely axomatizable?
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Here, finite axiomatizability can be understood in any of the three senses,
so Question [] really generates three questions. It would be obviously so, if the
deductive system determined by the matrix was algebraizable. The problem was
studied in [13], where it was shown, among others, that all two-element matrices
are finitely based independently of their language. It has been verified in some
cases of three-element matrices, 25| |27, see section m

12.2 Basic concepts

The concepts that were used informally so far are now going to be precisely
defined.

12.2.1 Algebras

An algebra in the sense of universal algebra is a structure consisting of a nonempty
set A endowed with some set F of finitary operations. We assume in addition that
the set F' of operations is finite. For a natural number n, by an n-ary operation
on a set A we mean a function f : A™ — A, where A" is the n-th Cartesian
power of the set A. If n = 0 the operation is called nullary and identified with
the constant it picks from the set A.

Definition 1. Let A be a nonempty set and let F' be some finite set of operations
on A. The pair A = (A, F) is called an algebra. The set A is then called the
universe of A.

It is customary to denote algebras by boldface capital letters. The universe
of an algebra is then denoted by the same capital non-boldface letter. Monoids,
groups, rings, modules over finite rings, lattices or Boolean algebras are examples
of algebras. Assume that the operations in the set F' are indexed by natural
numbers, so for example F = {f1,..., fr}. By definition, each operation f; € F
has some arity, let it be n;. The function n : {1,...,k} — N is then a finite
sequence (n;); of natural numbers, called the type of the algebra. Two algebras
of the same type are also called similar. To illustrate these concepts, let us recall
the notion of a Boolean algebra.

Definition 2. By a Boolean algebra we mean an algebra
B =(B,{V,A,—,0,1}),

of type (2,2,1,0,0) such that the following equalities hold in B:
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rVy=yVuax; TANYy=yANx
(xVy)Vz=axV(yV=2); (xAYANz=xzA(YAz)
(xVy)Ahe =ux; (xAy)Vx=x
(xVyANz=(@Az)V(yAz); (xAy)Vz=(xVz)A(yVz)
(xV-z)=1; (x A—xz)=0

(x VvV 0) =x; (xAl)=x

There are many different equivalent definitions of Boolean algebras. In par-
ticular, Boolean algebras can be defined using a different set of operations, for
example: (—, =) of type (2,1), or with just one binary operation | known as the
Sheffer stroke. The axioms should then be chosen appropriately. These other
presentations would be term-equivalent to each other. The 2-element Boolean
algebra ({0,1}, {V,A,—,0,1}) will be denoted by Bs.

Functions between two similar algebras, preserving corresponding operations,
are called homomorphisms.

12.2.2 Language and terms

There is a difference between a symbol used to denote an operation and the
operation itself. The former is just a sign or a character, while the latter is a
specific function. So we distinguish between a set of operations, say F, and a
set of symbols, say A (A = Ap), used to denote members of F. With each such
symbol A € A there is associated its arity, p(\), the same as the arity of the
corresponding operation.

Definition 3. By a language we mean a pair (A, p) such that A is a finite set of
symbols and p : A — N. The function p is called the arity function of the language.
An interpretation of the language (A, p) on a set A is a function f assigning to
each symbol X € A an p(\)-ary operation fx on A, so that fy : AP — A. This
turns A into an algebra A = (A, {fr : A € A}) of type (p(A))rea indexed by A.
We then also say that A is an algebra of the signature A.

We often abuse terminology by identifying a language (A, p) with its set of
symbols A, assuming that p is implicit. Let A be a language and let V' be a
fixed, countable set of variables, V' = {x1,23,...}. We use the abbreviations:
T = 21,y := Xa,2 = x3. The set of all terms in variables from V' that can be
built up using the operation symbols from A is denoted by Tea and is defined as
follows.

Definition 4. By Tejy we mean the smallest set such that:

o V C Tep
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e for any n, any symbol A\ € A such that p(A\) = n and for any sequence
t1,...,t, € Ten, the expression N(t1,...,t,) € Tex.

The elements of the set Tep are called terms of the language A over V.

Examples of terms in the language of {—, -} are z,  — y, (- — —y) —
(y — x). In propositional logic, such expressions are usually called formulas.
The set Tep is turned into an algebra Tep in the standard way: each n-ary
operation symbol A from A induces an operation on Te, taking n terms tq,...,t,
into the term A(¢y,...,t,). Homomorphisms from this algebra into an algebra
A = (A, F) of the signature A are called valuations in A. Each valuation is
uniquely determined by its restriction to variables. If the target algebra of a
valuation is the algebra of terms then the valuation is called a substitution. For
terms ¢,s € Tep and a variable v € V', we write ¢[s/v] for o(t), where o is the
substitution such that o(v) = s and o(x;) = z; for all z; # v.

12.2.3 Equational logic

Definition 5. Given a language A, by an equation we mean a pair € = (s,t),
written in the form s = t, where s and t are terms. A quasi-equation is the
implication of the form e1 A--- N e, = €, where m is a natural number and for
each i = 1,...,m, g; is an equation. If m = 0, we identify the quasi-equation
with the equation .

Let us stress that an equation is just a pair of terms and when writing it we

use the symbol “~" in the same sense as a comma. The symbol “=" is used to
denote the actual identity of objects.

Definition 6. Let A be an algebra of type p and (A, p) a language. We say that
an equation € = s &= t in this language is an identity of A if and only if for every
valuation v into A we have: v(s) = v(t).

A quasi-equation s1 Xty A+ A Sy Rty = § &t is called a quasi-identity of
A if for every valuation v into A we have:

ifv(s1) =v(t1),...,0(8m) = v(tym) then also v(s) = v(t).

The following axiom and rules are used to deduce new equations from the old
ones. Here t,s,t1,...,tpn,81,...,8, are arbitrary terms and A € A is an n-ary
operation symbol of the language.

(vefl) t =~ ¢
(sym) If t = s then s ~ ¢

(tran) If t; = to and ty & t3 then t; ~ t3
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(repl) If t1 & s1,...,tn = s, then A(t1,...,t,) & A(s1,...5,).

The axiom (refl) is called reflexivity, and the rules (sym), (trans), (repl) are called
symmetry, transitivity and replacement rules, respectively. The system of these
four: axiom and rules is called equational logic. It is an example of a deductive
system, as defined in the next subsection.

12.2.4 Deductive systems

A deductive system is understood as a set of rules of deduction written in some
language A. Axioms are treated as a special case of rules. Both equational logic
and propositional logics are examples of deductive systems, although the formulas
considered in them are different in form. The formulas used in propositional logic
are just terms over A while the formulas of equational logic are equations. A
common term that can be used for both types of deductive systems is that of a
k-deductive system, introduced in [4].

Definition 7. A k-formula is a k-tuple (t1,...t), where t1,... ,tyx are terms.

The set of all k-formulas of a given language A is the Cartesian power (Tey)¥,
which will be written as Te’f\.

X
Definition 8. For a finite set X U {a} C Tek the pair (X, ), written as —, is

@
called a k-rule. The members of the set X are called premisses and the k-formula

« the conclusion of the rule. A rule with the empty set of premisses is identified
with its conclusion and is called axiomatic.

Axiomatic rules are also called azioms. For k =1 a k-formula is just a term,
which in the context of propositional language is also called a formula. Consider
k = 2. Since the only 2-deductive systems we consider here are equational logic
and its extensions, we write 2-formulas as equations and rules as quasi-equations.

Definition 9. A k-deductive system is a pair S = (A, R), where A is a language
and R is a set of k-rules. If the language A is fized, we identify a k-deductive
system with the set R of its k-rules.

If o is a substitution and t = (¢1,...,t;) a k-term, then
O'(t) = <O'(t1), ce ,O'(tk».

A similar convention is used for valuations. The notion of a derivation or proof
of a k-term in a given k-deductive system S is defined as follows.
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Definition 10. Let S = (A, R) be a k- deductive system. Let X be a set of
k-formulas, called the premisses of the derivation. Let « be a k-formula and let
n be a positive natural number. A sequence aq,...,c, of k-terms is called a
derivation or a proof of a from X if and only if

e o=, and

tyeoo it

e for each i = 1,...,n either a; € X or there exists a rule Loomo e R
and a substitution o such that oq = o(t) and for each j =1,...,m, o(t;) €
{Oél, “e- 7041‘_1}.

If there is a derivation of a k-formula o from a set of premisses X then we say

that the rule — is a derived rule in S or that it is derivable from R. In case

«@
X = 0 we say that o is a theorem of S and that « is derivable from R.

Definition 11. Let S be a k-deductive system, S = (A,R). Let R’ be some
subset of the set of all k-rules that are derivable in S.

o We say that R’ is an axiomatization of S if and only if for every k-formula
«, a is a theorem of S if and only if « is derivable from R'.

X
o The set R’ is called a basis for S if and only if each rule — € R is derivable
o
from R'.

e If the set R’ can be chosen finite, we say that S is finitely axiomatizable or
finitely based, respectively.

In other words, a basis is such a set of k-rules that can replace R in the
presentation of the k-deductive system. Notice that every basis is also an axiom-
atization. It is so, because each theorem is also a derived rule — an axiomatic
rule. For example the set of axioms and the (MP) rule for CPL, given in the
Introduction (subsection , forms both a basis and an axiomatization for
this 1-deductive system.

With each algebra A a 2-deductive system can be associated that extends the
system of equational logic and this can be done in two ways. The first way is
to add all the identities of A to the rules of equational logic. Because the set of
rules of equational logic is finite, this 2-eductive system is finitely axiomatizable
exactly in the case it is finitely based in the sense of Definition But this is
equivalent to A being finitely based in the sense of UA: all identities of A can be
deduced in equational logic from a finite set of identities.

The second 2-deductive system associated with A consists of all 2-rules, i.e.,
quasi-equations that are quasi-identities of A. This 2-deductive system is finitely
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based if and only if there is a finite set of quasi-identities of A from which all quasi-
identities of A can be derived. This is sometimes called a finite basis property
for quasi-identities of A. This system is finitely axiomatizable if and only if all
of the identities of A can be derived from a finite set of its quasi-identities.

A 1-deductive analogue of an algebra is a matriz, the concept which we are
now going to introduce.

12.2.5 Matrices and their tautologies

In the Boolean algebra B, the element 1 plays a special role: all expressions that
always evaluate to 1 are called tautologies of CPL. This is a paradigm for the
concept of a matrix: it is an algebra in which one or more special elements have
been selected or "designated".

Definition 12. By a logical matriz (or just matriz, for short), we mean a system
M = (M, F, D), where M = (M, F) is an algebra and D is a nonempty subset of
M. The elements of D are called the designated values of 9.

The notion of a k-matrix, for a natural number k£ > 0, generalizes this.

Definition 13. By a k-matriz we mean a system M = (M, F, D), where M =
(M, F) is an algebra and D is a nonempty subset of M*.

Example 14. A 2-matriz is an algebra A with a distinguished binary relation
on it. If this relation is the diagonal relation on A then the 2-tautologies of the
matriz coincide with the identities of the algebra. We skip the prefix k when it is
equal to 1. The two element Boolean matriz is the matrix

By = ({0,1},{V,A,—,0,1},{1}),
where ({0,1},{V,A,—,0,1}) is the two-element Boolean algebra Ba.

A term-equivalent definition could use B = ({0, 1}, {—, -}, {1}), with z —
y=—-xzVy. ThenaVy=—-x—yand x Ay =—(z — —y).
The following definition generalizes the notion of a classical tautology.

Definition 15. Let M = (M, F, D), be a matriz. A k-formula t is called a
tautology of M if and only if for every valuation into M, v(t) € D. The set of
all tautologies of a k-matriz M is denoted by E(IN).

Matrices in the following two examples are associated with the 3-valued
Yukasiewicz propositional logic and the 3-valued intuitionistic propositional logic,
respectively.
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Example 16. The three-element matrix of Lukasiewicz is the matrix:

£ = <{0, % 1},{/\,v,—>,ﬁ}7{1}>7

with the operations given in the tables below:

Aoz T] (V031 ] [ST03T] [2] =
0000 0031 0111 ol 1
Plosd| |y asn| 2] sn] ]3]
1031 11111 1 ]oi1 110

For every z in the set {0, %, 1}, the term ——x — x is equal to 1, so this

formula, known as the law of double negation, is a tautology of £3. On the other

1
hand the law of contradiction —(x A—x) is not. This can be seen by taking x = ok

LU L U6 S WS WS O
2 2/ 22 2 2 ’

Example 17. The three-element Heyting matrix is the matrix

95 = ({0,511 A0 V.= k1)),

where the operations are defined in the following tables:

(Ao V031 ] [STol1] [=] =]
0ffooo | [O0]o031 oNt111| o] 1
loss| s san) |3 orn] 4]0
1031 1] 111 Ljjog1f[1]oO

The law of contradiction, —(z A —z), is now a tautology of 3. On the other

1
hand, the law of double negation, =—x — x is not. Again, the witness is x = —.

1 1
Notice that the two matrices above differ only in — — 0 and Ik This small

difference is enough to make quite an impact on their tautologies.

12.3 Finite axiomatization of logical matrices

12.3.1 Deductive system associated with a matrix

For a given k > 0, with every k-matrix 9t there is a k-deductive system Sgn
associated in a natural way. It is determined by all valid rules of 9%, which we
now define.
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Definition 18. Let A = (A, p) be a language and let M be an algebra in the

signature A. Let M = (M, D) for some subset D of M*. Assume that X U{a} C

X
Tei and consider a rule —. We say that this rule is valid in 9 iff for every

a
valuation @, we have: ¢(X) C D = p(a) € D. The set of all rules valid in a
k-matriz 9 is denoted by Roy.

The Modus Ponens rule is an example of a rule valid in every 1-matrix con-
sidered so far. If A is an algebra and A4 denotes the diagonal relation on A,
then the 2-rules valid in the 2-matrix 2 correspond to the quasi-identies of A in

{€1,...,€n}

quasi-identity of A. It is also easyato see that when 2 = (A, R) is a 2-matrix
then R is a congruence on A if and only if all rules of equational logic are valid
in 2 (a congruence on A is an equivalence relation that is a subalgebra of the
product A?). It turns out that the 2-tautologies of 2 coincide with the identities
of the quotient algebra 2/ R. Similarly, valid 2-rules coincide with quasi-identities
of this quotient.

the following sense. A 2-rule isvalidin 2 iff e A---ANe, = ais a

Definition 19. Let A = (A, p) be a language and let M be an algebra in the
signature A. Let 9 = (M, D) for some subset D of M*. The deductive system
associated with M is the k-deductive system Sam = (A, Ron).

We say that a matrix 91 is finitely axiomatizable, or finiely based, respectively,
if the system Soy is such, in the sense of Definition [II] This is equivalent to the
following definition.

Definition 20. A k-matriz is

e finitely axiomatizable if there is a finite set of its valid k-rules from which
all tautologies of M can be derived. It is

e finitely based if there is a finite set of its valid k-rules from which all valid
rules of M can be derived.

Suppose there is a fixed set Ro of k-rules valid in a k-matrix 9. Then one
can consider the k-deductive system Sg, = (A, RoUE(IM)) and ask if it is finitely
based. It can be shown by a straightforward argument that if the set Ry is finite
then this system is finitely based exactly in the case it is finitely axiomatizable. If
this is the case we say that 9 is finitely axiomatizable relatively to Rg. According
to Definition [IT] this is equivalent to the following definition.

Definition 21. Let 9 be a k-matrixz and let Rg be a finite set of its valid k-rules.
We say that 9 is finitely axiomatizable relatively to R if and only if there is
a finite set Ey such that all tautologies of M can be derived from Eqy using the
rules from Ry.
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Let O be a finite 1-matrix. Question [I] stated in the Introduction asks if for
a given finite set R of its valid rules, 9 is finitely axiomatizable relatively to
R. Question |2 asks if 9 is finitely axiomatizable and Question [3] if it is finitely
based. Let 2 = (A, R) be a finite 2-matrix in which the rules of equational logic
are valid. Then % is finitely axiomatizable as a 2-matrix, relatively to equational
logic, if and only if A/R is finitely based in the sense of UA. As was indicated
before, this is equivalent to saying that the 2-deductive system determined by the
rules of equational logic and the 2-tautologies of 2 (i.e., identities of the algebra
A/R is finitely based.

12.3.2 Wajsberg’s matrices

As mentioned in the Introduction, the problem of finite axiomatization of finite
1-matrices initially focused on tautologies. For a given logical system expressed
with standard connectives, such as the implication, conjunction, disjunction and
negation, a finite set of axioms was searched for from which all tautologies could
be derived by means of Modus Ponens. In 1977 M. Wajsberg provided a sequence
of counterexamples, one for each n > 2, that we now recall.

Example 22. ([35]]) For each n > 2 the n-valued Wagsberg matriz is

m, = <{071,...,n—1},—|,—>,{0}>,
where for z,y € {0,1,....,n—1} x—y=y and -z =0.

It is easy to show that the set of tautologies of this matrix is closed under the
Modus Ponens rule. Yet this rule is not strong enough for a finite set of axioms
to exist that together with this rule would allow to deduce all tautologies.

Theorem 23. (M. Wajsberg) For any n, the matriz M, is not finitely axioma-
tizable relatively to (MP).

If we allow another rule, however, then a finite axiomatization involvig this
rule and a finite set of axioms can be found.

Theorem 24. The rule

and the axiom —x form a finite axiomatization
T —

of the n-valued Wajsberg matrix, for each n > 2.

Wajsberg’s matrices are also finitely based, which is a stronger property than

T —
finite axiomatization. The basis is {y y, 0}. [32] contains a de-

r—y oy w
tailed explanation of this fact in Polish.
The information given above is based on [37], where P. Wojtylak recalled
Wajsberg’s result and proposed the notion of finite axiomatizability in the sense
of Question [2]
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12.3.3 Two-element matrices and filter-distributive
protoalgebraic logics

One of the earliest results was the proof in [33] that 2-element matrices in the
Post-classification are finitely based and therefore finitely axiomatizable. To-
gether with [13] this gives the following theorem.

Theorem 25. (Rautenberg, Rautenberg and Herrmann) Every two-element ma-
trix is finitely based.

This result looks similar to Lyndon’s theorem in UA (|17]) stating that every
2-element algebra is finitely based. Yet, as professor Rautenberg pointed out, the
obvious fact that an algebra term-equivalent to a finitely based algebra is also
finitely based, doesn’t have an immediate counterpart in propositional logic. In
fact, it is not known to be true that a finite matrix term-equivalent to a finitely
based (or axiomatizable) matrix is itself finitely based (or axiomatized, resp.) We
return to this problem in section [12.5

In the theory of logical matrices several analogues of Baker’s finite basis the-
orem in UA were proved, |9, /10, |11} |6]. A result from |23} 24] implies all of them,
as well as the Baker’s theorem and its generalization to quasivarieties from [28].
Its simplified version for matrices may be stated as follows

Theorem 26. ([25, |24]) Let M be a finite k-matriz such that Son is filter-
distributive and protoalgebraic. Then IM is finitely based.

The term protoalgebraic refers to a property of a system that is weaker than
algebraizability, but still non-trivial. We refer the reader to 6] or [4]for definition.
In |21] a new proof of this theorem was given by a technique in the spirit of [3].
The nonfinitely axiomatizable matrices that we will see in the next section are
not protoalgebraic.

12.4 Certain three-element matrices

Since every two-element matrix is finitely based and finitely axiomatizable it
was natural to ask if for some number greater than 2 there exist nonfinitely
axiomatizable matrices of this size. First examples that were discovered had
six, then five and four elements, |40} 34]. Eventually, as small as a three-element
nonfinitely based matrix was found, [39]. This is the matrix 95 in the Example
below. But 95 is finitely axiomatizable, hence it also provides an example that
finite axiomatizability does not imply being finitely based, see Theorem 2§
Concerning finite axiomatizability, recall that this notion was introduced
in |38]. Also there the first non-finitely axiomatizable matrix was presented.
Then a smaller, five-element one was given in [37]. A four-element nonfinitely
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axiomatizable matrix was subsequently discovered by W. Dziobiak, [12]|. Finally,

two three-element nonfinitely axiomatizable matrices were found, [26]. These are
M and Ny in the example 27] below.

Example 27. For i € {1,...,8} consider a matriz M; = ({0,1,2},-;,{2}),
where the operations -; are given by the following tables.

1| 0 1] 2 o | 0| 1] 2 3 | 0| 1] 2 4 | 0 1] 2
0| 1| 2] 2 0| 2| 2| 2 01| 2| 2 02| 2| 2
1 1122 112 2] 2 1 212 2 1 112 2
21 1] 2|2 212 2|2 212 2|2 21 1]2)| 2
5 | 0] 1| 2 6 | 0] 1] 2 7|0 1|2 g | 0] 1] 2
0| 2| 2|2 0| 1] 2] 2 0| 21| 2|2 0| 1] 2] 2
1 1|2 2 1 112 2 1 212 2 12|22
2 12| 2|2 21222 2 11| 2| 2 21 1] 2)| 2

We will omit the symbol - when writing terms. As it turns out these small and
simple matrices, with very similar multiplication tables, differ one from the other
significantly when it comes to the finite aximatizability properties. We have the
following

Theorem 28. 1. My —My are all finitely based and therefore finitely axiom-
atizable

2. M5 and Mg are both finitely axiomatizable but none is finitely based
3. M7 and Mg are not finitely axiomatizable.

The proof that 95 is not finitely based can be found in [39] and its details
have been worked out also in [31]. The proof for Mg is similar to the one for M.
The proof that M7 and Mg are not finitely axiomatizable was given in [26].

It can be observed that

Observation 29. the term 2 := z(yz) is a tautology of every M; fori=1,...,8.

In fact, these eight matrices are (up to isomorphism) all possible 3-element
matrices of the form M = ({0,1,2},-,{2}), in which the formula z(yz) is a
tautology. The Observation [29] allows us to conclude:

Proposition 30. Every non-tautology of a matriz 9M; must be of the form
t:tl’Um"”Ul, (121)

for some m > 0, where vy, ...,v,, are variables and t1 is either a variable or a
substitution instance of 2.
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Due to this proposition nontautologies of 9; take a relatively simple form.
Also, in view of Theorem[25] three is the smallest number of elements a nonfinitely
axiomatizable matrix might have. Therefore, in some sense, the matrices 97 and
Mg are “simplest possible" nonfinitely axiomatizable matrices.

One difference is worthy being pointed out between studying the finite ax-
iomatization in logic and doing this in algebra. With algebras, we have at our
disposal the replacement rule. There is no analogue of this rule in propositional
logic associated with matrices. Often it turns out that some matrix is not finitely
axiomatizable or finitely based, while its underlying algebra is. This fact has also
an effect on Question [ disscussed in Section [12.5

12.5 Term-equivalence

An elegant and short definition of term-equivalence of algebras involves the no-
tion of the clone of operations: two algebras with the same universe are term-
equivalent if their clones of operations are equal. Here we give a definition omit-
ting the concept of a clone. Let M be a nonempty set and let F' and G be two
sets of operations on M. Let Ar and Ag be the corresponding sets of operation
symbols and Tep = Tep, and Teg = Te,, corresponding algebras of terms in
variables V. For a valuation of variables v : V' — M, let vp : Tep — (M, F) and
vg : Teg — (M, G) denote valuations of terms induced by v.

Definition 31. Let M = (M, F, D) and W = (M, G, D) be two matrices with the
same underlying set M and the same set of designated values D. We say that N
and N are term-equivalent if

1. for every n and every n-ary operation f € F there is a term t € Teg such
that for everyv:V — M, f(v(z1),...,v(zyn)) =va(t); and

2. for every n and every n-ary operation g € G there is a term s € Tep such
that for everyv:V — M, g(v(z1),...,v(zn)) = vp(s).

A straightforward proof in UA that an algebra term-equivalent to a finitely
based algebra is also finitely based involves the equational logic and the replace-
ment rule in particular. This proof cannot be directly repeated when dealing
with matrices, for in propositional logic the replacement rule cannot be, in gen-
eral, expressed. It was for this reason that the proof given in [33| that every
two-element matrix in Post classification is fnitely based was not sufficient to
imply the result for all two-element matrices. This lead professor W. Rautenberg
to state Question [4f The answer for 2-valued logics was supplied in [13], where it
was proved that for matrices with the finite replacement property , defined there,
the finite basis property is preserved under term-equivalence. It was also proved
there that all two-element matrices have the finite replacement property.
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All three-element matrices from Example 27] were checked against Question [4]
The proof that no matrix term-equivalent to 915 is finitely based was given in [25)].
The proof for Mg is similar. The proofs that all matrices term-equivalent to 917
and Mg are non-finitely axiomatized can be found in |27], it has also been worked
out down to every detail in [31]. Actually it is now known that for any of the
eight matrices presented in Section [I2:4] the finite axiomatizability property and
the finite basis property are preserved under term-equivalence.

Theorem 32. Let M be a three-element matriz with one binary operation - and
with one designated element. Assume that the term x - (y - z) is a tautology of
M. Then M is finitely based if and only if every matriz term-equivalent to N
is finitely based. Also, M is finitely axiomatizable if and only if every matriz
term-equivalent to M is finitely axiomatizable.

Some cases of the proof have been worked out in [30] and [29], others are
known to the author and will be published elsewhere. They are done by syntactic
arguments.

Rautenberg’s problem has been posed over 20 years ago and there is only a
small insight into it so far. We do not even know what the answer is in the case of
three-element matrices or in case of matrices in one binary operation - in which
the term x - (y - 2) is a tautology.
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Abstract

A function p : N — N, where N denotes the set of non-negative inte-
gers, is said to be a rank function, if it is weakly decreasing and satisfies
the convexity condition

VkeN: 2p(k+1) < p(k)+ plk +2).

In the article, we discuss some interrelations between the rank functions,
semiring theory, matrices, and algebraic sets in matrix spaces.
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13.1 Preliminaries and Introduction

Throughout the text, F stands for an arbitrary field and m, n, p for non-negative
integers. The set of non-negative integers will be denoted by N. We define M., (F)
to be the F-algebra of all n x n matrices over F (notice that My (F) is a singleton
set). The m x n zero matrix and the unit matrix in M, (F) will be denoted
by Onxn and I, respectively. A permutation matrix is defined to be a square
binary matrix that has exactly one 1 in each row and each column. The minors
of matrices will be understood to be determinants.

The full linear group GL£,,(F) = {U € M,,(F) : U is invertible} acts on M,,(F)
by conjugation. We define O(A) to be the orbit of a matrix A € M, (F) under
this action, i.e.,

O(A)={UYAU : U € GL,(F)}
(in other words, O(A) is the conjugacy class of A). A set &€ C M, (F) is called
GL, (F)-invariant, if O(A) C € for any matrix A € £.

All necessary information on matrices can be found in [6] and [7].

Let V be a vector space over F. Suppose that 0 < d := dimV # oco. A set
E C V is said to be algebraic, if there exist a linear isomorphism ¢ : V. — F,
a positive integer s, and polynomials fi,..., fs € F[z1,...,z4] such that

E={veV: file() =...= fi(p(v)) = 0}.

For further information on algebraic sets refer to [4]. In this article, an algebraic
set £ C M,,(C) is called normal, if it is irreducible and its coordinate ring C[£]
is integrally closed in the function field C(£).

We will use basic concepts of order theory (see [3]).

Let us finally introduce the central notion of the article.

Definition 13.1.1. A function p: N — N is said to be a rank function, if it is
weakly decreasing and satisfies the convexity condition

VkeN: 2p(k+1) < pk) + p(k +2).
Notice that if p : N — N is a rank function, then there exists kg € N such

that _

p(k) = p(ko), if k = ko,

p(k) > p(k+1), otherwise.
Moreover, kg < p(0). The integer p(ko) will be referred to as the stable value of
p-

The rank functions occur naturally in matrix theory. They have also some
applications in algebraic geometry and geometric invariant theory. This article
provides a review of more or less known results concerning various applications
of rank functions. It is partly based on the talk delivered by the author at the
conference “Kangro-100” in Tartu.
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13.2 The Semiring of Rank Functions

The main purpose of this section is to provide a quite interesting example of a
partially ordered semiring. We begin with a few definitions.

Definition 13.2.1. Let +: S x S>3 (a,b) —a+be S and-: 5 x5 > (a,b) =
a-b=ab €S be binary operations on a nonempty set S. The triple (S,+,-) is
said to be a semiring, if the following conditions are satisfied:

e addition + is associative and commutative,

e addition has a neutral element (the neutral element is unique; it is denoted

by 0),
o multiplication - is associative,
o multiplication is left and right distributive over addition,
e0-a=a-0=0 foranya€S.

Definition 13.2.2. A nonempty set I C S is said to be an ideal of a semiring
(S,+,:), ifa+b,ac,ca € I for any a,b €I and anyc€ S.

Definition 13.2.3. Let (S,+,-) be a semiring and let < be a partial order on
the set S. The quadruple (S,4+,-, =) is said to be a partially ordered semiring
(po-semiring for short), if

) a=b=a+c=<b+g
Va,bc€S: { (a=b,0=¢) = ac=<be

A po-semiring (S, +, -, %) is said to be positive, if 0 < a for any a € S.

Now, consider addition U : 2% x 2% 5 (A4, B) — AU B € 2%, multiplication
N:2% x2%X 5 (A4, B) — ANB € 2%, and the inclusion relation C on the power
set 2% of a set X. It is easy to see that (2%,U,N, C) is a commutative positive
po-semiring with identity (the identity element coincides with X). Notice also
that the set of non-negative integers equipped with the usual addition, the usual
multiplication, and the natural order is a totally ordered commutative semiring
with identity. For more information about semirings we refer to [2].

Let us turn back to rank functions.

Proposition 13.2.4. If p,o : N — N are rank functions, then the pointwise
sum p + o and the pointwise product po are rank functions too.



188 CHAPTER 13. RANK FUNCTIONS

Proof. Monotonicity of the sum and the product is obvious as well as the
convexity of the sum. We will recall the standard proof of the convexity of the
product. Pick an arbitrary £ € N. Since p and o are convex, we have

2p(k + D)ok +1) < 2 (o(k) + plk +2)) (o(k) + ok +2)).

One can easily verify that

(p(k) + p(k +2)) (o (k) + o (k +2)) =

N

= p(k)o(k) + p(k + 2)o(k + 2) + %( (k) — p(k +2)) (U(k’ +2) —o(k)).

Monotonicity of p and o yields that (p(k) — p(k + 2))(o(k o(k)) < 0.
Therefore, 2p(k + 1)o(k + 1) < p(k)o(k) + p(k + 2)o(k + ) O

The pointwise inequality relation < defined by
p<Lo <= VkeN: p(k) <o(k)

(with the usual inequality on the right hand side) is obviously a partial order on
the set R of all rank functions.

The following two facts, although very easy to prove, form the heart of the
section.

Theorem 13.2.5. The set R equipped with the pointwise addition, the pointwise
multiplication and the partial order defined above is a commutative positive po-
semiring with identity. Moreover,

Ro = {p € R : the stable value of p equals 0}
is an ideal of this semiring.

Proposition 13.2.6. Let T be a nonempty finite set of rank functions. Then
\/T:Nakl—nnaxp(k) eN
peT

is a rank function too.

Notice that the pointwise minimum of a nonempty set of rank functions is
not necessarily a rank function.
We conclude the section with some natural consequences of Proposition[I3.2.6]

Corollary 13.2.7. Consider the poset (R, <), where < is the partial order de-
fined above, and a set T C R. The following properties hold true:
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(i) if T is bounded from above in (R, <), then T has the supremum in (R, <),
(i1) if T # 0, then T has the infimum in (R, <),
(i) (R,<) is a lattice.

Proof. It is not difficult to see that T is bounded from above in (R, <) if and
only if 7 is a finite set. Suppose therefore that 7 is bounded from above and
nonempty. Then the rank function \/ T defined in Proposition is evidently
the supremum of 7. If 7 = (, then the supremum of 7 coincides with the
least element of (R, <), i.e., the zero function. Next, if T # 0, then the set
L={peR: p<riorall T €T} is nonempty and bounded from above, and
hence V/ £ is the infimum of 7. Property (iii) is now obvious. O

13.3 Rank Functions and Matrices

For a matrix A € M,,(F), we define r4 : N — N by ra(k) = rank(A"). Since,
by definition, A® = I,,, we have r4(0) = n.

Let us recall that the direct sum of matrices A = [a;;] € M, (F) and B €
M, (F) is defined to be the block matrix

A Onxm

A® B = Oumn B S M(71,+7n)><(n+m) (IF)

In turn, the Kronecker (or tensor) product of these two matrices is defined to be
the block matrix

a,]_lB e alnB
amB ... ap,B

It is noteworthy that rank(A ® B) = rank(A)rank(B) and
VkeN: (A® B)f = A* @ B*.

More information about the Kronecker product can be found in [6].
The following properties are now obvious.

Proposition 13.3.1. Let A € M, (F), B € M, (F), U € GL,(F), and X €
F\ {0}. Then

(i) r4 is a weakly decreasing function,

(ii) TxA =TA =Ty-140,
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(iti) Tagp =14 + 1B (pointwise sum),
(iv) Tagp =rarp (pointwise product).
We will also need the core-nilpotent decomposition (cf. [7]).

Theorem 13.3.2. If A € M,,(F), then there exist a matriz U € GL,(F), an in-
teger s € {0,...,n}, a matriz C € GL;(F), and a nilpotent matrix A € M, _s(F)
such that U'AU = A@ C.

Finally, let us recall some useful formulas related to the Jordan canonical form
of a nilpotent matrix.

Proposition 13.3.3. For a positive integer j we define £;(A) to be the number
of blocks of size j contained in the Jordan canonical form of a nilpotent matrix
A € M, (F). The following equalities hold true:

o0

(i) VEEN: ra(k) = > (5 —k);(A),

J=k+1
(i5) L;(A) =ra(j —1)+71a( +1) = 27a(j).

We are in a position to state and prove the main theorem of the section (cf.

19)-

Theorem 13.3.4. For a function p : N — N, the following conditions are
equivalent:

(1) p is a rank function,

(2) 3A € Myoy(F) : p=ra.
Moreover, if p is a rank function with stable value 0, then the matrixz A is unique
up to conjugation (i.e., the set {A € M,)(F) : ra = p} is a single conjugacy

class).

Proof. Suppose that condition (2) is satisfied. Then obviously p = r4 is weakly
decreasing. Next, by Theorem [13.3:2]

U € GL,0)(F)Is € {0,...,p(0)} : UTTAU = A C,
where C' € GL,(F) and A € M 0)—s(IF) is a nilpotent matrix. Since

TA=Ty-14U = Tjgo =rzy+rc
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and r¢ is a constant function with value s, for any k € N we have
p(k)+pk+2) =2p(k+1)=1z(k) +rz(k+2) —2rz(k+1) = €k+1(g) > 0.

Therefore, p is convex. Condition (1) follows.
Suppose that (1) is satisfied. Then there exists a non-negative integer kg <
p(0) with the property that

[ p(k) = plko),  if k> ko,
Then: { p(k) > p(k+1), otherwise.

Moreover, p(j — 1)+ p(j +1) —2p(j) = 0 for any positive integer j. Observe that

00 ko—1 ko+1 ko
D i(pG=D)+p(i+1)=20(7)) = > (k+1)p(k)+ Y (k=1)p(k) =2 kp(k) =
=1 k=0 k=2 k=1
= p(0) +2p(1) + (ko — 1)p(ko) + kop(ko + 1) — 2p(1) — 2kop(ko) =
= p(0) — p(ko).

Consequently, there exists a nilpotent matrix B € M (F), where t = p(0) — p(ko),
such that ¢;(B) = p(j — 1) + p(j + 1) — 2p(j) for any positive j € N. Pick some
V € GL k) (F) and define A = B@V. Since B is nilpotent and ¢ < p(0), we have
ra(k) =rp(k) + p(ko) = p(ko) = p(k) for all integers k > p(0). The equalities
Vie{l....p(0)}: p(j — 1)+ p(j +1) = 2p(j) = {;(B) =
=rp(j =1 +rp(+1) = 2rp(j) =raf — 1) +raf +1) = 2ra(y)

therefore yield p(p(0)—1) =1ra(p(0)—1),...,p(1) =ra(1). Condition (2) follows.

The "moreover” part is a direct consequence of Proposition (ii). O

Example 13.3.5. Consider the rank function p : N — N defined by

p(0) =9,
p(1) =6,
p(2) =4,

p(k) =2, ifk > 3.
The stable value of p is equal to 2. Moreover,
p(0) + p(2) = 2p(1) = 1, p(1) + p(3) — 2p(2) = 0,

p(2) + p(4) = 2p(3) = 2.
It follows that p = ra for

A:

o OO
O O =
o = O
@
o O O
S O =
o = O
@D
=
S
<

with any V € GLy(F).
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13.4 The Semiring of Conjugacy Classes

Let us define M, (F) = {O(A) : A € M,(F)} and M(F U M, ( If

A e M,(F), Be Mp,(F), U € GL,(F), V € GL,,,(F), and e 6 {EB ®}, then
U e V is a nonsingular matrix and

U AU e V!BV = (U e V) ' (AeB)(UeV).

Consequently, & : M(F) x M(F) > (O(A),O0(B)) — O(Ae B) € M(F) is a
well defined binary operation on the set 9(F). Notice that {0} = M(F) and
{1} € 9, (F) are the neutral elements under & and ® respectively.

A map between two semirings is said to be a semiring homomorphism, if it is
additive and multiplicative.

Theorem 13.4.1. The triple (MM(F), ®, ®) is a commutative semiring with iden-
tity. Moreover,

(i) Mo(F) = {O(A) € M(F) : A is nilpotent} is an ideal of this semiring,
(i) ©:M(F) 5 O(A) —> 14 € R is a well defined semiring epimorphism,
(iii) ®|on,(w) : Mo(F) — Ro is a semiring isomorphism.

Proof. Let A € M,(F), B € M, (F), C € M,(F), and e € {®,®}. Obviously,
(AeB)e(C = Ae(Be(). The associativity of @ and ® follows. Next, if

On><m I'IL

U - Im Om><n ’

then U"*(A@® B)U = B @ A. This yields the commutativity of &. Tt is quite
easy to see that B® A = P~'(A® B)P for some nm x nm permutation matrix
P. Multiplication & is therefore commutative, too. Similarly, there exists an
n(m + p) x n(m + p) permutation matrix ¢ such that

A (B C)=Q ' (A®Ba A2 C)Q.

The distributive property of & over @& follows. Recall that for any k¥ € N we
have (A e B)¥ = A* e« B*. This implies property (i). Properties () and (iii) are
straightforward consequences of Proposition [I3.3.1] and Theorem [I3:3:4] O

To avoid problems with algebraic geometry, from now on we will work over the
field C of complex numbers. Bars will denote closures in the Euclidean topology
2
on M, (C)=C".

Let us recall a classical result due to Gerstenhaber (see [2] and [5]).
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Theorem 13.4.2. For nilpotent matrices A, B € M,,(C) the following conditions
are equivalent:

(1) AeO(B),
(2) ra < rp (the pointwise inequality).
For A € M,,(C) and B € M,,,(C) we define

n<<m
O(A) X O(B) <— - —_
(=S {A@O(m—n>x<m—n)€0(3)~

Notice that O(B) is a GL,,,(C)-invariant set. Therefore, < is a well defined binary
relation on M(C) (known as the dominance relation).

Theorem 13.4.3. The following statements are true:
(i) {O(A) € M(C) : {0} 2 O(A)} =My(C),
(i) (M(C), S, ®,X) is a po-semiring,

(#ii) © defined in Theorem [15.4.1] is an order-preserving map from (9M(C), X)
to (R, <),

(iv) @lonyc) : Mo(C) — Ry is an order isomorphism.

Proof. Equality (i) is a direct consequence of the well known fact that a matrix
A € M, (C) is nilpotent if and only if O,x, € O(A). Let us turn to prop-
erty (). Relation < is obviously reflexive. Next, it is also well known that if
O(A;) = O(Ay) for some Ay, Ay € M,,(C), then O(A;) = O(Az). This implies
the antisymmetry of <.

Pick matrices A € M,(C), B € M,,(C), and C € M,(C). Suppose that
O(A) 2 O(B). Then n < m and A ® O(n—n)x(m-n) € O(B). By the continuity
of themap I' : M,,,(C) 5T — T ® C € M,,,(C), we have therefore

Since O((ADO(1m—n)x (m-n))®C) = O(ARC) DO (1 —n)px (m—n)p), We finally ob-
tain (A®C)®O(m—_nypx (m-n)p € O(B® C). Thus O(A)®0(C) = O(B)@0O(C).
The compatibility of < with multiplication follows. The compatibility with
addition can be proved analogously. Now, suppose that O(4) < O(B) and

O(B) = O(C)- Then n < m, m < p, A O(m,n)x(m,n) S O(B), and
B @O(p—m)x(p—m) € O(C). Since

A Mm((C) ST+— T O(p,m)x(p,m) € Mp((C)



194 CHAPTER 13. RANK FUNCTIONS

is a continuous map, we have

A S O(pfn)x(pfn) = A(A 2 O(mfn)x(mfn)) € A(O(B)) g

c O(B S3) O(p—m)x(p—m)) - O(O)v

and hence O(A) = O(C). Consequently, relation =< is transitive.

Let us turn to (i1). Suppose that O(A) < O(B) for some A € M, (C) and
B € M,,,(C). Pick an arbitrary positive integer k. We need to show that r4 (k) <
rp(k). If T € O(B), then rr(k) = rp(k), and hence each minor of the matrix 7%
whose size exceeds rp(k) is equal to 0. By the continuity of minors as functions
from M, (C) to C, it follows that if T € O(B), then each minor of T* whose size
exceeds rp(k) is also equal to 0. Therefore, since A® O(,—n)x (m—n) € O(B), we
obtain

rA(k) = rank((4 @ O(mfn)x(mfn))k) < I'B(k)'
Property (iv) follows immediately from Theorems [13.4.1 and [13.4.2 O

13.5 Rank Varieties

Rank varieties were introduced by Eisenbud and Saltman in [1].

Definition 13.5.1. The rank variety associated to a rank function p is defined
to be the set X, = {A € M,)(C) : ra < p}.

By Theorem if X, = A, then the rank functions p and o coincide too.

Theorem |13.4.2] in turn says that if A € M,,(C) is nilpotent, then O(A) is the
rank variety associated to r4.
Fundamental properties of the rank varieties can be summarized as follows

(ct. [I]).

Theorem 13.5.2. For any rank function p, the variety X, is a GL,)(C)-
invariant normal algebraic subset of M,y (C). Moreover,

oo

dim X, = (p(0))” = Y (p(k) = p(k + 1)
k=0

For the proof refer also to [8].
Notice that the determinantal variety H, = {A € M,(C) : rank(A) < r},
where r € {0,...,n}, coincides with the rank variety associated to the function

p given by
p(O) =n,
plk)=r,if k> 1.

This fact can be easily generalized.
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Proposition 13.5.3. Let E be a nonempty set of positive integers. Consider an
arbitrary function ¢ : E — N. Then there exists a unique rank function p such
that

{Ae M, (C): ra(k) < (k) forallk € E} = X,,.

Proof. Theset T ={r € R: 7(0) =n, 7(k) < p(k) for all k € E'} is nonempty
and finite. To complete the proof, it is therefore enough to define p = \/ T (see

Proposition |13.2.6)). a

The above p is obviously the greatest element of the set 7.
Example 13.5.4. Suppose that n > 7. Then
Z={A € M,(C): rank(A?) < n — 3, rank(A4®) < n — 7}

coincides with the rank variety associated to the greatest element p of the set
{reR:7(0)=n,7(2) <n—3,7(3) <n—"T} Itis not difficult to see that

,0(2):7175,
plk)=n—17, if k> 3.

Therefore, Z is a normal (hence irreducible) algebraic set and
o 2
dimZ =n®> =Y " (p(k) — p(k+1))" =n*> - 3> -2.2> =n” — 17,
k=0

It seems also noteworthy that max rank(A4%) =n — 5.
€

Finally, notice that the full nilpotent cone

Ny ={A e M,(C): Aisnilpotent} = {A € M,(C) : ta(n) =0} = O(J,),

where J,, stands for the nilpotent Jordan block of size n, is a rank variety.

13.6 Rank Functions and Irreducibility

Let us return for a moment to an arbitrary base field F. For a set £ C M,,(F),
we define R(E) = {ra : A € £}. Observe that R(£) is a finite subset of (R, ).
The following result comes from [10].

Theorem 13.6.1. The number of irreducible components of an algebraic set
E C M, (F) is greater than or equal to the number of maximal elements of R(E).
In particular, if € is irreducible, then R(E) has a greatest element.
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Proof. Suppose that £ # 0. Let K be the set of all maximal elements of R(E).
For any p € K we define £, = {A € £ : ra < p}. Each &, is an algebraic set.
Moreover, {J,cx €, = € and none of the sets &, is contained in the union of the
others. Consequently, if g € IC, then there exists an irreducible component C of
the set £ such that C C £,, and C is not contained in &, with any v different
from pg. This yields an injection from K to the family of irreducible components
of £. The assertion follows. O

={la o]V}

is reducible, although R(€) is a singleton.
We conclude the article with two remarks on the geometry of G£,,(C)-invariant
sets of nilpotent matrices (cf. [10]).

Notice that the set

Proposition 13.6.2. Let £ C M, (C) be a GL,(C)-invariant algebraic set of
nilpotent matrices. Then the number of mazimal elements of R(E) is equal to the
number of irreducible components of £. In particular, £ is irreducible if and only
if R(E) has a greatest element.

Proof. Consider the sets K and £, defined in the proof of Theorem
Since € consists of nilpotent matrices, it follows from Theorem [I3.4:2] and the
invariance of £ that for an arbitrary p =r4 € K we have

£, =ENO(A) = O(A).

Therefore, every set &, is irreducible, and hence {€, : 1 € K} coincides with the
family of irreducible components of £. ]

Corollary 13.6.3. If n < 5 and £ C M, (C) is a nonempty GL,(C)-invariant
algebraic set of nilpotent matrices, then & is irreducible.

Proof. It is easy to see that if n < 5, then the pointwise inequality is a total
order on the set {p € R : p(0) = n, the stable value of p is equal to 0}. O

Observe also that if n > 6, then in the above set of rank functions there exist
elements which are not comparable.
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Abstract

In this note we want to give some basic results concerning the so-called
conformal Killing tensors and their connections to another geometric object
— conformal Killing forms. We are mainly interested in the situation when
the Ricci tensor of a Riemannian manifold is a conformal Killing tensor and
we want to give a sketch of construction of examples of such manifolds.
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14.1 Conformal Killing tensors

In this section we will give a definition of a conformal Killing tensor and some
basic properties of this object. Throughout this chapter let (M,g) be a Rie-
mannian manifold, i.e. a differential manifold M with a symmetric, positive and
non-degenerate tensor field g called a Riemannian metric. We denote by V the
Levi-Civita connection of g.

Definition 14.1.1. A symmetric tensor field K on M is called conformal Killing
if there exists a tensor field P such that

VxK (X, X) = P(X)g(X, X) (14.1)

is satisfied for any vector field X. Moreover, K is called a Killing tensor field if
P is zero in the above identity.

One can immediately observe that this condition generalizes a so-called par-
allel tensor field, i.e. one that satisfies

VK =0

giving immediate trivial examples like the metric tensor g. If a conformal Killing
tensor field is not parallel we call it a strict conformal Killing tensor field.

It is easy to show that the above condition is equivalent to the following
cyclic sum condition:

Cx,yvzVxK(Y,Z)=CxyzP(X)g(Y,Z), (14.2)

for any vector fields X, Y and Z, where Cx y,z denotes the cyclic sum over X,
Y and Z. A tensor field satisfying (14.2]) with P = 0 is called cyclic parallel.
Killing tensors are important in physics due to the following property.

Proposition 14.1.1. A tensor field K is a Killing tensor on (M, g) if and only
if the function K(v'(t),~'(t)) is constant for every geodesic 7.

It is easily shown, that the 1-form P from Definition [14.1.1]is eqaul to

P(X) = ~ i 5 (VK (X) + dix, K (X)) (14.3)

with divK(X) = Y1 | Vg, K(E;, X) being the divergence of a tensor field K,
{E;}_, alocal orthonormal frame of TM with respect to g, n the dimension of
the manifold M, tr, the trace with respect to g and d denoting the operator of
exterior differentiation.
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Next we give some properties of conformal Killing tensor fields, after [§8] and
[5] characterizing those tensor fields due to their eigenvalues. For the remaining
part of this section let K be a conformal Killing tensor field with eigenfunctions
A1, - .-, Am corresponding to eigendistributions D1, ..., D, giving an orthogonal
decomposition of T'M with respect to g.

The first step in characterizing conformal Killing tensor fields is

Proposition 14.1.2. Let K be a conformal Killing tensor field as above. Then
for sections X, Y and Z of distributions D;, D; and Dy, respectively, where
1 # j # k we have

CX7y7zK(vXY+VyX, Z) =0. (144)

Next, for the 1-form P from the definition [I4.1.1] we have
Proposition 14.1.3. For a conformal Killing tensor field as above, we have
D; C ker(P — dX\;). (14.5)

To state the last property we need to define a special kind of distribution of
TM. We say that a regular distribution D of TM is totally umbilical if for any
sections X and Y of D there exists a vector field £ such that

(VxY +VyX)|pr =29(X,Y)§,

where by D+ we mean an orthogonal complement of D. The vector field £ is then
called a mean curvature normal vector field of D.
The last property is the following.

Proposition 14.1.4. Let K be a conformal Killing tensor field as above. For
any eigenfunction A of K corresponding to the eigendistribution Dy we have that
D, is totally umbilical. Furthermore, we have

1
g(éx,Z) = —— (du(Z2) — dX\(2)), (14.6
(& 2) = /\)( (Z2) —dA\(2)) )
where Z is a section of some other distribution D, with X # u and &\ is a mean
curvature vector field of Dy.

It turns out, as showed in [5], that those three properties characterize confor-
mal Killing tensor fields completely.

Theorem 14.1.1. Let K be a symmetric tensor field and let TM = @, D; be
an orthogonal decomposition of TM. Let K be defined as follows: K(X,X) =
Aig(X, X) for X a section of D;. Then K is a conformal Killing tensor field if
and only if the conditions and are satisfied and there exists a 1-form
P defined by P(X) = d\;(X) for X a section of D; satisfying (14.5).
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Using this theorem authors of [5] were able to locally characterize metrics
admitting conformal Killing tensor fields with two eigenvalues corresponding to
eigendistributions of dimension 1 and n — 1, where n is the dimension of M.

In fact the case of two eigenvalues is the most well-known until now. In
addition to the above mentioned local classification we have the following useful

property ([8]).

Proposition 14.1.5. Let K be a Killing tensor with a constant trace and exactly
two eigenvalues. Then both eigenvalues are constants. Moreover K is parallel if
and only if both eigendistributions are integrable.

14.2 AC*- and A-manifolds - introduction

Of special interest is the situation, when the Ricci tensor is a conformal Killing
tensor field. The following definition is due to A. Gray [6].

Definition 14.2.1. A Riemannian mnaifold (M, g) such that the Ricci tensor
Ric is a conformal Killing tensor is called AC*-manifold. If the Ricci tensor is
a Killing tensor then we call (M, g) an A-manifold.

Using (14.3) and the fact that 2divRic = dscal, where scal denotes the scalar
curvature of g, we have that every AC-manifold satisfies

2 2dsca1(X)g(X,X).

VxRiC(X,X) = n+

A trivial example of an A-manifold is an Einstein manifold, as the Ricci tensor
is just a constant multiple of the metric tensor.

The problem of finding examples of non-homogeneous and compact A-manifolds
was stated in 3], paragraph 16.56, problem (i).

First example of a strict .A-manifold is due to Gray ([6]). This is a homoge-
neous metric on the sphere S2. The first non-homogeneous example is due to W.
Jelonek, [8]. It is a special metric on a S'-principal bundle over a Kihler-Einstein
manifold. Some other examples examples were constructed by Jelonek, includ-
ing a K-contact and Sasakian A-manifolds, [12], almost Kéhler .A-manifolds on a
twistor bundle, |7]. The author generalized the construction from [8] in [21]. The
difference is in taking a principal r-dimensional torus bundle and a base which
is a product of Kéhler-Einstein manifolds. Furthermore, as a generalization of
the K-contact examples the author obtained an example of an A-manifold on a
r-torus bundle over a product of almost Kahler A-manifolds [20]. This example
generalizes all constructions on S'-bundles obtained before. In the last section
we will give a sketch of construction of this example.
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It is worth mentioning that Z. Tang and W. Yan have obtained in [19] new
examples of A-manifolds as focal sets of isoparametric hypersurfaces in spheres.

Interest in AC'-manifolds is also stated in |3], although the author just says
that not much is known about them. Since then, those manifolds where ex-
tensively studied by Jelonek. Constructions of such manifolds can be found for
example in [13], [9] and [11]. The first is the so-called warped product metric g
on a product manifold R x M; x My, where M; and My are compact Einstein
manifolds. The metric g is then defined as

1
g=dt®dt+fgl+?gz,

where dt is the length element on R, g; and g are Einstein metrics on M7 and My
respectively and f is some positive, periodic function on R. This manifold is of
course not compact. One can obtain a compact example from it in the following
way. Let A; and A, be isometries of M7 and M, respectively and let T' be the
period of the mapping f. Then

A(t7 X1, ,’EQ) = (t +T, A1($1)7 AQ(x2))

is an isometry of R x M; x My and the quotient manifold R x My x My/ZA
is compact. Jelonek showed, that when M; and M satisfy some assumptions
concerning dimensions and Einstein constants, there exists a function f such
that both R x M; x M, and the quotient manifold are AC*-manifolds.

One can prove a following property of A-manifolds due to Gray (|6]), situat-
ing the whole class somewhere between Einstein manifolds and constant scalar
curvature manifolds.

Proposition 14.2.1. Every A-manifold has constant scalar curvature.

As for non-existence results we have a classic one about A-manifolds, due to
Sekigawa and Vanhecke (|16]).

Theorem 14.2.1. FEvery Kdhler A-manifold has parallel Ricci tensor.
Moreover, as observed by Jelonek (unpublished) we can prove the following.

Proposition 14.2.2. Let (M, g) be a conformally Kihler manifold, i.e. suppose

that there exists a smooth function f on M such that (M, e’ g) is Kihler. More-

over, suppose that (M, g) is an A-manifold with two eigenvalues, such that one of
the eigendistributions is one-dimensional. Then the Ricci tensor of g is parallel.
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14.3 Conformal Killing forms

Let A denote the wedge product of differential forms and let ¢ x denote the interior
product with a vector field X defined for a differential p-form o by

an(Xl, . 7Xp71) = Oé(X, Xl, .. .,prl),

for any vector fields X;,..., X,_1. In the following we identify a vector field X
with its dual one-form defined by X(Y) = g(X,Y). Let d be the operator of
exterior differentiation and denote by ¢ the co-differential. One can prove that d
and J are linked to the Levi-Civita connection V by the following formulae

d:iEi/\in, 6:_iLEiin’
i=1

i=1

where {F;}"_, is some local orthonormal frame on (M, g) and n is the dimension
of M. Furthermore d and § are dual with respect to the pointwise scalar product
g on the space of differential p-forms induced by the Riemannian metric g of M
in the sense that

g(da, B) = g(, 6B),

where « is a differential p — 1-form and S is a differential p-form.
Now we can state the following definition, following Semmelmann (|17]).

Definition 14.3.1. Let a be a differential p-form on M. We call o a conformal
Killing form or a twistor form if the following identity is satisfied:

1 1
1Lxda ——X Ada, (14.7)

v =
xe n—p+1

for any vector field X. Moreover, if « is in addition co-closed it is called a Killing
form.

An extensive study of those differential forms (known also by the name of
Killing-Yano tensors in physics) is given in the series of articles by U. Semmel-
mann and A. Moroianu, here we only cite [17] and [18], which will be of relevance
to us.

A simple example of a conformal Killing form is given by the dual differential
1-form of a conformal Killing vector field, i.e. a vector field X satisfying

Lxg=fg,

where L denotes the Lie differential, and f is some smooth function on M. If
f =0, then the field X satisfying Lxg = 0 is called a Killing field, and its metric
dual gives an example of a Killing 1-form.
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It is widely known that a symmetrized product of Killing fields is a Killing
tensor field. By a symmetrized product of Killing fields &7,...,&x we mean a
tensor field K¢, . ¢, defined by

k

i,7=1

for any vector fields X and Y.

The following generalization of the above fact can be found in physics litera-
ture. As the author could not find any proof and since it is quite simple we give
it below.

Proposition 14.3.1. Let « and B be conformal Killing p-forms. Then the tensor
field K g defined by

Kop(X,Y)=g(xa,iyB)+ g(txf, va)

is a conformal Killing tensor field. Here by g we mean the pointwise scalar product
induced on differential p-forms by the Riemmanian metric g on M.

Proof. Let X be any vector field and «, 8 conformal Killing p-forms. We will
check that K, g as defined above satisfies (14.1)).

VxKap(X, X)=2X (g(txa,txB)) — 29(tvx x v, 1x3)
—29(tvyx B, txa)
=29(Vx(xa),ixpB) +2g9(txa, Vx(txpB))
—29(tvyxa,txPB) = 29(tvx x By tx )
=29(txVxa,ixB) +2g9(txa,ixVx ).
From the fact that « satisfies we have

g(txVxa,ixp) = (ex(exda),exfB)

1
n—p+1
1

= — 7T W X)g(a xB) — g(X A (1xda), xB))
1

=~y 19X X)g (0 1 ).

The same is valid for g with

p+1g
g(tx (X ANda),ex )

1

w19 X)9(08, 1xa).

g(txVxpixa)=—
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Hence we have

2

VaKasXX) =0T

9(X, X) (9(0c, txB) + g(6B,Lx ) .

O

Another link between conformal Killing forms and conformal Killing tensors
is present when (M, g, J) is a Kdhler manifold, i.e. J is the so-called complex
structure tensor which is parallel with respect to the Levi-Civita connection of g
and is compatible with g, meaning g(JX, JY) = g(X,Y) for any vector fields X
and Y. Additionaly on a Kéahler manifold we can define the Kéhler form w by
w(X,Y) =¢(JX,Y). This form is closed and co-closed, i.e. dw =0 = dw. We
have

Proposition 14.3.2. Let o be a J-invariant (a(X,Y) = a(JX,JY)) confor-
mal Killing 2-form. Then the symmetric tensor field K defined by K(X,Y) =
—a(JX,Y) is a conformal Killing tensor field.

Examples of conformal Killing forms on Ké&hler manifolds can be obtained
using the concept of a Hamiltonian 2-form.

Definition 14.3.2. Let a be a J-invariant differential two-form on a Kdhler
manifold (M, g,J). We call « o Hamiltonian 2-form if there exists a smooth
function o such that o satisfies

1
VXazi(da/\JXdea/\X)

for any vector field X .

Hamiltonian 2-forms were studied in [1], where local classification of manifolds
admitting such forms was obtained. As observed in this work and also in [18] we
have the following.

Proposition 14.3.3. Let (M,g,J) be a Kdihler manifold admitting a Hamilto-
nian 2-form . Then a = ) — %g(w,w)w is a conformal Killing 2-form. Con-
versely, if a is a conformal Killing 2-form and the real dimension of M is greater
than 4, then 1 = o — "349((*1, a)w is a Hamiltonian 2-form.

Thanks to this theorem and examples of Hamiltonian 2-forms given in [1] and
its sequels we obtain many examples of conformal Killing tensor fields on K&hler
manifolds.

Of particular interest is the case of weakly Bochner-flat, i.e. Kéhler manifolds
with harmonic Bochner tensor (Bochner tensor is the Kahler analogue of the
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Riemannian Weyl tensor). Examples of such manifolds can be found in literature,
to mention only Bochner-flat manifolds (|4]) and weakly self-dual Kahler surfaces
classified in [10] and [2]. In [1] authors proved that the normilzed Ricci form p
of a weakly Bochner-flat manifold is a hamiltonian 2-form. A normalized Ricci
form is obtained from the Ricci form p(X,Y) = Ric(JX,Y) of a Kahler manifold
by the formula

scal

n+2w

By Propositon the normalized Ricci tensor Ric(X,Y) = —p(JX,Y) is a
conformal Killing tensor. Due to the easy observation that if K is a conformal
Killing tensor, then also K + fg is a conformal Killing tensor for any smooth
function f on M we have that Ric = Ric + Z‘% g is a conformal Killing tensor.
Hence we proved

p=p—

Proposition 14.3.4. Every weakly Bochner-flat manifold is an AC*-manifold.

This result was obtained in a different way by Jelonek (see [11] and [9]).

14.4 Bundle construction

In the last part of this note we want to give an example of a construction of
an A-manifold on a r-torus principal fibre bundle over a special kind of almost
Kéhler manifolds following [20]. In the course of the construction we will give a
useful theorem about lifting Killing tensors from the base manifold to the total
space of the r-torus bundle.

Let (M, h) be a Riemannian manifold and suppose that j3; are closed 2-forms
on M fori=1,...,r such that their cohomology classes [3;] are integral. In |14]
it was proven that to each such cohomology class there corresponds a principal
circle bundle p; : P, — M with a connection form 6; such that

d@l‘ = 27Tpfﬂi. (148)

Taking the Whitney sum of bundles (p;, P;, M) we obtain a principal r-torus
bundle p : P — M classified by cohomology classes of 5;, ¢ = 1,...,r. The
connection form @ is a vector valued 1-form with coefficients 6;, where 0; are as
before. For each connection form 6; we define a vector field £¢ by 6;(£%) = 1. This
vector field is just the fundamental vector field for 8; corresponding to 1 in the
Lie algebra of i-th S!-factor of the bundle (p, P, M), namely R.

It is easy to check that the tensor field g given by

9= Z bij0; ® 0 +p*h (14.9)

ij=1
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is a Riemannian metric on P if [bij];jzl is some symmetric, positive definite
r X r matrix with real coefficients. This Riemannian metric makes the projection
p: (P,g) — (M,h) a Riemannian submersion (see [15]).

It is easy to prove the following lemma.

Lemma 14.4.1. Each vector field & for i = 1,...,r is Killing with respect to
the metric g. Moreover, define a tensor field T; by T; X = Vx&' for a vector field
X on P, where V is the Levi-Civita connection of g. Then we have

T;¢) =0, LaT; =0,
fori#j.

Hence, tensor fields T; are horizontal, i.e. for each i there exists a tensor field
Tlv on M such that p, o T; = Ti 0 Py

Using formulae for the Ricci tensor of the Riemannian submerson from Chap-
ter 9 of [3] we have

m

Ric(U,V) =Y g(Ag,U, Ag,V), (14.10)
=1
Ric(X,U) == g((VE,A)pX,U), (14.11)
=1
Ric(X,Y) = Ricy (X,Y) =2 " g(AxE;, Ay E;), (14.12)

i=1

where {E;}7, is some orthonormal basis of (M, h) lifted to the horizontal dis-
tribution of the submersion, Ricj, is the lifted Ricci tensor field of the metric h
on M, U,V are sections of the vertical distribution and X,Y of the horizontal
distribution. Moreover A is the O’Neill tensor which in our situation is given by

AxY = ) 07 (g(X. TY)E +g(€, X)TY),

1,j=1

for any vector fiedls X and Y. Observe that we omitted all components contain-
ing the O’Neill tensor 7. This is because one can prove that the fibres of the
Riemannian submersion p : (P, g) — (M, h) are totally geodesic and this cause
the vanishing of the O’Neill tensor T' (see for example [3], Chapter 9). Some cal-

culations applied to ([14.10]) - (14.12)) gives the following formulae for components
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of the Ricci tensor:

Ric(U, V) Zg Z bg(& U)TLE;, Y Wlg(b VITE; |, (14.13)
s,t=1 k,l=1
Ric(X,U) Z(Sdﬁt U) (14.14)
: s 1 a st
Ric(X,Y) = Riey (X, Y) — 5 > bg(T X, TY). (14.15)
s,t=1

Now, let (M,g,J) be an almost Hermitian manifold, where J denotes the
almost complex structure, i.e. a tensor field such that J2 = —idzys, and g is any
compatible metric satisfying g(X,Y) = g(JX, JY) for some vector fields X and
Y on M. We denote by w the Kéhler form. If w is closed we call (M,g,J) an
almost Kéahler manifold. Moreover one can prove that in this case the Kéhler
form is also co-closed. If J is not integrable, then (M,g,J) is a strict almost
Kahler manifold.

In [7] Jelonek constructed a strictly almost Ké&hler .4-manifold with non-
parallel and J-invariant Ricci tensor. Moreover the Kéhler form of such a man-
ifold has a useful property. It is a constant multiple of some differential 2-form
that belongs to an integral cohomology class i.e. a differential form in H?(M;Z).
An almost Kéhler manifold whose Kéhler form satisfies this condition is called
an almost Hodge manifold.

Returning to our construction suppose that (M;,g;,J;), ¢ = 1,...,n are al-
most Hodge manifolds such that K&hler forms w; are constant multiples of 2-
forms a; and their cohomology classes are integral, i.e. [o;] € H?(M;;Z). Denote
by (M, g,J) the product manifold with the product metric and product almost
complex structure and let pr; be the projection on the i-th factor. From our
earlier discussion we know that there exists a principal r-torus bundle classified
by cohomology classes of differential forms (i, ..., 8, given by

n
. *
= A3 PT; Qg s
i=1

where [aj;] is some r X n matrix with integer coefficients. By (|14.8)) the coefficients
6; of the connection form of (p, P, M) satisfy

df; =2mp* B = QWZ a;;p* (pria;)

i=1
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for every j = 1,...,r. Since o;’s and Kéahler forms w; of (M;, g;, J;) are connected
by w; = ¢;«; for some constants ¢;, ¢ = 1,...,n we have
df; =2 14.16
n 2; o (14.16)

where by w! we denote the 2-form obtained from lifting w; to P. From the fact
that 6;’s are dual to Killing vector fields &; we get a formula for each tensor field

T;
X _wa”Z aﬂk’“

j=1 k=1

where J; is the almost complex structure tensor of (Mg, gk, Ji) lifted to the
product manifold M.

From and from we can deduce that Ric(U, X) = 0 for a ver-
tical vector field U and horizontal field X, hence the horizontal and vertical
distributions of the submersion (p, P, M) are Ricci-orthogonal.

Again after some computations we get that

Ric(U,V) =72 Y g€, 0)g€ V)Y o (“S’“ ‘”kaE> (14.17)

s,l=1 i=1 k=1

Hence the vertical component of the Ricci tensor is a symmetrized product of
Killing vector fields and is a Killing tensor by Proposition

To prove that the horizontal part of Ric is also a Killing tensor field we need
the following theorem about lifting Killing tensors from the base of a S!-principal
bundle (]20]).

Theorem 14.4.1. Let K; be a Killing tensor on (M;,gi,J;) for i = 1,.
Then the lift K* of K = K1 + ...+ K, to P is a Killing tensor iff each K is
Ji-invariant.

It is worth noting, that we cannot lift in that way a conformal Killing tensor
with non-vanishing P. In fact taking three vertical vector fields we see that P
vanishes on vertical distribution. On the other hand for two vertical vector fields
U,V and one horizontal vector field X the left-hand side of vanish and the
right-hand side reads P(X)g(U, V), hence P has to vanish also on the horizontal
distribution.

Corollary 14.4.1. An r-torus bundle with metric defined by (14.9) can not be
an AC* -manifold. Especially there exists no ACt structures on K—contact and
Sasakian manifolds.
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Next we show that the second component of the horizontal part of the Ricci
tensor (14.15]) is just a sum of lifts of metrics g, k =1,...,n.

r

Z bg(TX, 1Y) =7 Z h ZbSJ Z 2k JkX anzﬂJl

s,t=1 s,t=1 i=1 =1
Since Jj and J; are orthogonal for different k,I =1,...,n we obtain
> bg(TX, T,Y) (14.18)
s,t=1
T n ks Qi . T al .
=Y > h stjcﬂjkx,Zbﬁc—’“JkY
sit=lk=1 \j=1 k i=1 k
=72 Z bji Z a]kalk g:(X,Y).
7,0=1 k=1

From the above Theorem we infer that, since a Riemannian metric is a Killing ten-
sor and each gy, is Ji-invariant, the tensor field K(X,Y) = EZ,t:l bt g(Ts X, T,Y)
is a Killing tensor field.

As a corollary from the above considerations we obtain the following theorem.

Theorem 14.4.2. Let P be a r-torus bundle over a Riemannian product (M, h)
of almost Hodge A-manifolds (My, gk, Ji), k = 1,...n with metric g defined by
(14.9). Then (P, g) is itself an A-manifold.

Proof. Since distributions H and V are orthogonal with respect to the Ricci tensor
Ric of (P, g) we can write it as

Ric(E, F) = 2 Z g€ E iig (“5’“ TeE;, a”“JkE>

s,l=1 i=1 k=1
T

T

1
+Ricy (B, F) = 57° 3 by Lk o (E, F)
jl=1 k=1

Ck

using (14.18) and (14.17).The first component is a Killing tensor as a symmetrized
product of Killing vector fields. The second and third components are Killing
tensors by Theorem since the Ricci tensor of the base is J-invariant.
Since a sum of Killing tensors with constant coefficients is again a Killing tensor
we have proved the theorem. O
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