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Preface

The analysis of combined loadings in the plastic range, very important both from
the theoretical and from the engineering viewpoint, is one of the more difficult
branches of the theory of plasticity. Recently the number of publications in this
field has increased so rapidly that the lack of a monographic treatment is evident.

The purpose of the present book is to fill this gap. It aims ata systematization
of the basic concepts, a description of methods of solution of typical problems and
a presentation of the more important solutions; above all, however, it furnishes
research workers and engineers with a guide to a very extensive bibliography. A classi-
fication of combined loadings has been introduced—successively at the levels of
a point of the body 2, of a cross-section &, and of the body as a whole #—and
has been used consistently throughout the book. As a rule the generally accepted
concepts and ideas have been used, but in certain cases the author has considered
it appropriate to introduce some new definitions, e.g. that of a spontaneous process,
of a statically partially admissible stress field, of a stress-quasi-cycle, of a strain-
quasi-cycle, of the decohesive carrying capacity, etc.

Particular attention has been paid to the provision of a comprehensive list of
references. The enclosed bibliography, given with full details, is allocated to indi-
vidual chapters, but gathered at the end of the book. It has more than 3000 entries
and is estimated by the author to constitute about 90 per cent of world literature
in the field of combined loadings in plasticity. Unfortunately, for technical reasons
the list of references had to be closed with the years 1975-1977 (to the successive
chapters), and more recent entries could not be included. The references to each
chapter are ordered alphabetically, but in the] text they are discussed in chrono-
logical order. The titles of the papers published in Latin alphabet are given in the
original language; in the case of other alphabets they were translated into English
(mainly papers published in Russian, Ukrainian, Bulgarian, Chinese and Japanese).
The titles of journals, proceedings, etc. are abbreviated; index of abbreviations intro-
duced is enclosed at the end of Bibliography.

Formally, the book is a translation of the Polish original, published by the Polish
Scientific Publishers, PWN, in 1973. In fact, it is a new book: the introduction of
over 1800 new references and of numerous new topics resulted in an increased vol-
ume.

The book, in spite of its monographic character, pays particular attention to
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VIII PREFACE

the didactic aspects of the subject and may also be used as auxiliary material in
teaching a course in Plasticity. The reader is expected to have taken the usual course
in the Strength of Materials, as given by the engineering faculties of the universities,
and also to have been given an introduction to the theory of elasticity and plasticity
and to the tensorial calculus.

Finally, the author would like to express his deep gratitude to the reviewers and
scientific editors of the book, Professors W. Szczepiriski, A. Sawczuk and J. A. Konig
from the Institute of Fundamental Technological Research of the Polish Academy
of Sciences in Warsaw, and to numerous colleagues from the Technical University
of Cracow—above all, to Professors M. Chrzanowski, Z. Kordas, W. Krzys, J. Or-
kisz, S. Piechnik, J. Rys, J. Skrzypek, G. Szefer and Z. Waszczyszyn, to Doctors
J. Biatkiewicz, K. Kowalczyk, T. Liszka, K. Szuwalski, R. Wojdanowska and
A. Zielinski, as well as to Mr. Mr. E. Cegielski, A. Dudek, J. Kraus, J. Kruzelecki,
M. Kur, T. Kurtyka, S. Laczek, M. Rysz, H. Sanecki, M. Stodulski and A. Troj-
nacki—for reading the individual chapters of the book and offering many valuable
remarks, and for their help in drawing the figures. Grants 05.12 and J-23 are
also gratefully acknowledged.

Michat Zyczkowski
Cracow, June 1979
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CHAPTER |

Basic concepts of the theory of combined
loadings

1 Levels of analysis of plastic deformations

1.1 Introductory remarks

The theory of plasticity is concerned with the analysis of permanent (plastic) de-
formations, characterized by the following two fundamental features:

(1) plastic deformations remain after their causes have been removed; they are
associated with a dissipation of energy, and hence the process is history-depen-
dent and irreversible;

(2) they are rate-insensitive, i.e. they are described by constitutive equations in-
variant with respect to the scale of time used. The effects of rate-sensitivity
are termed “viscous” and such effects are beyond the scope of the present book.

The irreversibility of the processes appears to be the most important physical feature
of plastic deformations. On the other hand, their main mathematical feature con-
sists in the deviations from linearity of constitutive equations,’ which is typical
for classical elasticity: namely, plastic deformations are governed by non-linear
constitutive equations (or, exceptionally, by linear non-homogeneous ones), estab-
lished on the basis of the results of experimental investigations.

From the point of view of engineering applications the latter feature is often
much more importanithan the physical property of irreversibility. In fact, the failure
of a structure made of a material which is capable to significant plastic deformations
is, as a rule, preceded by such deformations and a more accurate estimation of
failure loads requires an application of the equations of the theory of plasticity.
We often use these equations merely to describe the process connected with increasing
loadings, without being interested in the results of their removal. Of course, there
are also cases where the irreversibility of the process is of crucial importance; let
us mention, for example,
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2 I BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

(1) the technological processes of forming by means of large plastic deformations;

(2) the estimation of the carrying capacity of structures subject to variable repeated
loadings (shakedown problems), or to dynamic loadings,

(3) the estimation of the carrying capacity of structures subject to increasing loadings
but resulting in the formation of certain zones in which the energy is no longer
dissipated (locally passive zones).

In these problems irreversibility of plastic deformations is of fundamental
importance; of course, deviations from physical linearity must be taken into account
in any case.

As a result of the nonlinearity of constitutive equations the principle of super-
position does not hold and the knowledge for simple (pure) cases is usually insufficient
to solve the combined case. Cases of combined loadings must be solved separately,
often by means of special methods. It is to such problems of combined loadings,
defined more precisely in Sec. 4, that the present book is devoted.

1.2 Definitions of the levels of analysis and the classification symbolism adopted

The analysis of plastic deformations usually aims at determining the stress and strain
distribution and at estimating the carrying capacity of a body subject to a system
of various external loadings. Such an analysis, which may be called “integral”,
should be preceded, as a rule, by a “local” analysis, referring to the individual points
of the body. In the case of certain particular shapes of bodies often used in engineering
applications (bars, beams, plates, shells) we also introduce an intermediate level
of analysis; namely, we investigate plastic deformations or the carrying capacity
of the individual cross-sections. -

We shall thus distinguish three levels of analysis of plastic deformations. The
first, local level will be connected with the individual points of the body, regarded
as a continuous medium; it will be denoted by the symbol £ (as in [1.27)]. The next
“semi-integral” level will relate to the cross-section (of the bar, plate, etc.) — we
shall denote it by the symbol &. Finally, by the symbol # we shall denote the last,
integral level concerning the body or structure as a whole.

Of course, other levels of analysis might also be introduced. For example, the
microscopic or even the molecular level may be considered as the first one. However,
making use of the phenomenological theories of plasticity, we omit these levels.
Further, for certain structures composed of several elements (e.g. for trusses), a cer-
tain intermediate level between & and # might also be useful.

To discuss a process at a point or at a cross-section we often have to consider
a certain infinitesimal vicinity of that point or cross-section. In the case of a point P
we introduce an element whose three dimensions are all infinitesimal and whose
shape corresponds to the system of coordinates adopted. In the case of a section
of a bar S the element has two finite dimensions and one infinitesimal dimension
(along the axis); its shape is unique. Considering cross-sections of surface structures,
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1 LEVELS OF ANALYSIS OF PLASTIC DEFORMATIONS 3

denoted also by S, we employ elements with one finite dimension (thickness of the
plate or shell) and two infinitesimal dimensions; their shape may depend on the
two-dimensional system of coordinates parametrizing the middle surface of the
structure. At the integral level 2 the problem of infinitesimal vicinity does not occur.

Suppose that the process at any of the above-mentioned levels is controlled by n
independent factors of the nature of loadings but understood in a much broader
sense (cf. Sec. 1.3-1.6). Making use of the terminology of [1.24], we call any such
independent factor (control function) an exertion factor, and this term will uniformly
be used at all the three levels 2, & and %. The essential problem of independence
of the exertion factors at the particular levels will be discussed in Sec. 4.3.

Knowledge of the exertion factors as functions of time ¢ determines a process
which will be called the deformation process or the loading process.(*) In the theory
of plasticity—where we neglect viscous effects—the time scale is, as a rule, unimport-
ant, since the time variable may be eliminated and instead of time we may speak
of a time-like parameter. The exceptions are: dynamic processes (with inertia forces
taken into account) and processes in which time is a physical parameter (mechanical
properties depending on time, heating, irradiation, etc.).

1.3 Exertion factors at the level of a point of the body (%)

Let us now discuss typical exertion factors at the individual levels of analysis. At
a given point P of the body the stress components o;; are very often assumed to be
the most important exertion factors. Under the assumption of symmetry of the
stress tensor (couple stresses being absent) the number of independent stress com-
ponents in the general case is equal to six. Another possibility is to regard the six
strain components &;; as independent, i.¢. to regard them as exertion factors. In the
linearly elastic range the difference between these approaches is almost negligible,
whereas in the plastic range it may be essential. For example, testing machines may
be controlled either by stresses (soft loading) or by strains (hard loading, R. M.
Shneyderovitch [1.17), V. Ya. Yablonko [1.22]). Physical differences between the
above two cases are discussed in [1.23].

Besides these extereme cases of the selection of exertion factors, many intermed-
iate cases may occur. Choosing any six of the twelve quantities a;;, &;, we obtain
121/6! 6! = 924 combinations,(?) but of course not all of them are possible, because
of certain dependencies. Such a discussion seems to be of purely academic character,
but actually it is not. On the contrary, very often the process cannot be described
(controlled) either by the six stress components or by the six strain components.
For example, perfect plasticity excludes control by the six stresses (since they are
not independent in view of the yield condition), and incompressibility of material
excludes control by the six strains. In such cases “mixed” control is the most
appropriate; Ilyushin suggests here five independent components of the strain

(*) Loading in the broader sense, cf. Sec. 2.2.
() A. A. Ilyushin [1.11] suggests here the number 3696 without explanation.
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4 I BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

deviator and mean stress o,. In particular cases, however, other combinations are
used: for example, if a thin-walled tube is subject to simultaneous tension and torsion
in a “hard” testing machine, then the process is controlled by the following six
quantities (in cylindrical coordinates r, 0, 2): &, = £.(1), Y4 = ¥e:(2), 0, = 0,(2),
0y = (1), 7., = 7.,(¢t) and 7,4 = 7,4(¢), Where 0, =gy =1, =1, =0.

Besides stresses or strains, or their combinations, many other quantities may be
regarded as the exertion factors at the level 2. The most important of them is tem-
perature, which appears explicitly in the constitutive equations (thermal expansion)
and affects the mechanical properties of the material. The corresponding branch
of plasticity is called thermoplasticity, the basic equation of which will be discussed
in Chapter III.

The influence of other factors on the plastic deformations at the level 2 has not
been investigated very extensively as yet. Let us mention here the effect of neutron
irradiation, magneto-plasticity, humidity of timber, etc. Further, the influence of
gradients (stress or strain gradients) may be significant as well, and in those cases
gradients should also be considered as exertion factors.

Finally it should be noted that in viscoplasticity strain rates may be regarded as
essential exertion factors; in classical plasticity they are in most cases unimportant.

1.4 Exertion factors at the level of a cross-section (%)

The concept of the cross-section may be introduced for an arbitrarily shaped body;
however, it constitutes a particularly useful tool of analysis for structures which may
approximately be treated as one-dimensional (one of the dimensions, length, much
larger than the remaining two) or two-dimensional (one of the dimensions, thick-
ness, much smaller than the remaining two).

In one-dimensional structures (line structures, more often called bar structures
or rods) as the cross-section we understand a section perpendicular to the bar axis.
Such a cross-section is two-dimensional and is characterized by its shape, deter-
mined, for example, by the function r = r(6) describing the contour in polar coordi-
nates r, 0. Of course, in particular cases the Cartesian coordinates may be more
suitable than the polar ones. In any case the existing variety of shapes of the cross-
sections of line structures is of great importance in the theory of plasticity: as a rule,
the deformation processes at the level & must be analysed separately for the individual
shapes of the cross-section. Further complications may occur in cases of transverse
non-homogeneity of the material.

In the general case of naturally curved and twisted bars the process in a cross-
section is affected by the relevant geometrical characteristics of the infinitesimal
element, i.e. by the initial curvatures %,, and x»,, and the initial angle of twist &,
and hence a more accurate description of the cross-section should be completed by
these three quantities (components of an antisymmetric tensor or of an associated
vector). However, in an engineering approach the results of the analysis for %,, = %o,
= @ = 0 are often approximately applied to naturally slightly curved or twisted
bars. A similar remark refers to a cross-section of slightly non-prismatic bars.
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1 LEVELS OF ANALYSIS OF PLASTIC DEFORMATIONS 5

Consider the cross-section of a bar with the axis x (if the bar is naturally curved,
then x corresponds locally to the direction tangent to the axis), and let the axes y
and z coincide with the principal centroidal axes of that section. Resolve the result-
ant (internal) force in that section into the axial force (or normal force) Ny = N
and two shear forces (or transverse forces) ¥, and V,, and the resultant (internal)
moment into the twisting moment M, = M, and two bending moments M, and M..
These six quantities, called generalized stresses (or generalized internal forces),
are usually regarded as the exertion factors at the level &. Figure 1 shows them as

Fig. 1. Generalized stresses in a cross-section of the bar

acting on a face of the infinitesimal element of the bar. The local system of coordi-
nates is in this case uniquely defined (except for sections with infinitely many prin-
cipal directions), and the problem of transformation and invariance of the consti-
tutive equations is, as a rule, irrelevant here. '

The six generalized stresses have six corresponding generalized strains. Usually
they are defined in such a way as to be consistent with the generalized stresses in
the sense of the principle of virtual work (cf. Sec. 1.6). Thus the generalized strains
in the cross-section of the bar or beam are usually interpreted as unit elongation,
two transverse shearing strains, unit angle of twist and two curvatures, though,
in a more rigorous treatment, their interpretation may be slightly different (e.g. the
curvature of the neutral axis instead of the curvature of the centroidal axis of the
beam, cf. Sec. 22.5). In the case of naturally curved and twisted bars the interpret-
ation of generalized strains changes into curvature increments and a twist increment
(also approximately, cf. Sec. 36.3). The above quantities may also control the process
at the level &, and hence they may serve as exertion factors at that level.

In the case of thin-walled bars, besides the above-mentioned six generalized
stresses, two other related quantities may appear: the bimoment (warping group,
sometimes also called the warping moment) B and warping moment (warping torque)
M,. These quantities may also be treated as independent, and the maximal number
of generalized stresses in this case is raised to eight.

The influence of other factors may be more complicated. If we consider the
effect of temperature supposed to be constant in the whole cross-section, then the
temperature 7" may also be regarded as an exertion factor at the level &. If the
temperature distribution is determined by » parameters, then any of those parameters
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6 I BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

may be treated as an exertion factor. In the general case of arbitrary temperature
distribution the number of exertion factors would increase infinitely, complicating
the analysis. Similar remarks apply to the distribution of humidity, etc.
Consider now exertion factors at the level & for a surface structure (plate or
shell); some differences with respect to the cross-section of line structures may be
observed here. We introduce the concept of a cross-section of a surface structure
as follows. The counterpart of a two-dimensional cross-section of a bar is here
a one-dimensional object, namely the segment —H < z < H, where 2H denotes
the thickness of a plate or shell, and z is measured perpendicularly to the middle
surface. Further, the counterparts of the natural curvatures and twist of a bar cor-
respond here to the curvatures of the middle surface of an infinitesimal element of
a shell, %oxx, Xoyy» Xoxy (components of a two-dimensional tensor of curvatures).
Choosing the mutually orthogonal directions x and y as coincident with the prin-
cipal directions of the tensor of curvatures, denoted by & and 7, we may give a simple
geometrical interpretation to the concept of a cross-section of a shell, completing
the segment —H < z < H with two elementary sections determined by o and
Xogy» 1€, CUt in such a way as to be compatible with the neighbouring sections (Fig. 2).

Fig. 2. The concept of a cross-section of a surface structure

Just as in the case of a cross-section of a bar, the simplified engineering approach
aims at getting rid of the additional parameters x, and at the application of the
analysis carried out for the cross-section of a plate (Xoxx = Xoyy = %oxy = 0) to
slightly curved shells.

In contradistinction to the cross-section of a bar, the cross-section of a surface
structure, being one-dimensional, has no shape. However, even here a certain excep-
tion may be found. If we consider a sandwich structure, consisting of two working
layers and a core transmitting shearing forces (Fig. 3), then the segment defined
as the cross-section is approximately reduced to two points. Integration of stresses
may be replaced here by simple summation. In certain cases multilayer surface
structures are also employed (e.g. P. G. Hodge [1.5]), then the cross-section may be
called the multipoint cross-section. Possible transversal non-homogeneity of the
material may influence the analysis as in the case of the cross-section of a bar.
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1 LEVELS OF ANALYSIS OF PLASTIC DEFORMATIONS 7

Fig. 3. Element of a sandwich surface structure

In each elementary “component” section of the cross-section of a surface struc-
ture, defined above, five generalized stresses (generalized internal forces or sectional
forces) may appear: in the classical approach it is assumed that bending moments
in the plane tangent to the middle surface vanish. Those generalized stresses are
shown in Fig. 4 as acting on the faces of the infinitesimal element of a shell, cut in

Fig. 4. Generalized stresses acting on the faces of an element of the shell

the principal directions & and 7. They are: two bending moments M, and M, , two
twisting moments M, and M,,, two normal (direct) forces N; and N, two tangential
forces Ng, and N,¢, and two shearing forces Q; and Q, . These generalized forces are
related to the length of the middle line of the component section, and hence their
usual dimensions are divided by the dimension of length. Thus, in the general case
in the cross-section of a surface structure there may appear ten exertion factors of
type of generalized stresses, or the corresponding ten generalized strains. In the
case of a plate (slab) we have M,, = M, and N, = N, and the above-mentioned
number is reduced to eight; if the analysis is confined to small deflections without
in-plane loadings, then N; = N, = N, = 0 and there remain five exertion factors;
neglecting the influence of transverse shear, we reduce this number to three; for
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8 I BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

a plate under in-plane loadings only this number also equals three. Other reductions
may be due to the rotational symmetry of the loading and of the shape.

In view of the arbitrary choice of the two mutually orthogonal elementary “com-
ponent” sections, the corresponding constitutive equations must be invariant with
respect to the (two-dimensional) transformation of those sections. This invariance
is ensured by the tensorial character of moments M and of membrane forces N,
and by the vectorial character of shearing forces Q. Taking into account of other
exertion factors (temperature, humidity, etc.) involves difficulties similar to those
arising in the case of the cross-section of a bar.

1.5 Exertion factors at the level of the body as a whole (%)

At the integral level of the body (structure) as a whole, %, the exertion factors are

usually identified with independently acting external forces P;. Sometimes the

external loadings are to a certain degree interdependent, and then it is convenient to

express them in terms of the “loading multipliers.” For example, if a continuously

distributed loading g(x) can be presented in the form g(x) = Z a; fi(x), where f;(x)
i

are certain prescribed functions, then the quantities «;, called loading multipliers,
may be regarded as exertion factors at the level #. Other factors may be connected
with the formation of body forces (specific gravity, angular velocity), with the distri-
bution of temperature (heat sources), intensity of irradiation, etc. Sometimes certain
displacements may be regarded as exertion factors, but in many practical problems
the situation is more complicated.

Consider, for example, a specimen subject to uniaxial tension in a testing machine.
Here we have only one exertion factor at the level # (neglecting possible changes of
temperature and the effect of velocity of loading); that factor depends on the con-
struction of the machine. In the simplest case of mechanical drive the exertion factor
coincides with the angle of rotation of the power screw, and consequently with the
elongation of the specimen (hard loading). In the case of a hydraulic drive such an
independent factor may be identified with the amount of oil conveyed to the piston
chamber. Under the assumptions of incompressibility of oil, of perfect seal of the
chamber and of perfectly rigid structure of the machine, the exertion factor would
also correspond to the elongation of the specimen. In fact, however, the machine
is not perfectly rigid, and oil is compressible, and so the exertion factor under
consideration is connected both with elongation and with oil pressure, i.e. with the
force transmitted by the specimen. Even the location of the specimen may be im-
portant here: placing it as low as possible, we have the least possible amount of
oil under the piston, its compressibility is negligible and the exertion factor is more
closely related to the displacement. The extremely opposite case would occur if the
fluid were replaced by a gas: under small changes in volume (connected with the
elongation of the specimen) gas pressure remains almost constant and so it is the
transmitted force that would then be the exertion factor (soft loading).
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2 ACTIVE AND PASSIVE PROCESSES. LOADING AND UNLOADING 9

Paper [1.26] draws attention to the exertion factors of other types, e.g. the eccen-
tricity of the force compressing a column. Indeed, if such a quantity is independent
and can change during the deformation process, then it influences that process in an
essential manner. Related exertion factors are: position (coordinate) of the force
if moving, say, along the beam; angle of inclination of the force if it can turn round,
etc. The characteristic feature of such factors is that they do not cause any defor-
mation process by themselves—it takes place only if at least one other exertion fac-
tor is present.

1.6 Basic exertion factors

Generalized stresses and generalized strains may be introduced in various ways,
but for many reasons it is convenient to base their definitions on energy consider-
ations. Suppose we can find such consistent (or conjugate) systems of’: (1) stresses o;;
and strains ¢;;, (2) generalized stresses Q; and generalized strains ¢;, (3) generalized
external forces P; and generalized displacements u;, that the virtual work 6 may
be presented

for bar structures in the form
{
oW = SSS 0y 0eydV = SQ.éq,ds = P,du,, (1.1)
V. 0

and for surface structures in the form

ow = \§ o, 0e,av = §0,0g,d4 = Pouy; (1.2)
1 4 A

in these equations ds denotes the elementary arc of the undeformed axis of a bar,
dA—the elementary area of the undeformed middle surface of a plate or shell,
and the Einstein summation convention holds (whenever the same letter index
occurs twice in a term, that index is to be given all possible values and the results
added together). Then it is convenient to single out the stresses o;; at the level 2,
the generalized stresses Q; at the level &, and the generalized external forces P;
at the level #; they will be called the basic exertion factors at the individual levels
of analysis. Under the restriction to basic exertion factors it is possible to prove
many theorems which are no longer valid in the general case, exceeding these fac-
tors. The remaining factors will be called the accessory exertion factors, though
their influence on the deformation process under consideration may also be essential.

2 Active and passive processes. Loading and unloading

2.1 Definition of plastically active and plastically passive processes

The theory of plasticity deals, in principle, with irreversible processes; however,
certain fragments of those processes may be reversible. Irreversibility is connected
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10 1 BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

with the dissipation of the mechanical energy, i.c. with the conversion of that energy
into heat. Let us restrict ourselves, for the time being, to the analysis at the level 2,
of a point of the body. A process (or its fragment) that is irreversible in view of energy
dissipation will be called plastically active, or, more briefly active, whereas a process
without energy dissipation will be called plastically passive, or passive. These con-
venient terms were introduced by H. Tresca at the earliest stage of the development
of the theory of plasticity; later they were identified with quite different terms,
namely “loading” and “unloading”, respectively, but such identification has many
defects and may lead to certain misunderstandings; therefore in the present book
the two sets of terms will be distinguished (Secs. 2.2-2.4). Plastically passive processes
are also sometimes called elastic; it seems more convenient to reserve this term for
passive processes not preceded by active ones, but in the general case of passive
processes we may speak of “elastic changes” (of stresses, strains, loadings, etc.).
In the case of passive processes an elastic potential function exists and the final
state is independent of the process trajectory.

It is very important to distiguish active and passive processes not only from the
physical point of view (different character of the phenomena under discussion),
but also from the mathematical point of view, since they are described by different
constitutive equations. However, it should also be mentioned here that V. D. Klyushni-
kov in [1.12] attempted to establish certain universal physical equations which aimed
at describing any process in a uniform manner (as an active one, cf. Sec. 15.4).

In principle, there is no difficulty in defining active and passive processes at the
level 2; difficulties may arise in the formulation of mathematical conditions sep-
arating these processes. This problem will be discussed in detail in Secs. 9.5, 11, 12,
and 14.

The levels & and % furnish a larger variety of processes. As a passive process
we understand here a process which is passive at each point of the cross-section or
body under consideration. The process which is active at each point will be called
fully active or fully plastic. A shorter term, active process (or elastic-plastic process)
will be assigned to processes which at individual points are either active or elastic
(passive but not preceded by active ones). If the process is active at certain points
and, at other points, passive but preceded by an active process, then—referring to
the whole section or body—we call that process partly active or active-passive.
Such processes are usually the most difficult for analysis: one has to keep track of
the formation of locally passive zones. These zones are often called local unloading
zones but the latter term does not conform to the definition of loading adopted in
the present book, and will be given certain other meaning, cf. Sec. 2.4.

2.2 Loading and unloading in the case of one exertion factor

We are now going to define the process of loading (in the narrower sense) and that
of unloading. It is true that active processes are usually observed under increasing
forces and passive ones—under decreasing forces, but there are many arguments
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2 ACTIVE AND PASSIVE PROCESSES. LOADING AND UNLOADING 11

against the widely adopted identification of “loading” and “unloading” with “active”
and “passive” processes, respectively. To begin with, it should be noted that the
concepts of active and passive processes are introduced especially in the theory
of plasticity, whereas the much older terms “loading” and “unloading” are tra-
ditionally understood as purely technical ones, connected with certain fragments
of an experiment or with the type of work of the structure regardless of the
properties of the material used. Further, the initial fragment of the deformation
process is usually elastic, and hence plastically passive; it would be absurd to call
it “unloading”, and thus one has to introduce exceptions from the beginning (un-
loading may be identified with passive processes preceded by active ones). But even
here we find further inconsistencies, since certain fragments of unloading may be
active (cf. Sec. 8.8), and secondary loading may be passive. Hence we adopt separate
definitions of loading and unloading, more traditional and not necessarily connected
with the theory of plasticity.

First consider the case of one basic exertion factor at the level 4, for example
a body under one independent force P. It is logically justified to use the term “loading”
for the increase of the absolute value of such a factor, and the term “unloading”
for its decrease. Further specification may be achieved by the adjectives “secondary”
(second loading by the force of the same sense), “reverse” (second loading by the
force of the opposite sense), etc. Finally, if the process develops without any change
of the exertion factor, it may be called a “spontaneous process”, since we have no
influence on its course. These terms correspond also to the role of exertion factors
as control variables.

Similar definitions can also be introduced for displacement-controlled processes.
However, discussing other processes controlled by one accessory exertion factor
we realize that it is not always reasonable to distinguish between loading and un-
loading in the meaning introduced above. For example, consider a beam under
a constant-value moving force where the exertion factor is the coordinate of its
application point. In the case of a cantilever beam it is justified to apply the term
“loading” to the process governed by increasing distance of the force from the
clamped end, and the term “unloading” to the process governed by decreasing
distance from that end. On the other hand, if we consider simply supported beams,
or, particularly, continuous beams under moving forces of constant value, then any
division of the process into “loading” and “unloading”, conforming to the defini-
tions adopted, seems impossible. We then simply speak of the loading process (or
deformation process) understanding “loading” in the broader sense as any change
of exertion factors. Similar remarks pertain also to other accessory exertion
factors, such as temperature, humidity, irradiation, etc.

Consider now the processes at the levels 2 and &, governed by one basic exertion
factor. In order to introduce the definitions of loading and unloading similar to
those at the level %, we first have to discuss the problem of invariance of the exertion
factors at the levels under consideration, e.g. at the level 2. The stress components,
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12 I BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

in general, are not invariant since they depend on the system of coordinates adopted.
However, if they are exertion factors, i.c. if they control the process at the level 2,
then they are uniquely defined, and hence invariant. For example, if a cylindrical
shell (thin-walled tube) is subject to simultaneous force-controlled tension, torsion
and internal pressure, then the process at any point is controlled by axial stress o.,
circumferential stress o, and tangential stress 7.,. They are uniquely determined
irrespectively of the system of coordinates adopted; they may be interpreted as
certain common invariants of the stress tensor and of the tensor of curvatures of
the shell (components of the first tensor in the principal directions of the second
can). Such a case occurs, first of all, if the stress distribution in the body is statically
determinate, or if the strain distribution is geometrically determinate (and such
cases are mostly used in experiments). Now, in the case of one exertion factor we
can define loading at a point by the increase of the absolute value of that factor,
and unloading—by its decrease.

It should be noted, however, that in the general case of an arbitrarily shaped
body and of arbitrary external loadings it may be difficult to find the proper exertion
factors, controlling the process at an arbitrary point of the body. If the principal
directions of stresses or strains at any point of the body are fixed and known, then
the principal stresses (or strains) may serve as exertion factors; they are invariant
and a distinction between loading and unloading can be introduced. In other, more
general cases, if only the stress components in a certain arbitrarily chosen system
of coordinates may serve as exertion factors, they are not invariant and in this case
loading and unloading at the level 2 cannot be distinguished (let us recall, however,
that active and passive processes were defined in Sec. 2.1 in a quite general manner).

Before proceeding to more complicated cases let us show a simple example
of confrontation of the definition introduced. Consider the process of uniaxial ten-
sion-compression of a mild steel specimen, represented by the diagram in Fig. 5.

04

6

4
H

Fig. 5. Active processes versus passive processes; loading versus unloading
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2 ACTIVE AND PASSIVE PROCESSES. LOADING AND UNLOADING 13

Point A corresponds to the elastic limit, B to the upper yield point, C to the lower
yield point. The notions of plastically active and passive processes are defined
uniquely (we identify here a plastically active process simply with the deviations from
Hooke’s law, cf. Secs. 8.5 and 9.5), whereas the terms “loading” and “unloading”
depend on the choice of the exertion factor (in fact, on the construction of the testing
machine). Two typical cases will be compared: exertion factor ¢ and exertion fac-
tor . For small plastic deformations of a prismatic, homogeneous specimen those
factors are equivalent to the force P (soft loading) and to the elongation A4/ (hard
loading), respectively. The classification of the individual fragments of the process—
in accordance with the definitions adopted—is given in Table 1.

Table 1
Classification of a tension-compression process

process: loading-unloading

fragment process:

of the process active-passive exction exEion
factor o factor e
0A passive loading loading
AB active loading loading
BC active loading
CcD active } Ponnoous loading
DE active loading loading
EF passive unloading unloading
FG passive loading unloading
(reverse)
GH active loading unloading
(reverse) (reverse)
HI passive unloading loading
(secondary)
J passive loading loading
(secondary) (secondary)
JK active loading loading
(secondary) (secondary) (secondary)

It may be seen from Table 1 that even in this simple case some misunderstandings
may occur and a distinction between an “active process” and “loading” on the one
hand and a “passive process” and “unloading” on the other hand seems indispensable.
Moreover, it should be noted that the exertion factor (control variable) affects here
not only the name but also the process itself: if the process is controlled by o, then
we obtain the straight segment of a spontaneous process BD, whereas ¢ as the exertion
factor makes it possible to investigate the loading curve BCD.

2.3 Loading and unloading in the case of several exertion factors

In the case of several basic exertion factors the following definitions seem to consti-
tute a logical extension of the definitions adopted above: loadings occurs if all the
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14 I BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

absolute values of the exertion factors are non-decreasing functions of time (at
least one of them increasing); unloading occurs if all the absolute values are non-
increasing functions of time (at least one of them decreasing); a mixed process occurs
if some values are increasing and other decreasing; finally, a spontaneous process
occurs if at all exertion factors happen to be constant. These definitions are illus-
trated in Fig. 6 for the case of two exertion factors. Of course, all the difficulties con-

praporlienal

. | locaing o loading
G,8 mixed =~
process / Spontaneous
<\ process
pr&por//bnc/

unloadinga2 // \\:m/xa/
l urloading

Process
ol 6

Fig. 6. Loading and unloading in the case of two exertion factors

cerning the accessory exertion factors arise here as well, and a logical distinction
between “loading” and “unloading” is not always possible.

Animportant type of loading takes place if all the absolute values of basic exertion
factors increase proportionally to a certain parameter (a monotonically increasing
function of time). This process will be called proportional loading, and the case of
proportional decrease—proportional unloading. In these specified cases the number
of exertion factors is practically reduced to one, since all the other factors depend
uniquely on the first one. A related, but slightly more general kind of process, called
simple loading, will be defined in Sec. 9.8.

The difference between the definition of active process and that of loading adopted
in the present book should be stressed once more. The process of loading (in the
narrower sense of the term) may be passive not only in the case where it wholly
belongs to the elastic range but even if it starts at the yield point. An example of
such a process under plane stress conditions is shown in Fig. 7. The material is

%

4
. /
G
“%

Fig. 7. A passive process corresponding to loading starting from the yield-point stress

&) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



2 ACTIVE AND PASSIVE PROCESSES. LOADING AND UNLOADING 15

assumed to obey the Huber-Mises—Hencky yield condition.(*) If we take the prin-
cipal stresses o, and o, as the exertion factors, and start from point ¢, = g, (yield-
point stress), o, = 0, then during the process described by the stress increment
vector do the control variables o, and ¢, both increase and, according to the defi-
nition adopted, loading takes place. On the other hand, according to the Huber-
Mises-Hencky hypothesis, plastic deformations during this process do not change,
energy is not dissipated and the process is plastically passive.

2.4 Interrelation between loading and unloading, active and passive processes at
various levels

The interrelation between active and passive processes at the individual levels of
analysis is clearly stated by the definitions adopted. On the other hand, the inter-
relation between loading and unloading at various levels is more complicated, even
in the case of one exertion factor at all levels.

Usually loading at the level 2 results in loading also at the levels % and 2, but
there are many exceptions. Typical exceptions are connected with the influence
of geometry changes, for example in the case of eccentrically compressed slender
columns. Then the increase of the force results, in certain zones, in the decrease of
stresses (local unloading zones) or even subsequently in the increase of the stresses
of opposite sign (zones of reverse loading). If the whole process is elastic, i.e. plas-
tically passive, then these unloadings and secondary loadings are unimportant: they
do not influence the constitutive equations at the level & or 4. However, if active
processes are followed by partly active ones (with the zones of passive unloading),
then the constitutive equations change their form.

A.A. llyushin [1.7, 1.8] proved ‘that in the simplest case of a proportional loading
process at the level 4 (by surface tractions and body forces only), the loading is
also proportional at the levels & and 2, but even this statement is valid only under
very restrictive assumptions of incompressibility and homogeneity of the material,
power plastic hardening law, and neglected geometry changes of the body. Thus,
under these assumptions, in a body subject to a one-parameter (proportionally
increasing) system of forces no unloading occurs. If we reject any of the above-men-
tioned assumptions, we easily find counterexamples to the theorem.

Typical counterexamples connected with the geometry changes have been known
for a long time. The first example of local passive unloading in a system subject
to a single increasing force, without geometry changes taken into account, was given
by D. C. Drucker [1.3]; he considered a non-homogeneous three-bar system, as-
suming a rigid-linearly-hardening material. Similar examples were discussed in detail
by L. Finzi [1.4] and P. G. Hodge [1.6]. Another simple example is furnished by
pure bending of a perfectly elastic-plastic beam with a monosymmetric cross-section:
unloading zones are due to the shifting of the neutral axis. If we neglect geometry
changes, these effects are usually small (they were studied by I. S. Voronyuk [1.20]),

(*) A detailed discussion of the yield conditions is given in Secs. 9.3, 11 and 12.
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16 I BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

but they are clearly visible if geometry changes are taken into account (B. Liicke
[1.13], unloading and reverse loading processes at particular points of the body
under a monotonically increasing external load).

These complications, shown in very simple cases, illustrate the difficulties en-
countered in the case of combined loadings. Some more general criteria excluding
local passive unloading are given by O. De Donato and G. Maier [1.2].

3 Concept of the interaction surface (limit surface)

3.1 Space of the exertion factors

A convenient geometrical interpretation of the deformation processes under discussion
may be obtained if we introduce the n-dimensional Euclidean space of the exertion
factors at any level 2, &, # [1.24]. Confining our considerations to basic exertion
factors, we have n < 6 at the level 2, and n < 6, n < 8, n < 10 at the level & for
a solid bar, thin-walled bar, and a surface structure, respectively. These numbers
follow from the discussion given in Sec. 1. At the level Z the number of dimensions
of the space may be arbitrarily large; the same applies to the levels 2 and & if
we take accessory exertion factors into account.

The space of exertion factors might also be called the space of independent vari-
ables or of control variables. An arbitrary process may be presented as a line (path,
trajectory) in that space.

Similarly, the space of dependent variables may be introduced. For example,
if at the level 2 the space of independent variables is identified with the stress space,
then the strain space may be regarded as the space of dependent variables (or vice
versa); such a space has been introduced by A. A. Ilyushin [1.10, 1.11]. In the space
of the dependent variables the process (or rather its result) may also be presented by
a certain trajectory, corresponding to the given line in the space of the exertion
factors. The determination of that resulting line is one of the main problems of
the theory of plasticity. It is necessary to know both lines in order to know the whole
process. The correspondence of those lines constitutes, from the mathematical point
of view, a certain transformation; we look for the value of that transformation.

This type of solution—knowledge of the value of the transformation—may be
called solution in the broader sense. In the narrower sense we only look for the coor-
dinates of the point in the space of dependent variables corresponding to the end-
point of the trajectory in the space of exertion factors. Then the result is expressed
by the value of a certain functional depending on that trajectory.

The deformation process usually runs over various ranges, differing from each
other from the physical and mathematical point of view. Those ranges may be rep-
resented by the corresponding domains in the space of exertion factors. The surfaces
separating the individual domains, will generally be called interaction surfaces or
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3 CONCEPT OF THE INTERACTION SURFACE 17

limit surfaces; (*) in the case of an n-dimensional space we may speak about inter-
action hypersurface, in the case of a plane (two exertion factors)—about interaction
curves.

3.2 Typical interaction surfaces

We are now going to discuss typical interaction surfaces (limit surfaces) at the levels
2, &, and 4. Investigating the deformation process at any these levels, we first
have to separate the domain of elastic deformations (passive processes) from the
domain in which plastic deformations appear (active processes). However, this
problem, simple from the physical point of view, presents some difficulties as re-
gards effective determination of the corresponding interaction surface.

At the level 2 this surface should be determined experimentally. The correspond-
ing stress is called elastic limit, and hence the term elastic interaction surface, or
more briefly, elastic surface seems to be justified. Practical determination of the
elastic limit is usually connected with the measurement of a certain plastic strain,
and if the requirements of accuracy are not very sharp, then the elastic limit is ident-
ified even with the yield-point stress (cf. Sec. 8.1).

At the levels # and 4 the limits of elastic deformations are as a rule determined
theoretically, by using a certain schematization (approximation) of the stress-strain
diagram. Here the identification of the elastic limit and the yield-point stress is very
common. The limit state in question will be called the elastic carrying capacity and
the corresponding interaction surface the elastic surface as at the level 2. The corre-
sponding quantities (in the case of a single exertion factor) will be distinguished by
a bar, for example M, %, etc.

The second important limit state is connected with perfect yielding: it is character-
ized by the increments of strains or generalized strains under constant stresses or
generalized stresses. The corresponding interaction surface will be called the yield
surface and its equation—expressed in stresses—the condition of perfect plasticity,
or more briefly, the yield condition. The term yield condition introduced originally
at the level 2, is now used at the level & as well, but its application at the level #
may also be justified. At the level 2, if we adopt the schematization of a perfectly
elastic-plastic body, the yield surface coincides with the elastic surface. At the levels
& and # such a coincidence does not take place (with some exceptions connected
with a homogeneous stress distribution). Perfect yielding is here connected with
a certain mechanism of plastic collapse, the limit state in question is called limit
carrying capacity or plastic carrying capacity, and the corresponding surface—the
plastic interaction surface; however, the general term yield surface may be justified
here as well. The corresponding quantities (in the case of a single exertion factor)

will be distinguished by a double bar, for example M, =, etc.
(') Some authors understand by a limit surface only the surface corresponding to limit carrying
capacity (plastic interaction surface), but in the present book it is understood in a quite general
sensg, as any separating surface in the space of exertion factors.
*l'\ K¢ 2N\
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During the active part of the process the elastic surfaces are usually subject to
changes: they undergo translation, change their dimensions and shape. At the level 2
this phenomenon is due to the strain-hardening of the material, whereas at the levels
& and # it may also take place in a perfectly elastic-plastic body, owing to the
redistribution of stresses. Such a surface will be called the modified elastic surface
or, particularly at the level 2, the neutral surface since the boundary process sep-
arating the active and passive processes is called neutral. Other commonly used
terms are not compatible with the adopted here definitions: loading surface—because
the terms loading and active process are distinguished, and we are speaking here
about the separation of active and passive processes; yield surface—because it is
better to reserve this name for perfect yielding.

The initial, original elastic surface does not depend on the trajectory of the
deformation process. The modified elastic surface (neutral surface) depends on
the position of the end-points of the trajectory (or of the active part of the trajectory);
moreover, as a result of an active process, it may depend also on the whole trajectory.
If the trajectory is not specified, then we usually think of proportional loading.

The elastic surface, the family of neutral surfaces, and the yield surface (if perfect
yielding occurs) are the most important interaction surfaces at the level 2; some-
times we add here other interaction surfaces, connected with maximal force transmit-
ted (strength), necking (local tensile instability), decohesion, etc. At the levels &
and £ the variety of interaction surfaces is much greater. In addition to all the above-
mentioned ones, other limit states are determined by the formation of new active
zones (for example, in a cross-section subject to bending with tension), new passive
zones, etc. In certain cases of boundary conditions the limit carrying capacity (mech-
anism of plastic collapse) cannot be reached within the frames of the concept
of a continuous body: earlier inadmissible discontinuities appear. The correspond-
ing loading parameter was called by K. Szuwalski and M. Zyczkowski [1.18] the
decohesive carrying capacity, so the respective limit surface will be called the de-
cohesive interaction surface (cf. Sec. 18).

New problems arise if the loading parameter is variable in time: assume that
it changes cyclically between its minimal values. Then, even in the case of one loading
parameter, two exertion factors may be introduced, for example the mean value,
and the amplitude. In this case typical interaction surfaces concern the elastic limit
and the limits of the so-called shakedown, replacing here the static collapse mechan-
ism (defined in Chapter IV). Those surfaces are usually introduced at the levels %
and &, but may also be useful at the level 2, where they generalize the Haigh fatigue
diagram to the low-cycle fatigue.

3.3 Distance function. Exertion of the material and of the structure

Consider any interaction surface describing a certain limit state, which may be re-
garded as dangerous at the discussed level of analysis. The points Q inside the sur-
face represent the states, safe with respect to that limit state; from the engineering
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3 CONCEPT OF THE INTERACTION SURFACE 19

point of view a certain estimation of the corresponding safety factor is very important.
In the case of proportional loading such an estimation may be expressed by the ratio
of the segments OQ and ON,, Fig. 8. J. Walczak and S. Ziemba [1.21] proposed to
call such a ratio at the level 2 exertion, (*) namely
0Q _ ON, _l_l/"oo_

Wo=—"od =l-—=

ON, ON, 1/rgo’

0< wy< 1. 3.1

Fig. 8. The concept of exertion of the material or of the structure

Exertion defined in this way is reciprocal to the commonly used safety factor. W. Pra-
ger [1.15] mentiones that in the theory of convex surfaces such a ratio is called the
distance function and discusses its application in the case of yield surfaces for a rigid-
plastic body. However, it may also be used in the case of surfaces which are not
convex; if the point N, of intersection with the surface is not unique (which may be
the case if the loss of stability is considered), then the point nearest to the origin O
should be chosen. Of course, some theorems given by Prager for convex surfaces
are no longer valid here.

The class of proportional loadings is very narrow, and for other possible defor-
mation processes the expression (1.1) does not give a proper estimation of safety
(reciprocal safety). M. Zyczkowski generalized (1.1) to the general case of straight-
line processes starting from the point Q; in [1.23] for the level 2, and in [1.25] for
the remaining levels.

Denote by X; the exertion factors taken into consideration at any of the levels
2, &, and . They may be of various physical dimensions; it would then be im-
possible to speak about the distance in the space of exertion factors except for
proportional loading. Therefore we first introduce dimensionless exertion factors

i=1,2,..,n, (3.2)

where A, are certain reference quantities, of the dimensions of X;. In the space of x;
denote now by rq the distance between the point Q, representing the state in question,

(*) Translated from the Polish wytezenie; the corresponding German term is Anstrengung.
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and an arbitrary point of the limsurfaceit N, further by ro, the distance ON, Fig. 8.
Formula (3.1) for exertion was generalized [1.23, 1.26] as follows:

M(1/r
— %p_—g . (3.3)
The symbol I denotes here a certain mean value of the function, namely
SS (1/ro)pdf§—"
M(1frq) =

e
SSpdfy—"  °
Ko

w=1

(3.4)

where SS is the surface integral over the (n— 1)-dimensional surface in the Hadamard
notation. K, is the n-dimensional unit sphere with the centre at Q, dfg~" is an
element of the surface of that sphere; the mean value is here calculated with the
weight function p, depending on the direction and expressing the probability of
reaching the limit surface in that direction (density of probability). This function
may also depend on the coordinates of the point N—it should be determined accord-
ing to the expected working conditions of the structure or its element. The function
p need not be normed, since it appears both in the numerator and in the denomi-
nator of (3.4) and any constant factor would be cancelled.

If the function pis assumed to be a Dirac function, namely p = 0 for all directions
except the direction 0Q, for which p — 0, then IMM(1/ry) = 1/rqq, similarly IM(1/rp)
= 1/ro0, and we arrive directly at (3.1); thus (3.3) may be considered as a general-
ization of (3.1). The proposed formula (3.3) meets all the other basic requirements;
if Q coincides with O, then the denominator is equal to the numerator, and w = 0;
if Q belongs to the limit surface, then the integral in the denominator is divergent
and we obtain w = 1. For certain points Q and certain functions p we may also
obtain w < 0; this means that for the expected working conditions the state Q in
question is better than the state O. Minimizing w, we may determine the optimal
prestressing of the structure, etc.

If the weight function p is a function of the direction only (in the space of
exertion factors), then the denominators of both mean values in (3.3) are equal and
cancelled so that the formula takes the form

SS (1/ro)pdf 5"
Ko

= SS(jrpdg D .3
Ko

w=1

On introducing spherical coordinates with the origin at Q by means of the for-
mulae ;
m-1
Xy = x,,,o+rcos<p,,,nsinq)‘, m=1,2,...,n-1,
i=1

(3.6)

Xp = Xpo+7 I I sing;,
=1
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4 CLASSIFICATION OF COMBINED LOADINGS 21

after the determination of the function r = ro(¢, @2, ..., Pa—;) (from the equation
of the interaction surface) and a subsequent iteration procedure we obtain finally

T P(Prs P2y vvr Pu-1)dPu_y
SIN@,_,d@,—» :
it §, To(P1s P25 s Pa-1)

sin" 2¢,dg, ..

Qma

w=1- »

23
p(¢l’¢2""’¢n—l)d¢"_l

sin s d =2 \7 Pn— ]
e § ro(@1s P2y ooy Pu-y)

sin" 2@, dyp, ..

cemi|o— i
ot’a:l

(3.7)

The computational details are given in [1.25], and some examples of application
in [1.26]. Formula (3.3), generalizing (3.1), furnishes not only a more general and
adequate estimation of the structural safety, but in some cases makes it also possible
to determine optimal prestressing conditions.

4 Classification of combined loadings

4.1 Symbolism of the classification

Under the term combined loading we understand the occurrence of more than one
exertion factor at any of the levels 2, &, and 4. It should be recalled here that by an
exertion factor we understand an independent quantity. So, the loading of a beam
shown in Fig. 9a is combined at the level Z if the forces P, and P, are independent;

= le le

-

b) 3P -
‘P

Fig. 9. (a) Combined loading at the level #; (b) loading may be considered as a particular case
of combined loading at the level #

AN

if a certain relation between P, and P, is given, as in Fig. 9b, then the loading is
not combined. However, it is sometimes convenient to consider the latter case as
a certain particular case of combined loading.

In the case of a combined loading, if more than one exertion factor exists, we
may introduce the space of exertion factors and the interaction surfaces in that space.
Thus the problems of combined loadings are closely connected with the construction
of interaction surfaces. Those interaction surfaces constitute either the final purpose
of the analysis (because of their engineering importance, e.g. elastic interaction
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22 1 BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

surfaces, plastic interaction surfaces), or simply determine the ranges of validity of
the particular constitutive equations.

The term combined loading may be understood in three ways: the loading may
be combined at the level 2, & or 4, to a certain degree independently. To avoid
confusions we introduce here the classification of combined loadings proposed
in [1.27]. To the consecutive symbols 2, &, and # we add number-indices, showing
the number of exertion factors at each level; simultaneously the number of dimen-
sions of the corresponding space will be determined.

Another question very important for the classification concerns the homogeneity
or non-homogeneity of the distribution of the exertion factors over the cross-section
(transversal) or along the axis or middle surface (longitudinal). The case of homo-
geneity is of course much more simple to be analysed. We shall denote transversal
homogeneity by the symbol — between the letters 2 and %, and longitudinal homo-
geneity by the same symbol between % and # (since in those cases the transition from
the point to the section or from the section to the body is immediate), and non-homo-
geneity by the symbol */>*. These conclusions may be no longer valid in the case of non-
homogeneous or non-prismatic bodies and then “—™ must often be replaced by“/”.

The proposed classification is of course also valid in the linearly elastic range,
but in view of the principle of superposition its importance is then limited. On the
other hand, it may be useful for the analysis of other physically nonlinear problems,
for example in the theory of creep or viscoplasticity.

4.2 Examples of the classification

Let us now proceed to some examples. The classical case of a thin-walled circular
bar subject to simultaneous tension and torsion (Fig. 10) will be classified as 2, —

L M

A ———— ..

M

L

Fig. 10. An example of a homogeneous transition between the levels #, ¢, and #

&, — B,: at any point 2 two independent stress components o, and 7., occur (or
two independent strains &, and 7.,, since the non-zero transverse strains &, and &
depend on &), and at any section &—two generalized stresses N and M,; finally the
body 4 is subject to two independent generalized external forces P and M. The
case is therefore combined at all three levels, but its simplicity consists in homogeneity,
transversal as well as longitudinal.

P

=

1

Fig. 11. An example of a non-homogeneous transition between the levels #, &, and #
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Bending of a cantilever beam by a transversal concentrated force (Fig. 11),
with shear taken into account, will be classified as 2,/%,/#,; it is much more com-
plex because of the non-homogeneities. A circular plate under a uniform transversal
loading p (Fig. 12) will be classified as 2,/ ,/%, according to the small-deflection

/P

IREERARNERRRRRRRRNNY|
Yoy

AN

Fig. 12. Classification of a circular plate according to the theory adopted

theory with the shear stresses neglected; it will be classified as 2,/%,/%, according
to the large-deflection theory (two normal forces must be added here to two bending
moments); and finally, as 2,/% /%, according to the small-deflection theory with
shear taken into account (o,, 6,, 7,.; M,, My, Q,; p). A circular plate under uniform
edge couples, #,/¥, - #, (according to the small-deflection theory) is simpler
because of longitudinal homogeneity, Fig. 13. In the case of a thick-walled tube
the level .# is often difficult to be defined; a tube subject to the internal pressure p
and end load (thrust) N will be classified just as 2;/%, (o,, 04, 0-; p, N).

m m
P N
Pay

Fig. 13. An example of longitudinal homogeneity of the stress state
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24 1 BASIC CONCEPTS OF THE THEORY OF COMBINED LOADINGS

The loading may be combined simultaneously at all three levels, but also at each
level separately. It is easy to cite suitable examples. Consider in an exact manner
pure bending of an elastic-plastic beam made of a compressible material (Fig. 14);
then the assumption of only one non-vanishing stress component ¢ leads to a con-

M M

(= 4

compressible material

Fig. 14. An example of loading combined only at the level

tradiction with the compatibility equations. A. A. Ilyushin [1.9] proved that four
stress components must appear here and so we arrive at 24/S, — 4, ; this problem
was also treated by J. Mandel [1.14]. An eccentrically compressed column, under
the assumption of constant eccentricity, will be classified as #,/%,/4,(Fig. 15).

Fig. 15. An example of loading combined only at the level &

Finally, a beam shown in Fig. 9a with shear effects neglected may be classified as
P51 | B,

It should be noted that some cases are only apparently combined; for example
the stresses 7., and 7., produced by pure torsion may be replaced by their resultant 7.
and there is no need to consider this case as combined at the level 2. Similarly, the
bending of a circular bar by two bending moments acting in perpendicular planes
is only seemingly oblique (although the non-proportional change of the moments
in the elastic-plastic range leads to some phenomena typical for combined loading).
Sometimes it is also possible to reduce the number of exertion factors by joining
them into convenient groups; for example, considering an incompressible thick-
walled tube under internal and external pressure in plane strain conditions, it is
usually sufficient to take only the pressure difference into account.
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In the above examples we tacitly assumed the homogeneity of the material. In
the case of a non-homogeneous body the classification may be essentially changed,
and those changes have a clear physical interpretation. For example, if a homo-
geneous simply connected body is subject to hydrostatic pressure, then at any point
uniform three-dimensional compression takes place, which, as a rule, does not result
in any plastic effects. The classification 2, — %, may be used here: though at indi-
vidual points three principal stresses occur, only one of them may be regarded as
independent. In the case of a non-homogeneous material the state of stress ceases
to be uniform triaxial compression and yielding may take place (J. Rychlewski [1.16]);
the classification should be changed here to 24/%,. The occurrence of a three-dimen-
sional state of stress in a non-homogeneous compressible bar subject to uniaxial
tension was investigated by W. Swisterski [1.19].

4.3 The problem of independence of the exertion factors

The above example of the eccentric compression of a column, classified as 2, /%, /4%, ,
will now serve for the discussion of the problem of independence of the exertion
factors at the individual levels of analysis. In fact, it is only the exertion factors at
the level #, of the body as a whole, that are independent; their program is either
prescribed (deterministically or stochastically) in the working conditions of the
structure, or may be prescribed—quite arbitrarily, as a rule—in the experimental
investigations. The exertion factors at the levels 2 and % are to a certain degree
dependent on the factors at the level #; nevertheless, in most cases it is useful to
treat them as independent ones.

The problem of the eccentric compression of a column (Fig. 15) may be analysed
under the assumption of the (approximate) principle of rigidification (*) (the influence
of geometry changes not being taken into account, theory of the first order), or
with the effects of geometry changes taken into account (theories of the second or
of the third order, according to the assumed accuracy, E. Chwalla [1.1]). The first
approach would involve the classification 2,/%, — %, since the bending moment
at any section is related to the compressive normal force by M, = Ne; only one
quantity is here independent, and moreover, the longitudinal homogeneity of stresses
takes place. Just the second, more exact approach corresponds to the classification
P,|¥,|%,; in the individual cross-sections the relation between the bending moment
and the normal force is various and it is assumption of independence of M, and N
that is necessary for performing the full analysis of the column behaviour and deter-
mining its load-carrying capacity.

We should thus speak about independent exertion factors at the level #, and
about factors which may be regarded as independent at the levels 2 and .

(*) In Polish zasada zesztywnienia.
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CHAPTER 1]

Basic equations of the theory of plasticity

5 Systems of invariants of second-order tensors

5.1 Number of independent invariants

Physical laws should be form-invariant to a change of coordinate systems (unless
the system is uniquely specified and not subject to any change). This requirement
is satisfied by tensorial character of basic physical quantities used in continuum
mechanics (stresses, strains, strain rates, etc.). Tensors transform in such a way
that if a tensor equation holds in one coordinate system, it holds also in any other
system. A second-order tensor transforms (in Cartesian coordinates) according to
the rule

Ty = gauty, i,Jj=x,y,2; k,1=x",y,2, (5.1)
where 7;; denote the components in the “original” reference frame, x, y, z; Ty—in
the “new” reference frame x’, y’, z’; a;—the cosines of angles between x; and x;
(direction cosines), and the Einstein summation convention is employed. The
direction cosines satisfy the following orthogonality relations
1 if j=k,

0 if j#k,
where d,, denotes the Kronecker symbol.

The tensor formed by 7;; will be denoted by 7,. To show effectively the com-
ponents in the coordinate system x, y, z, we use the notation

aua“‘ = 6],‘ = (5.2)

IXX TX}' TXZ
Te=1%s Ty Tyale (5.3)
TZX rzv 122
The diagonal passing through 7., 7,,, 7.. is called the principal diagonal. For the
problems of flow and fracture it is very important to distinguish the components
on and off the principal diagonal and in the engineering notation even different sym-
bols are being used.

&) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



5 INVARIANTS OF SECOND-ORDER TENSORS 27

The above-mentioned requirements of invariance of physical laws to a change
of reference frames result in a fundamental role of the invariants of the tensors under
consideration. A second-order tensor has infinitely many various invariants, but
in the three-dimensional space only six of them may be independent (W. Jaunzemis
[2.74]). If we decompose the given tensor into a symmetric and a skew-symmetric
part, then, for example, the principal values of the symmetric part and the com-
ponents of the skew-symmetric part in the principal coordinate system (determined
for the symmetric part) constitute such a system of six independent invariants. For
a symmetric tensor the maximal number of independent invariants is equal to three.

The classical continuum mechanics excludes the existence of distributed body
couples and distributed surface couples. Under this assumption most of the tensors
in question are symmetric and here we confine ourselves to the discussion of the sys-
tems of three independent invariants of symmetric tensors. The choice of a suitable
system of invariants may be very important for the simplicity of formulating the
physical relations. Therefore we present here some typical systems of invariants and
the relations between the invariants belonging to the particular systems.

The Cosserat continua (with body couples and couple stresses) will not be con-
sidered in the present book. It should be mentioned, however, that this branch of
plasticity has been widely developed in the last decade (A. E. Green, P. M. Naghdi
[2.40], S. Komljenovi¢ [2.88], A. Sawczuk, [2.149], A. E. Green, B. C. Mclnnis,
P. M. Naghdi [2.42], H. Lippmann [2.102], V. V. Kolokoltchikov [2.87], N. Coutris,
J. Ségura [2.21], Y. Kishino [2.83], J. J. Telega [2.172], M. Hlavadek [2.59],
D. Besdo [2.7)).

5.2 Basic invariants of the tensor

The simplest way to obtain a system of invariants is to perform consecutive multi-
plications of the tensor by itself and a complete contraction. The invariants obtained
will be called the basic invariants of the tensor T, and denoted by I,,, I,,, ...:

I, =ty = Txxt Tyy+ T2z,
Ipe = 1yt = 13+ 15+ th+ 212, + 215, + 272, (5.9
Iy = Ty Tp Ty = Tt Toy+ 1+ 3712, + 31,124+

+3ry,.t;‘+3ty’ 1:3.‘-*-31:‘Tzzx+3tzzr3y+6txyryztzx'

The expanded notation of these invariants makes use of the assumed symmetry of
the tensor 7,. The name “basic invariants” is used, for example, by I. I. Goldenblat
[2.38], who also adopts a similar notation. W. Jaunzemis [2.74] calls them “principal
moments”. Further invariants constructed in this way may be expressed in terms
of the three quoted above:
L, = 1%, +3 15, -1} I + 31, 1.,
(5.5)

ISr = élft+512r13t+§lft13!_gl:l,tIZH

...............................
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Some authors define these invariants with certain coefficients, for example A. M. Freu-
denthal and H. Geiringer [2.33] introduce the invariants 7, /n.
The invariants which remain unchanged under a cyclic permutation of the indices

are called symmetric invariants; such invariants are particularly useful for the de-
scription of properties of isotropic bodies. It is seen from (5.4) that basic invariants
are symmetric.

5.3 Principal invariants of the tensor

Another system of invariants is connected with the calculation of the principal
values (eigenvalues) of a symmetric tensor. By a principal value we understand (1)
the stationary (extremal) value of the diagonal coordinate 7;; for j = i as a function
of the direction, (2) the diagonal coordinate in a direction for which the off-diagonal
coordinates 7;;, j # i, vanish. It may be proved that both these definitions are equiv-
alent and the principal values are determined by the cubic equation

3 =J 2 +J50t—J3 =0, (5.6)
where

Jie = Taxt Tyy+ T2z,

Jag = TaxTyy+ TyyTast Tes Tux— T2y = Tpr = Taxs (5.7

J3e = TexTyyTez 2Ty Tyz T:x_TxxT;z_ryyrzzx—tzzriy = detT,.
The symbol det 7, denotes here the determinant of the tensor components. It may
also be proved that there always exist three real roots of this equation, 7,, 7,, T3,
and the corresponding directions, called principal directions, are perpendicular to
one another (uniquely determined if the roots are distinct). Thus the principal

directions may be chosen as a rectangular coordinate system and in this system T
is transformed into the diagonal form

"

Txx Txy Txz L1 0 0 '

T, =T, Ty Tyz{ =10 72 0. (5.8)
Tex Tay Tis 0 0 =3

The second definition of the principal values enables us to derive Eq. (5.6) more
quickly and easily than the first one; however, from the point of view of flow and
fracture the extremality of the principal values of the tensors is more important than
the vanishing of the off-diagonal components. The derivation of (5.6) from the ex-
tremality conditions may be found in the books by J. Walczak [2.188] (extremum with
the auxiliary condition (5.2) for j = k), A. M. Freudenthal [2.34] (extremum with
respect to two independent direction cosines), A. C. Eringen [2.31] and P. G. Hodge
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5 INVARIANTS OF SECOND-ORDER TENSORS 29

[2.62]. The formulae determining the principal directions may be found in the
book by W. Krzy$ and M. Zyczkowski [2.91].

The principal values of a tensor are of course invariant, but they are not
symmetric: they change with cyclic permutation of the indices. The symmetrization
is achieved if the principal values are algebraically ordered—in this case they will be
denoted by 7, Ty, T, namely 7 > 7y > 7y The coefficients of the cubic
equation (5.6) are connected with the roots by the relations

Jie = T+ T2+ 73,
Jae = T1 T2+ T2 T3+ 7374, (5.9)
Ji. =1,17273

and they are symmetric invariants. To distinguish them from the basic invariants
we use here the convenient name principal invariants; this term is also used by A. M.
Freudenthal and H. Geiringer [2.33], P. Perzyna [2.128], W. Jaunzemis [2.74].
Some authors define J,, with the opposite sign (A. A. Ilyushin [1.8], R. Hill [2.56],
W. Prager and P. G. Hodge [2.133], W. Prager [2.136]); the reason will be explained
in Sec. 5.5, but we retain here the classical definition.

The first, linear principal invariant is equal to the first basic invariant of the ten-
sor, and so the adjectives “principal” and “basic” may be omitted here. The further
invariants, called quadratic and cubic in the respective systems, are not equal to each
other, the relations between them will be given in the table in Sec. 6.2.

Invariant are also the components of the tensor in any coordinates system situated
uniquely with respect to the system of principal axes. Symmetric invariants will be
obtained if the axis forms equal angles with the three principal directions, af, = ai,
= @3, = 1/3. There exist eight such directions, and the corresponding invariants
are called octahedral; they will be discussed in detail, separately for stresses and for
strains. e

5.4 Cylindrical invariants of the tensor

Introduce the three-dimensional space of the principal values 7, , 7,, 73 of a symmetric
tensor T,. In the case of a stress tensor such a space is connected with the names
of Haigh [2.50] and Westergaard [2.190] although it was used as far back as the
XIX century by H. Hertz (cf. W. Burzynski [2.13]). Every tensor 7 is then represented
by a point in this space. The inverse relation is not unique, since the rotation of
the principal axes at constant principal values of the tensor is not reflected in the
space under consideration; in many applications, however, this fact is unimportant.

Introduce further a cylindrical system of coordinates in this space as follows:
the axis of the system coincides with the equally inclined axis determined by the
equation 7, = 7, = T3, and the angle w, is measured from the plane passing through
this axis and 7,, Fig. 16..The cylindrical coordinates of the point 7, denoted by
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T"%"%

T+ Tp+03=C0NSt

Fig. 16. Cylindrical coordinates Z;, R, and w. in the space of principal values of the tensor 7

Z., R,, and w,, form also an important system of invariants of the tensor 7,. They
may be expressed in terms of the principal values as follows (J. Murzewski [2.116]):

Z = '/.{(tl +72+73),

R =V3iV (-t +(—t)+ (-1, (5.10)
. Ta—T3
w, = arcsin =,
R, Y2
and the inverse relations are
Z,
T = '/3 4+ ;/}—R,cosw.,
Z -
7, = —= + )/ 2R,cos(w,—27), (5.11)
V3
VA .
T3 = —= +I/§R,cos(w,+§n),

V3
The invariants Z,, R, and w, will be called cylindrical invariants of the tensor. In
what follows we shall use them very often, but with slightly changed coefficients
(discussed separately for stresses and for strains). The invariant w, does not belong
to symmetric invariants; however, trigonometric functions of 3w, are symmetric
(cf. (5.23)), and in most cases they occur in physical relations.
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5.5 Invariants of the axiator and of the deviator

Any second-order tensor 7, may be decomposed into an axiator (spherical tensor)
A, and a deviator D, according to the scheme

Txx Txy Txz Tm 0 0 Txx—Tm Txy Txz
T, =1%Tyx Tyy Tyz{ =10 Tm O [+ 170 Tyy=Tm Tys . (5.12)
Tox Tzy Tzz 0 0 7 Tzix Tzy T2z Tm

The symbol 7,, denotes here the mean value of the diagonal components, proportional
to the first invariant

Tm = ';'(Txx+7"+7:z) = ';llt . ‘;Jn- (5.13)

Such a decomposition was introduced by M. Kleitz in 1873 (cf. L. E. Malvern
[2.108)), and its physical interpretation is clearly visible in the case of a small-strain
tensor: the strain axiator corresponds here to the pure volume change (dilatation),
and the strain deviator to the pure shape change (distortion). In the isotropic elastic
medium this property holds also for the stress tensor, and is usually postulated in
plasticity as well. The components of the deviator will be denoted by Roman letters
corresponding to the Greek symbols used for the tensor: thus to the letter = chosen
here quite arbitrarily we ascribe the symbol 7, writing shortly, instead of (5.12),

ty = Ti;—0iTm. (5.149)

In view of the given interpretation of the decomposition (5.12) the invariants
of the axiator and of the deviator become particularly important; our discussion
will be confined to the symmetric deviators. The first invariant of the axiator is
equal to that of the tensor, and thus no new notation will be introduced here. Further
invariants of the axiator may be expressed in terms of the first one, which alone is
independent.

The basic invariants of the deviator will be denoted by Iy, I, I3, and the
principal invariants by Jy,, J5,, Ja.. The first invariant is here obviously equal
to zero, I,;, = J,, = 0, and only the remaining two are independent. The second
and the third basic invariant of the deviator may be determined from (5.4); we
first obtain

I,
I:!r

2+ 02, + 1254202, + 202, + 26, = G+15+183 = tty,
4 By 4 13+ 3, 12,4 30, 12,4+ 31,12, 4+ 30, 05 + (5.15)
3,12 43 1+ 6l byt = BB+ = ytptu,

where 1,, t,, t; denote, as usual, the principal values of the deviator. Further, ex-
pressing #;; in terms of 7;;, we arrive at

I = %[Tix o+ T:,'*' Tzzs —TaxTyy~ TyyTzz— T2z Txxt 3(":"‘" Ti:'*' fo)]
%[(Txx = Tn)z +(Tyy— Ted)?+ (Tas— Tex)2+ 6(1':%, + T;: + Tzzx)]
= %[(tl—T2)2+(12—13)2+(I3—‘t,)2], (5-16)
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13! - ;‘Txxt)'yrzz - ;(Tix T.vy+ 'tfxtzz + tyzytxx'{" t;vrzz + Tzzztxx’*' rzzz Tyy) +
+*§(T§, + Tgy + 73:) +2(Tx ng + Tyy Tzzx +7:: Ti,) +
F (T Uiy Tax Vot Vg T Ty W+ as Tan - Fus To) 6% 00 Tya T
=innn—3Entrin+tdn+dntin+rin)+
+i(ri+ 13+ 73). (5.16,)

It turns out, moreover, that the principal invariants of the deviator differ from the
basic ones only in coefficients, namely

Jao = =320, I3 = 3133 (5.17)

thus, speaking about the deviatoric invariants, we may omit the adjectives “basic”
and “principal”.

From the first formula (5.16) it follows that the quadratic basic invariant of
the deviator is always non-negative, hence the corresponding principal invariant
is-always non-positive, (5.17). This was the reason for the change in the sign of J,,
introduced by some authors mentioned in Sec. 5.3.

It should be noted that the second basic invariant of the deviator 7,, is equal
to the cylindrical invariant (radius) R, squared. The radius itself, whose dimension
is equal to that of the tensor components, is called the intensity of the tensor or the
effective value of the tensor (sometimes with other coefficients). The third invariant
corresponds to the cylindrical invariant o_; however, the interpretation of o, is
more obvious.

The system of the invariants /,,—/,,—13,, commonly used in the theory of
plasticity, will be called the system of axiatoric-deviatoric invariants.

5.6 The Lode parameter

To estimate the influence of intermediate principal stress on the yielding of metals,
W. Lode [2.104, 2.105, 2.106] introduced a dimensionless parameter which in the
general case of a tensor 7, may be written in the form

_ 27Ty —T1— T . 3ty (5.18)

‘ Ti—Tm b=ty

where the convention of the arrangement 7; > 7y > 7y is used. The values of the
parameter u, are contained within the interval —1 < p, < 1. This parameter is
directly related to the cylindrical invariant ., (5.10), (5.11). In the interval
0 < o, < /3, where the arrangement of principal values is such that Roman
indices are equal to Arabic ones, making use of (5.11) we obtain

u, =V 3tan(w, —im); (5.19)

in the remaining intervals similar formulae may be derived. Thus the Lode parameter
determines the similarity of deviators without ensuring the coincidence of principal di-
rections.
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5.7 Tensor of directions and similarity

A symmetric tensor has six independent coordinates, a deviator — five. A. A.
Ilyushin [1.8] introduced a convenient auxiliary dimensionless tensor with four inde-
pendent coordinates: their equality for two given tensors ensures the similarity of de-
viators and the coincidence of principal directions. Ilyushin called it the “directional
tensor”; W. Urbanowski [2.125] proposed the name “tensor of directions and
similarity”, better expressing its essential nature. The coordinates of this tensor, £,
are defined as the coordinates of a deviator divided by a certain intensity of that
deviator. We assume here the following definition:

o ly iy
R (5.20)

The definitions of A. A. Ilyushin and W. Urbanowski differ from the above (and
from each other) in the numerical coefficients.

The tensor thus defined has only one independent invariant, 73, or w,, or p,;
the other two invariants are /f; = 0, I3; = 1. The four independent quantities de-
fining this tensor are, for example: the three Euler’s angles determining the directions,
and the ratios of the principal values of the deviator determining w, . A proportional
change of coordinates of the given tensor does not result in any change of the auxiliary
tensor of directions and similarity.

5.8 Calculation of the principal values of the tensor

The decomposition of the tensor T, into the axiator A, and the deviator D_, and
the cylindrical invariant o, are connected with the calculation of the principal
values of the tensor. Namely, the principal values are determined as the roots of
the cubic equation (5.6). To solve it, we first reduce it to the canonical form, intro-
ducing a new unknown

t=1—3J1c = T—Tn. (5.21)
This operation corresponds simply to the above-mentioned decomposition and this
unknown, or rather unknows, can be seen to be the principal values of the deviator D.,.

Equation (5.6) takes the form
13+J2,t—-,3, =0 (5.22)

since J,, and J5, denote the principal invariants of the deviator. Further an auxiliary
angle o, is introduced by the

‘/27 Jgg
0830 = 3 (Lo
2=y s+ 21, E
WE-3L)7 0 0SS 2)

It may be proved that this is exactly the angle w, determined by (5.10). The essential
difference between (5.10) and (5.23) consists in the fact that (5.23) is expressed in
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terms of the coordinates, and (5.10) in terms of the principal values (here unknown)
only. Computing 3w, we subsequently evaluate w,; finally, the required principal
values of the tensor, 7,, 7,, and 75, are determined by (5.11).

T. Pelczyniski introduces in [2.127] a certain graphical interpretation of (5.11);
it resembles the graphical interpretation of three-phase electric currents since the
structure of (5.11) shows here an obvious analogy.

5.9 Common invariants of several tensors

Many equations of plasticity use common invariants of two or more tensors. The
general theory of such invariants is rather complicated: some of the results have
been presented in the books by G. B. Gurevitch [2.48], I. I. Goldenblat [2.38],
W. Jaunzemis [2.74] and A.J. M. Spencer [2.164].

We quote here only the results for the simplest case of two symmetric second-
order tensors in the three-dimensional space. The number of independent invariants
is here equal to nine. I. I. Goldenblat [2.38] gives a simple explanation of this num-
ber: three invariants of the first tensor, three of the second one, and three angles
determining the principal directions of the second tensor with respect to the prin-
cipal directions of the first one.

This does not mean, however, that any of the polynomial invariants of two sym-
metric tensors 7, and 7, in the “basic” form

I = U‘JUI' ee 8,,”'8",8‘,1 (5.24)

can be expressed as a polynomial of a suitable set of nine basic invariants. The mini-
mal number of “rationally independent” basic invariants is equal here to ten: 7,,,
L, I,, I,,, L,, I,, and

I,, = Oij€ji = OxxExxtOyy&yy+ 08,4+ 20’,, exy+2‘7n &yzt+ 20, €525

Iooe = 01305 84, (5.25)

Iy = 0158564,
Logee = 010 E €1y

The last invariant is functionally dependent on the remaining nine, but its elimination
would not be a rational operation and would lead to many-valued results.

The invariant /,, often has an energy interpretation. In the case of stresses and
strains it is proportional to elastic energy under the assumption of linear elasticity
of the material. In the case of stresses and strain rates it is equal to the power of
determination without any assumption of physical linearity. Other invariants (5.25)
do not have such a simple interpretation.

In the case of three symmetric second-order tensors the number of independent
invariants equals 15 and that of rationally independent ones 28.
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6 Stress and stress rate

6.1 Engineering and indicial notation

The stress tensor 7, with the components o;; may be defined, in general, by an equation
of the type (W. Prager [2.136])

dPJ = audA‘ (6,1)

where dP; denotes the vector of infinitesimal force and dA4; the vector of infinitesimal
area (perpendicular to that area). Ascribing various meanings to dP; and dA;, we
define various stress tensors. In the classical small-strain theory we assume the so-
called principle of rigidification (neglected influence of geometry changes on the stress
distribution, reactive forces, etc.) and do not distinguish dP; and dA; before and
after deformation. Taking the geometry changes into account, we may use (6.1)
as the definition of the Euler-Cauchy stress tensor in spatial coordinates or, after
a suitable modification of dP; and dA; as the definition of the Piola-Kirchhoff stress
tensor in material coordinates (these systems of coordinates are defined in Sec. 7).
Unless otherwise stated, we understand by o;; the classical stress tensor.

Substituting, in turn, i, j = x, y, z, we denote the coordinates of the classical
stress tensor by 0y, Oy, Oxz, Oy, ..., Ozz. This notation system will be called indicial
or mathematical notation: the stresses are denoted consequently by one symbol o,
the first index corresponding to the direction normal to the area and the second, to
the direction of the stress itself. Some authors put 7, j = 1, 2, 3, but we reserve the
numerical indices for the principal components. The indicial notation is convenient
in the cases of longer formulae or derivations since it permits the application of the
Einstein summation convention.

In most engineering applications, however, it is important to distinguish normal
and tangential stresses by separate symbols. Followings Karman and Timoshenko
we denote normal stresses by o,, g,, 0., and tangential ones by 7,,, 7,., ... This
notation system will be called engineering notation and will be used side by side
with the indicial notation. Such dualism of notation, making it possible to take ad-
vantage of both systems, is used by W. Johnson and P. B. Mellor [2.76], A. M. Freu-
denthal [2.34], K. A. Reckling [2.141], and others.

The stress tensor will be decomposed into the axiator A4, and the deviator D,
according to the scheme 7, = A,+D,. The only independent component of the
axiator will be denoted, according to the general convention assumed, by oy,:

O = 30u = 3(0x+0,+0,) = }(0,+0,+03), (6.2)

where o,, 0,, 03 denote the principal stresses. Algebraically arranged principal
stresses are oy, oy, 0. The components of the stress deviator will be denoted by
Ses Sys S5 Tay, Tyz» Tzx iN engineering notation and by s;; in indicial notation. Com-
ponents of the tensor of direction and similarity will be denoted by s, and the Lode
parameter for stresses by u,.
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6.2 Transformation of stresses, stress invariants

Considering the equilibrium of an infinitesimal tetrahedron with the faces normal
to x, y, z and a certain inclined direction n, we find (in indicial notation with the
summation convention)

Pni = 0y;Qyj (63)
where p,; denote the components of the resultant stress at the inclined face. If the
tetrahedron is cut off at the boundary of the body, then p,; are understood as surface
tractions, and then (6.3) expresses the stress boundary conditions; if it is cut out of
the interior, then (6.3) leads to the tensorial transformation formulae of type (5.1).

Typical systems of invariants will be introduced according to Sec. 5. Basic
invariants will be denoted by I,,, I,,, Is,, principal invariants by J,,, J,4, J3,,
and axiatoric-deviatoric invariants by I,,, I, I;;. Cylindrical invariants, however,
will be used with slightly different coefficients. Instead of Z, we shall use the pro-
portional invariant o,, (coefficient 1/3 instead of l|/'§) and instead of R,—the pro-
portional invariant o,

1 S
O = ;}? l/(o'x —02)2+(0,—03)*+(03—0,)* = l/%susu

= '/ 0':2:'*‘03 +0? —0x0y,—0,0,—0:0,+ 3(T§y+ Tyzz+ 72) (6.4

(coefficient 1/)/ 2 instead of 1// 3). The invariant o, is called stress intensity or effective
stress. The coefficient in (6.3) is chosen in such a way that uniaxial tension gives
o, = ¢. Sometimes instead of o, the invariant 7, = ¢,/)/3 is introduced and called
shear stress intensity (A. A. Ilyushin [1.8], V. V. Sokolovsky [2.163], symbol S).
The third cylindrical invariant o, will be used without any change, (5.10). The system
of invariants o,,, 6., ®, is very convenient for applications in plasticity; some ad-
vantages are pointed out by G.C. Nayak and O. C. Zienkiewicz [2.120].

Consider now the octahedral stresses oo, and 7, acting on the face equally
inclined to the principal directions. To calculate o,., we may use the general tensorial
transformation formula, starting from the principal directions (vanishing shearing
stresses) and substituting a?, = a3, = a3, = 1/3 (the angle being equal to 54°44'07").
Finally

Ooct = 3(0,+02+03) = 0, = —'/1—32,. (6.5)

The tangential octahedral stress 7,., will be evaluated as the geometrical difference
of the resultant stress p,.., determined by (6.3), and o,,:

1 —— 1 —_—
Poct = —'/—31/‘7%'*‘0%4‘05 = 7‘-3:}/12.,, (6.6)

i 1
Toct = l/cht“cht =73 l/(o'x —03)*+ (0, —03)* +(03—0,)?

V2, _lp_ L 6.7)

A

&) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



Table 2
Typical systems of stress invariants

System o s s 5 i o e o . S

yof Basic invariants Principal invariants Axiatoric-deviatoric invariants Cylindrical invariants Principal stresses
invariants lig, h¢, Iis Jig, J20, J3g Lo, Ins, I3s Omy Oe; Wgo Oy, 02,03
Le = Iis Jia lio 30m o, +02+0;

1 2
y - Lis , Jie—2N2s Iu+T Iis 5 ol+30n oi+oi+o}
3 1 3 2 3 2 3 3 3 3
L1y = j 33g—3J16J20+J1s I+ e +IZ’+T Iig 5% c0s3wg +20m0e +0m 61+03+03
Jig = I, Jig I 30m 0, +0,+0;
1 1
= = (=5 J2g = L+ g 36.3.——3— o: 0,02+0,05+030,
1 1 1 1 1 2 1
Jag = *3—13n——2— 1|a12a+? Ii‘u Jaq -‘3— lss“’é‘ lla’2s+-2‘7— ’?a === 62C053w.,—~—3—— U...0'3+0',';’, 0,003
Ilig = I Jio Iis 30m o1+ 0,+0;
1 2 2
; . Fir=sr 2, ~2zgt3 J3, 3 = ol .y (03+03+03—0,0,—0,05—050,)
2 2 2 1 2
I3, = 13a—11012¢+?lfa 3J30—Jld~,2¢+?]ga I3s "9—0'3C053wa 3 1020 (6102+0,03 + 0305+ 0,03 +“3°’1+6301)+—‘ (63+03+03)
1 1 1
Om = + o 5 Jie = e Om 5 (©@+0a+as)
O, = 3 1 2 72 ) 3 ‘/ 21421 g2
e = £3 Iza—TIxa ‘/110_3,]" Tlu O, 0i+03+03—0,0,—0,0,—030,)
cos 3wy = OLsg—15126+2135) Y2 27Jsgi-h_ana—-i-2{n_a_ I.V6 — 120, 0203 —3(0} 03+ 0,03+ 0203+ 0,024+ 030, +030})+2(ci +03+03)
BlLg—12,)32 2(J36—3J20)%2 3 201+ 03+03—0,0,—0,03—050,)32

_ 1 Y — 1 35— L1520 +2130)V/ 2 1 , 1 2130971020+ 23 1 2, 1 =
0y = —3—11.,+VT ]/31;.,—13, cos [-3— arc cos Ohe (312:'__2;}’)3/;”)'/ ] —3—Jla+—3~ ]/J},—3J,, cos |5 arc cos 202, 3L 3 Iig+ l/—g—lz, cos 3 arccos— a...+—3— 0.COSMg oy

_ 1 T, [1 . OLe—Sliche+2I})V2 2 1 21Js6—9710J20+ 2] 3 2 1 2 1 2 2 )
S TI"’+ 3 V3ke—1Ii COS[T it (Bizlélz:a—zlaa)a/z SLtd i ] g Sl 1 3 '/J“’ 3124 cos [~ SES 2110—311 Bz 3 Tia + 3 [ cOS|5rarccosTy a,,.+—a,cos TR

- lnilymmelia ) TEKA.[CYFE P A EECGE VN IK 2 WSKIEJ
03 = Tllc+_3— '/3120—If0. cos [>3 a - ml@ )8 3 1, 8C0!
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So the octahedral stresses are proportional to the first two cylindrical invariants,
respectively.

Extremal shearing stresses T are also important invariants of the stress tensor.
It may be proved that they act at the sections forming the angle 45° with any two
principal sections and are equal to half the differences of the corresponding prin-
cipal stresses. According to the notation used, the maximal shearing stress equals

Tmax = ‘;(al-alll)- (6'8)

Typical systems of the stress invariants are listed in Table 2, which shows the
relations between them. Some further relations are given by M. S. Sarkisyan [2.148];
systems of stress invariants are also discussed by T.C. Hsu [2.65].

6.3 Equations of internal equilibrium

Figure 17 shows the stresses and body forces (assumed as positive) acting on the
infinitesimal parallelepiped cut out of the interior of the body. Each stress component

X
Fig. 17. Engineering and mathematical notation of stresses. Equations of internal equilibrium

is denoted twice, in engineering and in indicial notation. Body forces are denoted
by Fy, i=x,y,z

In the case of a homogeneous state of stress the corresponding components at
opposite faces of the parallelepiped are equal to each other, o, = o, etc. The con-
ditions of equilibrium give vanishing body forces and symmetry of the stress tensor,
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7;; = 7. In the general non-homogeneous case 0, = 0.+ (00,/0x)dx and the con-
ditions of equilibrium lead to the following equations in Cartesian coordinates

00, 0Ty | 0Tux B Ve
e 4 T 4 S AF =0, ) 69)

where the symbol of cyclic permutation shows how to obtain the two remaining
equations; the relations 7;; = 7j; remain without change. In indicial notation we

may write shortly
UU.I+FJ=0’ i!j=x9y’z’ (610)

where the (partial) differentiation is shown by the indices preceded by a comma,
and the summation convention applies across the comma. In the case of large strains,
formulae (6.9) and (6.10) hold in spatial coordinates, whereas in material coordi-
nates they assume a much more complicated form.

Equations of equilibrium in other systems of coordinates may be derived by
considering suitably cut elements or, quite uniformly, by introducing curvilinear
tensors and covariant differentiation. Here we quote the results only for the two
most commonly used systems: in cylindrical coordinates r, 0, z,

do, 1 0tyy 07, 0,—0p

ot T 7 the=0,

31,,, 1 36, ang Tro .

ar +7‘ 20 + 2z +2 - +F, =0, (6.11)
atr: +_l_ aTOz ao'z + Trz_ +F= = 0,

or r a0 0z r
and in spherical coordinates r, y, 0

do, L 0Ty " __1__ 07e,
or tT oy rsiny 00

1
+ 7[20,-—(0,,+o.)+ T,coty]+F, =0,

0ty 1 doy 1 0Oty
ar T oy rsiny 00

1
+ —r—[3t,,+(av—a,)cot'p]+Fv =0, (6.12)

07, 1 0ty 1 day
ar T oy i rsiny 00

1
4 T[3t,,+21wcot'p]+F, =0.

The differential equations of equilibrium (6.9), (6.11) or (6.12) hold at regular
points, where the stresses are continuous with their first derivatives. In the theory
of plasticity discontinuity lines or discontinuity surfaces are investigated as well.
Denote by & the normal to the discontinuity surface at the point under consideration
and by 7 and ¢ two mutually perpendicular tangential directions. The conditions
of equilibrium lead here to the continuity of the tractions o;, 7¢, , and 7, whereas
the remaining stresses ¢,, oy, and 7,; may be discontinuous.
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A more detailed analysis of conditions at the discontinuity surfaces is given
by R. Hill [2.57, 2.58], T. Y. Thomas [2.173], A. M. Freudenthal, H. M. Geiringer
[2.33], W. Prager [2.134] and D. D. Ivlev [2.71, 2.72].

6.4 Stress rates

The theory of plasticity uses stress increments do or stress rates do|dt = ¢; these
quantities are equivalent inasmuch as the time factor may usually be eliminated.

In the case of small deformations, where the geometry changes are disregarded,
the rates of stress components form a tensor which may be written as

Ux TX}' TXZ Gxx axy UXZ
Te:= 1T Oy Tyif =105x Opy Oyl (6.13)
TZX T:y 02 UZX azy al:

The invariants of this tensor will be denoted as follows: basic invariants /,;, I,;, I5;;
principal invariants J,;, J,;, J3;, etc. The integral invariant

g B
S, = \VI; at = {da,da, (6.14)
ta A

determines the length of the trajectory in the nine-dimensional stress space between
the points 4 and B (cf. Sec. 10.1).

If the principal directions of the stress tensor are constant, then the principal
directions of the stress rate tensor are also constant and these directions coincide;
in the general case the coincidence does not occur.

The stress rate tensor may be decomposed according to the scheme T; = 4; + D;.
The components of 7; must fulfil the conditions of equilibrium of type (6.9).

In the case of finite deformations the definition of the stress rate is not unique.
The first proposal is due to S. Zaremba [2.194]; reviews of definitions in use are
given by C. Truesdell [2.178], W. Prager [2.135], and Z. H. Guo [2.47].

7 Strain and strain rate

7.1 Displacement vector

The individual points of a body undergoing deformation are in motion. The Cartesian
coordinates of an arbitrary point P of the body B before deformation will be denoted
by X, Y, Z or by X, in engineering and in indicial notation, respectively. After defor-
mation the body will be denoted by b; point P changes its position to p with the
coordinates x, y, z or x; (Fig. 18). The motion may be determined by the functions

x=x(X,Y,Z,t), y=yX,Y,Z,t), z=2zX,Y,Z,1) (7.1)
or by the functions
X=X(x,y,2z,t), Y=Y(x,y,2,t), Z=2Z(x,y,2z,t) (7.2)
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X, X
Fig. 18. Material (Lagrangian) and spatial (Eulerian) coordinates

* where ¢ denotes time or any time-like parameter. In the theory of elasticity we are
often interested not in the course of the process in time but in its final results only;
in problems of plasticity the history of the process may be of essentialimportance.

The coordinates X, Y, Z treated as independent (as in (7.1)) are traditionally
called Lagrangian or material coordinates (though actually introduced in 1761 by
Euler) and x, y, z treated as independent are called Eulerian or spatial coordinates
(though actually introduced in 1752 by d’Alembert; cf. C. Truesdell [2.176, 2.177],
V. V. Novozhilov [2.123]). The notation using capitals and lower case was introduced
by Truesdell; it is particularly convenient in indicial treatment, since then the capital
.ndices following a comma denote differentiation with respect to material coordi-
Inates and the small indices—differentiation with respect to spatial ones.

The vector Pp = u will be called the displacement vector. It depends on material
or on spatial coordinates, and so it forms a vector field. The components of the
displacement vector will be denoted by Ux (or U, ¥, W) as functions of material
coordinates, and by u, (or u,v, w) as functions of spatial coordinates:

Ug = x(X;, ) —Xg, = X, —Xg(x;, 1). (7.3)

Very often the dependence on the time ¢ is not shown in the notation.

7.2 Strain tensors

There exist many various measures of deformation of the body; at a certain point
of the body we characterize deformation by the entity of suitably chosen strain com-
ponents. The simplest way to obtain tensorial strain components is to consider the
change of the squared length of an infinitesimal line element dS? (without squaring
we would not obtain a tensorial measure in the general case of finite deformation).
Denote the corresponding squared length after deformation by ds®: then, in Car-
tesian coordinates,

ds?—dS? = dx,dx;—dXgdXk. (7.4)
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Now we have to express spatial coordinates in terms of material ones or vice versa.
Substituting here (7.3) and the formula for the total differential

dx, = dXx+dUyx = dXx+Ug, ,dX, = (0,x+ U, )dX,, 7.5)
we may write

ds*—dS? = [(0,x+ Uk, s) (01x+ Uk, 1) —0py)dX,dX, (7.6)
and finally

ds* —dS? = 2el,dX,dX, (7.7)
where

ey = 3(Ur, s+ Uy 1+ Uk Ug,y) (7.8)

is called the Lagrangian (or Green) strain tensor (finite-strain tensor). Its tensorial
character is seen from (7.7) since on the left-hand side we have a scalar quantity.
Similarly, substituting into (7.4)

dXg = dx,—du, = dx;—uy jdx; = (05 —uy, ;)dx;, (7.9)
we obtain

ds* —dS? = 2efdxdx;, (7.10)
where

ey = 3 (U Uy, — g, gy, ) , (7.11)

is called the Eulerian (or Almansi) strain tensor (finite-strain tensor) In the engineer-
ing notation we have

L_oUu 1[foU) (_"_’Lz ow\’
&=72x Y2 \ax) t\ax) t\ax) |’

X U
SR ARY
2. Y & & @
»~ . - “~—
_L(E‘i oy oU U oV oV oW oW
w=5\or Tax tax av t ox oy T ax ar )
and

g ou 1[fou) ("")2 ow\*

= ox 2 [\ax) o) Tl
X u
SN0 an
z‘\/y ~

» =3 (5;+‘a—x‘ ox oy " ox dy  ox oy

The components (7.12) and (7.13) do not have a simple geometrical interpret-
ation: however, the changes of the typical segments and angles may be represented

1 {ou o0 ou du ov oo 6w6w)
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as functions of those quantities. For example, the infinitesimal segment dX before
deformation changes after deformation into ds, with the coordinates dX + (0U/dX)dX ,
(0V/0X)dX, (éW[0X)dX, and the unit elongation &3“ equals

gt o T (T ]

= Y1+2£-1. (7.14)

The change y%r of the right angle between the segments dX and dY transformed
after deformation into ds, and ds, may be found from the scalar product

ds, - ds, = |ds,| |ds,| cos(A = —y*E), (7.15)
and hence, expressing the scalar product by the coordinates,
sinytt = 95745 (7.16)
|ds,||ds,|
yay = arcsin-—= 285 . (7.17)

]/(l+2£ )(l+2£")

In Eulerian coordinates similar formulae may be obtained, but they concern the
segment parallel after deformation to x, or the angle formed after deformation by
dx and dy:

1

8:5 =0

V1=l (7.18)

2¢%,

V (1 =2¢8) (1 —2¢F)

Formulae (7.8) and (7.11) express the strain tensors in terms of the components
of the gradients of the displacement vector U;,; and u; ;. If all these components
are small with respect to unity, we may neglect the products with respect to linear
terms, and then the linearized strain tensors are expressed by the symmetric parts
of the gradients of displacement:

ey 2 3(Up ,+ U, ), ef = 5(u +uy,). (7.19)

Y&y = arcsin

Skew-symmetric parts determine infinitesimal rotation. It should be noted that in
the irrotational case if the principal axes coincide with x, y, z, the diagonal com-
ponents of the linearized tensor &}, are exactly equal to the (finite) unit elongations
&1r', (7.14). On the other hand, for the tensor &f; such a coincidence does not occur.

In the general case of small components of U, , and u;, ; the next step of approxi-
mation may be made. Namely, if we eliminate rigid translation, then the differences
between the Eulerian and Lagrangian coordinates may be neglected, and we write
simply, without any superscript,

€y = 53Uy, +uy). (7.20)
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Notation (7.20) corresponds to the Eulerian approach; however, this tensor
is usually understood as the limiting case of the Lagrangian approach, since the
latter is more commonly used in the mechanics of solids.

Tensor (7.20) is traditionally called the small-strain tensor but it should be
remembered that it gives reasonable results only under the assumption that all the
components of the gradients of the displacement vector are small; this assumption
eliminates large rotations. Without such a limitation (7.20) may lead to false con-
clusions. For example, if (in the Eulerian approach) u = y, v = —x, w = 0, then
all the components of (7.20) vanish (and so they are undoubtedly small), but it
may easily be found from (7.13) that the given displacement field corresponds to
a homogeneous biaxial negative stretching.

In what follows we shall mostly use the classical linearized tensor (7.20) assum-
ing both strains and rotations to be sufficiently small. In engineering notation for-
mulae (7.20) are written thus:

& = ‘;‘:, y,,=g—;+»-g§. /\ \; (7.21)
Instead of &,, we use here y,, = 2¢,,, since in the linearized treatment it follows
from (7.17) that y,, directly determines the change of the right angle. The diagonal
components ¢ determine unit elongations (the first term of the expansion of (7.14)).
It should be remembered, however, that the strain tensor is formed by ¢ and y/2,
and so we write it in the engineering and in indicial notation as follows:

Ex 2 Vxy 2 y:: Exy Exz
1
T,=137» & 3 y,, e,x &y Eystis (7.22)
1 1
2V zx 2 Vazy Ezy &zz

7.3 Small strains in cylindrical and spherical coordinates

Introducing curvilinear tensors and covariant differentiation, we may generalize
(7.20) to any system of coordinates. Here we quote just the results for the two most
commonly used systems:

In cylindrical coordinates, with the displacements denoted by u,, v, u.,

_ du, _ Oug  uy 1 ou,
" e T Y e
1 ouy 1 Ou., Ou,
W= ag Y Y= Tt 5
- ou, _ Ou, Ou,
*T 0z’ Vo= %2 Y o
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and in spherical coordinates, with the displacements denoted by u,, u,, u,,

- =ty e L O
rT or’ Vv =5 r r oy’

1 ou, u, 1 Cu, 1 du,  ugcoty
Ty T = ey Yosing 0 ¢
L Ot uycOly i __1 ou Ou _u
® "~ rsiny a6 r rt " ysing 90 T o

(7.24)

Of course, these formulae may also be derived by considering the changes of the
appropriate segments and right angles.

7.4 Decomposition of the strain tensor. Dilatation

The linearized strain tensor may be decomposed into the axiatoric and the deviatoric
part according to the general scheme 7, = A,+ D,. The only independent com-
ponent of the axiator equals

&m = 3(ext &+ ¢€2); (7.25)
the deviatoric components will be denoted by e,, ¢y, €., 3 ¥xy, 5Vyz» 3 V2x in engineer-
ing notation, and by e¢;; in indicial notation.

This decomposition has an important physical interpretation. Namely, evaluate
the unit volume change of an infinitesimal parallelepiped dx, dy, dz. Assuming
that the system of coordinates coincides with the principal directions of the strain
tensor, we obtain, after deformation, a parallelepiped with the sides dx(l+¢,),
dy(1+¢,), dz(1+¢€3). The unit volume change, called dilatation and denoted by € is
dx(1+2,)dy(1 + &;)dz(1 +e5) _

B dxdydz : (1.26)

and after dropping of non-linear terms, we obtain
O = g +¢,+ &3 = 3g,. (7.27)

So the strain axiator presents pure volume change, and the strain deviator—pure
shape change. In the case of incompressible bodies the strain axiator vanishes (except
thermal expansion). The definition of a strain deviator in the case of finite strains
is given, for example, by I. I. Goldenblat [2.38].

7.5 Invariants of the small-strain tensor

Typical invariants of the small-strain tensor are denoted as follows: basic invariants
by 1., I>,, I5,; principal invariants by J,,, J,,, J3,; axiatoric-deviatoric invariants
by Ilv IZe, ISe-

Certain differences appear in the definitions of cylindrical invariants. Instead
of the invariant Z,, (5.10), we introduce the proportional invariant &,,, (7.25). The
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definition of w,, (5.10), remains without change, whereas R, is usually replaced by
a proportional invariant with another numerical coefficient. The formula for R,
may be written in the form

R, = c}/ (e, —e2)*+ (e2—&3)7 + (e3—21)7, (7.28)
where the coefficient ¢ equals 1//3. In the case of stresses we defined the stress
intensity o, by replacing in the corresponding formula the coefficient 1/)/3 by 1/)/2
and obtaining at uniaxial tension o, = ¢. In the case of strains the proposals are
much more diversified. The identical coefficient ¢ = 1/)/2, which would ensure
full analogy to the formulae for stresses, is very seldom assumed (W. Urbanowski
[2.125), H. Ford [2.32], E. P. Unksov [2.182]); the direct transition to ¢, in the case
e, = &5 = 0 is of no practical significance, and for incompressible materials such
a state of strain is even impossible. N. I. Bezukhov [2.8] suggested the term “strain
intensity” (or “effective strain”), &,, for expression (7.28) with the coefficient ¢ =
1/(14+7))/2; then in the elastic range the simplest relation o, = Ee, holds for
incompressible as well as for compressible materials. The disadvantage of this pro-
posal lies in the dependence of strain intensity on the material constant—Poisson’s
ratio ». To avoid this disadvantage most authors assume » = 1/2, as for incompress-
ible materials; such a definition will also be adopted here:

Ee = % Vi l/ (81— +(e2—3)* +(83—8)% = l/ % €ij€ij

- '; '/_8—:2:—""' 8;-{- 83 —ExEy—&yE:— 8:€x+%(}’§,+7f=+7?x)- (729)
Some authors make use of the intensity of shearing strains, y., defined by (7.28)
with the coefficient either ¢ = /2/3 (L. M. Kachanov [2.79]), or ¢ = 1/)/6 (V. V. So-
kolovsky [2.163], W. Szczepifiski [2.166]), or ¢ = 2/3 (M. Ros, A. Eichinger [2.144],
A. A.Tlyushin [1.8], S. D. Ponomarev et al. [2.130]). In the first case we have at pure
shear y, = 7, in the second y, = /2, whereas the third leads to Y, = Yoc:; namely,
octahedral strains are determined by formulae similar to (6.6) and (6.7) but with 7
replaced by y/2:

Eoct = 3(81+ &2+ &3), (7.30)
Yoer = 2V (8, —€2)* + (22— €3)* + (83— &))*. (7.31)

In the case of an incompressible material &, +&,+&; = 0 and strain intensity
may be determined as a function of two principal strains only, for example &, and
&,. We obtain

2 e
g = “ﬁ Y ei+eite e, (7.32)

whereas y,., is given by the same formula with the coefficient 2;/ 2/3.

Extremal shearing strains y correspond to the change of right angles the arms
of which form the angle 45° with the principal directions. Maximal shearing strain
equals

Ymax = &1~ Em- (7.33)
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The relations between typical systems of small-strain invariants may be found
in Table 2 (on p. 37) with the formal replacement of ¢ and s by ¢ and e. A certain
difference appears only in o,, which—in view of the definitions (6.4) and (7.29)—
should be replaced by 3e,/2.

The relations between finite-strain invariants may be found in the books by
A. E. Green and W. Zerna [2.39], I. I. Goldenblat [2.38] and A. M. Freudenthal

[2.34].

7.6 Strain rates

In the case of small strains and small rotations the time derivatives of the stréin
components form a tensor which- may be written as

- I My Wy
Ti=yte= 3 Peiaie, 6, b (7.34)
T2 2o 5] |im dn b

Differentiating (7.20) with respect to the time 7, we express &; in terms of the velocity
components #;:

&y = 3 (i, +1y,,). (7.35)

The invariants of the tensor 77, will be denoted by /,;, I,;, I, (basic invariants),
Jiys 225 J3; (principal invariants), etc. The integral invariant
'. ‘ B .
S, = S Vidt = Sl/d?udeu (7.36)
ty A ,
determines the length of the trajectory in the nine-dimensional strain space between
the points 4 and B. In order to estimate the influence of intermediate principal
strain rate on yielding, the Lode parameter for strain rates (or increments) is often
introduced; according to (5.19)

 2(de)y—(de)—(de)m 3(de)y (7.37)

Wi (de)y—(de)y ~ (de)—(de)
The rates are here replaced by the increments after the formal multiplication of
numerator and denominator by dr. These increments are bracketed since the arrange-
ment does not always lead to (de);, = d(g)).

The strain rate tensor may be decomposed into the strain rate axiator and the
strain rate deviator; for incompressible materials the strain rate axiator A; vanishes
identically.

In the case of finite strains we first notice that in spatial coordinates the symmetric
vart of the finite gradient of the velocity vector is directly connected with defor-
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mation, and the skew-symmetric part with rotation. As a matter of fact, multiplying
them by dr we obtain the infinitesimal strain and the infinitesimal rotation respectively
(L. I. Sedov [2.152]); thus the decomposition is here simpler than in the case of the
finite gradient of the displacement vector.

The symmetric part is called the stretching tensor (or, the rate-of-deformation
tensor),

dy = 30y, +1y,) (7.38)
and the skew-symmetric part—the spin tensor
wiy = 3@y, —it;,,); (7.39)

the dots denote here material derivatives D/Dt, i.e. the time derivatives with the
material coordinates hold constant. Hence in material coordinates D/Dt = d/ot,
and in spatial coordinates D/Dt = 0/0t+ (0Xx/dt)(0/0Xk). L. E. Malvern [2.108]
draws attention to the fact that in the case of finite strains (or even finite displace-
ments) there is a difference between (7.35) and (7.38); indeed, (7.38) is consistently
calculated in spatial coordinates, whereas (7.35) was obtained by a limiting pro-
cedure in material coordinates.

Further, besides (7.38) we may introduce the strain rate tensors, defined as the
material derivatives of &f and &fj:

DeF oek
L oo_ [}
. &y = Dt 61 ’ (7'40)
Def o€k, ek, 0Xx
E _ DEy _ 0y ij K.
=Dt e taxe ot (7.41)
they are connected with dj; as follows (A. C. Eringen [2.31]):
é;‘l = d,‘,x,,',x,._,, (7.42)
&y = dyy— (el + hily, ). (7.43)

Many other quantities representing strain rates are also used; an extensive review
and a new proposal are given by Z. H. Guo [2.47].

7.7 Logarithmic or natural strain

Even in the simplest case of uniaxial tension the corresponding (longitudinal) com-
ponents of the strain tensors &%, £ and e, = &¥ differ from each other. It turns
out that all of them are determined by the general formula

1 A" ’
m _ 1[0
&l = [l (11) J, (7.44)
where /, = L is the length before deformation, and /, is the length after deformation.
Namely, for n = —1 we obtain the unit elongation &, = &¥, forn = —2 the Lagran-

gian component &%, whereas for n = + 2 the Eulerian component &£, The correspond-
ing diagrams are shown in Fig. 19 in terms of /, /I,.
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Fig. 19. Various measures of the longitudinal strain

Formula (7.44) was suggested by B. R. Seth [2.154, 2.155, 2.156] as a general-
ized strain measure (the nth order measure). In fact, measures of deformation are
to a certain degree arbitrary, and hence we may obtain a good description of material
behaviour by combining a more complicated measure with simpler constitutive re-
lations. This concept was developed by T. C. Hsu, S. R. Davies, and R. Royles [2.64],
who described various materials by linear plastic hardening law combined with
(7.44). Of course, for an arbitrary value of the exponent » the introduction of a ten-
sorial measure in the general three-dimensional case is more difficult; certain in-
tegral formulae were derived by Seth [2.155]. It should also be noted that it may be
difficult to find a measure of stress which is consistent with (7.44) in the sense of
principle of virtual work (1.1); this problem was not considered by Seth.

A review of the definitions of finite strain is given by A.V. Hershey [2.55],
and also by H. Ziegler and D. Mc Vean [2.198].

The classical strain (unit elongation) satisfies a condition of symmetry of the

type &(/,—1l,) = —e&(ly—1,) (bracketed quantities are arguments here); however,
none of the above-mentioned strains satisfies the much more justified requirement
&(l,/ly) = —e(lp/l}). To obtain such a representation of strain we integrate the

length increments related to the current length /

Iy
a

lo
This quantity was introduced by P. Ludwik [2.107] in 1909 (though a similar proposal
was made by A. Mesnager during the physical congress in 1900). More attention
to it was paid by H. Hencky [2.54] in 1928, and hence it is called the Hencky strain,
€. A. Nadai [2.118] introduced the term “natural strain”; other terms in use are
“true” or “logarithmic” strain. Another advantage of logarithmic strain lies in the
relation between the logarithmic dilatation and the principal strains,
1 4

0’=ln7:-=e','+s§'+e§', (7.46)

(7.45)
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valid for arbitrarily large strains, whereas for unit elongations a similar relation
holds only approximately, for small strains, (7.27).

Logarithmic strain may be expressed in terms of unit elongation as follows:
&2 &
oA = ]n(l+8) = —_—— ..., (7°47)
2 3
and in the case of small strains the differences between them are negligible. The
relations with the diagonal components of the Lagrangian and Eulerian strain tensors
are

e = ln(1+2¢Y) = —1In(1—2¢5). (7.48)
2 2

The Hencky strain is also “hidden” in (7.44) and may be obtained by passing to the
limit n — 0; the corresponding diagram is also shown in Fig. 19.

The main difficulties appear in the general, three-dimensional case. Of course,
one can always formally construct a tensor whose principal components are In (1 +¢,),
In(1+¢,), In(1+¢,), or a similar one, related to &f; or &f;. Such tensors are some-
times used (J. D. Weber [2.189]), however, their arbitrary components cannot be
expressed in terms of displacements by closed-form relations.

Many other proposals, mainly non-tensorial, have been made (J. E. Dorn,
A. J. Latter [2.27], A. Gleyzal [2.37], F. D. Murnaghan [2.115], O. Hoffman, G. Sachs
[2.63], Y. Yoshimura [2.193], S.I. Gubkin [2.45]). Certain critical remarks were
made by H. Richter [2.143] and C. Truesdell [2.176]; Truesdell states that log-
arithmic strain may be utilized only in irrotational cases, where the principal directions
are fixed and known. Nevertheless, in many such cases (rotational symmetry, etc.)
the use of logarithmic strain leads to good results, in better agreement with the ex-
periments than conventional strain.

7.8 Equations of compatibility

Six components of a symmetric strain tensor may be presented in terms of three
components of the displacement vector. If we attempt to reverse the process and to
evaluate the displacements while knowing the strains, it turns out that the problem
is overdetermined and the strains must satisfy certain additional relations, called the
equations of compatibility of de Saint-Venant. Six such relations may be derived,
though, in fact, only three of them are independent (L. E. Malvern [2.108]).

In the simplest case of the linearized strain tensor ¢;; the compatibility equa-
tions are obtained by direct eliminating «; from (7.20):

0%e, S d’sy Py
dy> ' ox*  oxay’ x
ol (7.49)

0y, + *Ysx _ 0*Yxy -2 e, z y
dzdx = dyoz azz ~ T oxdy’ e
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In indicial notation with the summation convention employed the compatibility
equations are usually written in the form

&yt uy—Cmn—Enu=0, i,j,k,l=x,y,z. (7.50)

However, this form is slightly inconvenient since it describes 81 equations only 6 of

which being distinct. To reduce this apparent number of equations we may use
another form, with only two free indices,

€ixm€jin €kl, mn =0, i)jy kn I; m,n=Xx,y,z, (751)
where e;,, denote permutation symbols (alternators): e;, = 0 if any two of i, k, m
are equal, ey, = 1 if ikm are an even permutation of x, y, z, e, = —1 for an odd
permutation.

In cylindrical coordinates the corresponding system of equations was derived

by F. K. G. Odqvist [2.124], and in arbitrary coordinates by V. Z. Vlasov [2.185,
2.186). We quote here only the results for cylindrical coordinates, making use of
the Vlasov form but changing indicial notation into engineering notation:

d’e, 0%, Py, _

522 Y ar " ozar T

e 1 P, i e 1 Oe, 1 oy.

a2 T 77 a0r " r dboz T r or r oz

1 0%, 1 0 (,zfﬁ 1 P(ryw) _ 0 _
T YT o\ o) T T o -
(1.52)
Py o (7.: 1y, o* e,)_
%2 wa\r) T wa\r) ="
1 P(y) 1 Py O (,,_,,) 2 3% _ 1 Ay _,
r or? r2  ozor ordf \ r + r 000z r:2  or §

_!_ Ve ___1_ 3*(ryes) . ) +2 0*(rey) -2 oe, -0
r 002 r ordf 000z 0z or 0z '

For a simply. connected body the compatibility equations are necessary and
sufficient conditions for the existence and uniqueness of displacements (if the rigid
body motion is eliminated). In the case of a multiply connected body we have to
determine some constants of integration going back to (7.20). The strain rates
(6.13) should satisfy analogical relations.

In the case of finite-strain tensors a similar elimination of u; is very cumber-
some. However, making use of the Riemann theorem, we may express the compati-
bility conditions by the vanishing of the corresponding Riemann—Christoffel curvature
tensor. Some explicit results may be found in the books by A. E. Green and W. Zerna
[2.39], C. Truesdell and R. Toupin [2.179] and by A. C. Eringen [2.31]; a detailed
analysis is given by I. I. Goldenblat [2.38].

For logarithmic strains the general conditions of compatibility are not yet
derived. However, in some simple cases such a derivation presents no difficulty. For
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example, in the circularly-symmetric (one-dimensional) case in Lagrangian coordi-
nates we have

dU, U !

H __ r H - r

& = In(l+ iR ), €5 In(H— R ), ;(7.53)
and hence, after eliminating U,,

H

e = 85’+In(l+R%). (7.54)
Similarly, in Eulerian coordinates,

B oinli=22), ; B ipfi=2 (1.55)

dr |’ . r)’ '
o = e:'-m(n-r"T‘fL). (1.56)

The equations of compatibility should be satisfied in the regular regions of the
body; on the other hand, surfaces of discontinuity may also appear. In a continuous
medium discontinuitie sof displacements are inadmissible if we exclude such pheno-
mena as dislocations. Tangential velocities may be discontinuous in the limit state,
whereas the discontinuity of velocities normal to the surface would lead in a statical
problem to vacancies or overlapping of the material; such a discontinuity is possible
in the wave theory (shock waves). A more detailed discussion of discontinuities in
strains and strain rates is given by A. M. Freudenthal and H. Geiringer [2.33],
C. Truesdell and R. Toupin [2.179], and W. Jaunzemis [2.74]; cf. also Sec. 18.

In the theory of plasticity solutions discontinuous in velocities are mainly con-
nected with slip lines. Numerous papers are devoted to the analysis of the relations
along the slip lines; let us mention here T.Y. Thomas [2.173, 2.174], D. D. Ivlev
[2.71], G. 1. Bykovtsev, D. D. Ivlev, Yu. M. Myasnyankin [2.15, 2.16], W. Johnson,
R. Sowerby, J. B. Haddow [2.77], L. S. Degtyarev [2.22, 2.23].

8 Uniaxial plasticity

8.1 True stress-strain diagram

The simplest and most common basic test in plasticity is the standard tension test.
This does not mean that from the theoretical viewpoint this test is the best one:
its drawbacks lie in the triaxial state of strain corresponding to uniaxial stress, and
in the changing cross-sectional area of the specimen. The pure shear test would be
much better here, but the testing technique is more complicated and poses new
problems, for example that of the homogeneity of stress state. Thus the tension test
remains the basic one.
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Fig. 20. Stress-strain diagram for a mild steel: (2) in the system 4/— P, (b) in the system e—¢

Figure 20a shows a typical tension test diagram for low-carbon steel; it is plotted
in the coordinate system elongation A/ versus force P, as delivered by the testing
machine. This diagram is converted into the strain-stress variables in order to get
rid of the dimensions of the specimen. Under the assumption of proportionality
between ¢ and 4/ and between o and P we would obtain in appropriate scales.a geo-
metrically similar diagram. Such a situation occurs in the case of conventional
(Cauchy) strain and nominal stress P/A4,, calculated without taking into account
geometry changes (principle of rigidification). As a matter of fact, the change of
cross-section may be essential for larger deformations and we should make use of
the true stress ¢ = P/A (Fig. 20b). Assuming homogeneous strain and plastic
incompressibility, and neglecting small elastic strains with respect to plastic ones,
we obtain

P P A, P 1 P
il daly v kel oy sl b i
where ¢ is the conventional strain. Further, to obtain the symmetry condition men-
tioned in Sec. 7.7, the logarithmic strain is often employed; the curve P/4 = f(e¥)
is called the true stress-strain diagram and is also shown in Fig. 20b.

Point A4 of the diagram corresponds to the elastic limit (usually identified with
the proportional limit), point B to the upper yield point, and point C to the lower
yield point (these terms were introduced in 1904 by C. Bach). The segment BC corre-
sponds to the plastic softening of the material; only certain materials exhibit such
a phenomenon, which is connected with material instability. The horizontal segment
CD is called the perfectly plastic flow; it corresponds to the lower yield point and
this value should be used in further plastic flow calculations.

The segment DE corresponds to the plastic hardening. Actually this hardening
goes beyond E, but because of the decreasing cross-sectional area A the maximum
of the force is reached at E (tensile strength, expressed by nominal stress). The
decrease of the force is connected with a certain kind of instability resulting in the
“necking” of the specimen.

Many materials do not exhibit perfect yielding. However, for various engineering
applications conventional definitions of (apparent) yield-point stress are introduced.
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Various such definitions were compared by R. M. Haythornthwaite [2.52], who
distinguished the following criteria: (1) departure from linearity, (2) measurable
plastic strain, (3) slope of the diagram equal to a given fraction of the initial slope,
(4) intersection of post-yield slope with the stress axis, (5) intersection of post-yield
and elastic slopes, (6) offset elastic slope (Fig. 21). Of course, such a variety of

o
%::/:’:-"“//
;’ / //
-7
/o
/
2L~
Lo /
/
/
V/j ‘/ >

Fig. 21. Various definitions of the conventional yield-point stress

definitions makes the comparison of experimental results very difficult. The differences
should be reflected even in the names, although no sharp separation can be made.
For example, the first three definitions may be referred to the “conventional elastic
limit” and the remaining three to the “conventional yield-point stress™.

The stress-strain diagrams depend on the temperature and, sometimes, on the
strain rate. The last effect is of rheological type and will not be dealt with here; it
will be assumed that the diagrams were obtained at a very small strain rate.

For some applications certain descriptions of the stress-strain diagram other
than ¢ = f(¢) are more convenient. The derivative do/de = E, will be called the
tangent modulus and the ratio o/¢ = E; the secant modulus at the given point of the
curve. The stress-strain diagram may also be described by either of the equations
E, = f(0), E, = f(¢), E; = f(0), E, = f(¢). The first two equations are differential
equations with respect to o = f(¢); particularly the form E, = f(0) is often used in
the theory of elastic-plastic stability.

A. A. llyushin [1.4] uses the following form of the description of the stress-strain
diagram

o = Eg[l —o(e)], 8.2)

where the values of w(e) satisfy 0 < @ < 1; this form belongs to the type E; = f(¢).

8.2 Perfectly plastic solids

Any more exact effective analytical description of the stress-strain diagram presents
great difficulties: if an analytical formula is needed, some simple approximations
are used. They are called schematizations of the stress-strain diagram.
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For a material with a well-marked segment of perfectly plastic flow and small
plastic hardening the schematization shown in Fig. 22 may be used. This diagram is
connected with the name of L. Prandtl [2.138], although it was used is some earlier
papers, for example by R. Mises [2.112]. It extends the elastic range to the yield

6

)

oo

Fig. 22. The stress-strain diagram for a perfectly elastic-plastic body

point, neglects the difference between the upper and the lower yield stress, neglects
plastic hardening, but extends the perfectly plastic flow up to infinity. Thus the
diagram for loading consists of the segment o = Ee (perfectly elastic range, plas-
tically passive process) and of the ray ¢ = o, (perfectly plastic range, active process).
The symbol o, denotes here the yield-point stress at uniaxial tension, defined by
do/de = 0. Diagram 22 shows also a schematization of the passive process due to

unloading and a reverse active process (¢ = —o0,). The idealized body, described
fully by the Prandtl diagram, is called the perfectly elastic-plastic body, or the elastic-
perfectly plastic body.

If the plastic strains are large enough, the elastic strains may be neglected with
respect to them; this approach corresponds to the limiting case E — oo. The per-
fectly elastic-plastic body then passes into the perfectly rigid-plastic body (Fig. 23).
This model is even simpler than the perfectly elastic-plastic one, but it may lead to
some doubts. Namely, if it leads—directly used—to results other than those obtained

(<)
[}
O =0, —— 0O
60 Q
€=0
" -

0 o

=% -

Fig. 23. The stress-strain diagram for a perfectly rigid-plastic body
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in the limiting case E — oo, then it is this limiting case that should be regarded as
correct. Such problems will be discussed in Sec. 18.
Both models described constitute the basis of the theory of perfect plasticity.

8.3 Schematizations of plastic hardening

Before undertaking the approximation of the stress-strain diagram we have to
decide which of the diagrams presented in Fig. 20b is to be approximated. In the
range of moderate strains the differences are negligible, but for strains larger than 0.1
they become essential. Any diagram may be approximated, but it should later be
correspondingly applied: if the change of the cross-section is taken into account,
(8.1), it should also be accounted for in further applications. A similar remark applies
to the logarithmic strain. The true stress-strain diagram has the widest range of
applications.

There exist numerous suggestions for the schematization of plastic hardening;
W. R. Osgood [2.126] compares some twenty of them. Various forms of description
of the stress-strain curve are discussed by W. Truszkowski [2.180] and P. G. Hodge
[2.61]. Here we are going to present only some of the most frequently used equa-
tions. The plastic hardening of steel is often described by the linear function (Fig. 24):

a A
o = B+E,e¢, TOS e < & (8.3)
I
Bpf-— Tarc tan £ :
| |
| |
| |
| |
arc fanE |
1 | -—c
ol o/ i

Fig. 24. The stress-strain diagram for a body with linear plastic hardening

The constant E, is called the hardening modulus; practically 0 < E, < E/10. The
straight line should be bounded from above by a certain value of the strain &, since
without such a limitation the strength would be infinitely large, in contradiction to
reality. The condition of continuity determines the constant B:

E
B = (l - —E'—)ao. (8.9
In the Ilyushin notation (8.2) we have

Jo

w(e) = I(I—E y A= (8.5)
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In the limiting case E, = 0 we obtain the equations for the perfectly elastic-plastic
body, whereas E — co gives the rigid-plastic body with linear hardening.

Formally, the linear hardening law may be used in connection with definitions
of strain other than the conventional one. T. C. Hsu, S. R. Davies and R. Royles
[2.64] combined it with the general definition (7.40); L. H. Sjodahl and J. B. Conway
[2.162] proved that this proposal is equivalent to an earlier suggestion by E. Voce
[2.187].

A more exact approximation may be obtained if several equations of type (8.3)
are employed, valid in the successive intervals of e. This schematization is called
piece-wise linear hardening or multiple linear hardening. The difficulties are here
connected with the necessity of separation of many subregions in the body and with
the application of numerous continuity conditions.

The power plastic hardening schematization,

o=ke, 0<e<e, (8.6)

is free from that drawback. Indeed, this simple monomial is supposed to describe
the whole range of variability of &. To obtain upward convexity n should be chosen
from (0, 1). In the limiting case n — 1, k = E, we arrive at Hooke’s law. In the
opposite limiting case, n — 0, we obtain the perfectly rigid-plastic schematization;
as a matter of fact, writing (8.6) in the form
e (—8—) : 8.7)
To €o
we state that for n — 0 it is satisfied by any ¢ < 0, at ¢ = 0 and by any € at 0 = 0,,
Fig. 25. On the other hand, the drawback of (8.6) and (8.7) is connected with the

4] n=1

ol €

Fig. 25. The stress-strain diagram for bodies with power plastic hardening

infinitely large derivative do/de at ¢ = 0 (vertical tangent); this property is not
shown by any real material, and so these equations should be used for strains that
are not too small. In this range they describe quite well the behaviour of copper
alloys and aluminium.

The simplest two generalizations of the power plastic hardening law were given
by P. Ludwik [2.107]

o = go+ke", ' (8.8)
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(restricted to rigid-plastic bodies) and by W. Ramberg and W. Osgood [2.140]

g a\"”
=2+ (7) , (8.9)

taking elastic strain into account; equation (8.9) with m = l/n and E — o turns
into (8.6).

8.4 Special schematizations

The equations given above pretend to a certain generality and simultaneous sim-
plicity. However, the simplicity of the function o = f(&) does not always lead to simple
solutions of more complex problems. Therefore it is sometimes better to employ
a certain special, apparently more complex schematization, which for a given class
of problems leads to simpler results; of course, the error of approximation of the
experimental curve should always be kept within reasonable limits.

For example, in the elastic-plastic stability problems (which, incidentally, will
not be dealt with in the present book) the dependence E, = f(o) is particularly
important. A small error of approximation of ¢ = f(¢) may result in an essential
error in the tangent modulus E,, and, consequently, in critical loadings.

The schematization of the perfectly elastic-plastic body is here, as a rule, not
sufficiently exact. One has to describe more precisely the segment between the elastic
limit and the yield point. A. Ylinen [2.192] suggested here a convenient formula for

E, = f(0);

do oo—|0o
E,=——=E-2 U
0o —¢|o|

i 0 < o] < 0o, (8.10)
where ¢ is the material constant. Integrating (8.10) as a differential equation with
respect to o = f(e), we obtain

g = l[w—(l —c)o'oln(l ——IZI-) signa], 0 < |o] < 0. 8.11)
E 0o
This is the proposed schematization of the stress-strain diagram. Equation (8.11),
containing three parameters, like (8.8) and (8.9), is presented in a more complicated
form, but because of the simplicity of (8.10) leads to simpler results in the stability
problems.

The Ylinen equation (8.11) gives o = o, only in the limiting case & < c0.
Such behaviour of materials was called asymptotically perfect plasticity by K. Szu-
walski and M. Zyczkowski in [1.18]. It may also be used in other types of problems,
where the perfectly elastic-plastic schematization is too rough. Another well-known
approximation of this type was proposed by W. Prager [2.131]

0= aotanh(??), -0 < &< . (8.12)
o
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Considering the optimal design of thin-walled bars, W. Krzy$ [2.92, 2.93] introduced
an apparently more complex, three-parameter schematization

E =E ("o—lal)a’]z'3 s, < lo] < o 8.13
t = _(0'0—0,)0',2, ) » ’ ( )
where o, denotes the proportional limit.

The optimal design for the material function (8.13) has been found to be the
simplest possible, and its accuracy is of the same order as that of other three-par-
ameter schematizations. It has also been applied to other optimization problems by
A. Gajewski and M. Zyczkowski [2.35].

8.5 The Bauschinger effect

The schematization given above describes only the passive and active processes
during loading. However, the unloading and reverse loading processes are also very
important, not only in view of direct applications, but also for a correct and precise
formulation of general physical (constitutive) equations of plasticity.

We shall restrict our considerations to materials which exhibit the same yield
stress g, in tension and in compression. Unloading (following active loading) results,
at first, in a passive process, which may be described, usually with a sufficient degree
of accuracy, by the linear equation

F—0 = E(3—e¢), (8.14)

where % and & denote the coordinates of the point A at which the unloading starts
(Fig. 26). Suppose that the stress ¢ may be treated as the exertion factor. Then,

(o]
| A

Fig. 26. The Bauschinger effect in uniaxial tension-compression

exceeding the point B, we have once more a loading process (reverse). At first,
this process is passive and described by (8.14). J. Bauschinger [2.5, 2.6] noticed that
the initiation of the active process, characterized by any of the points C, on the
diagram, occurs under reverse loading earlier than under repeated loading in the
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original sense (direction)—theoretically it would be then the point 4. This phenome-
non is called the Bauschinger effect. We speak of the ideal Bauschinger effect if the
coordinate of the point C;, denoted by _, equals (point C,)

G = §—20,; (8.15)

such a value would correspond to a full compensation of the increase of the yield
point in tension by the decrease in compression. From the physical point of view we
should not call this case “plastic hardening” but rather “apparent hardening” and
connect it with micro-nonhomogeneity and with residual microstresses at the point B
of the diagram, Yu. I. Kadashevitch, V. V. Novozhilov [2.80]. If the active process
starts at C3, 6. = —&, we speak of the lack of the Bauschinger effect — this case
might also be called true plastic hardening. A certain intermediate case 5_ = — o, will
be called the stabilization of the yield stress, point C, in Fig. 26. The case of the
coincidence of the points C and B (6. = 0) was called the full Bauschinger effect
by A. E. Kalatinets [2.81] but such a case seems to be unrealistic (at least for small
plastic strains where G_ < 0).

Experimental determination of the point C is not possible; practically we only
find a substitute C* by using similar approaches to those described in Sec. 8.1;
usually the change of plastic strains has a certain conventional value here. W. Szczepi-
ski [2.165] states clearly the fact that the estimation of the Bauschinger effect depends
essentially on this value: the smaller is the fixed conventional change, the more
evident is the Bauschinger effect.

The first attempt at a theoretical explanation of the Bauschinger effect is due
to G. Masing [2.110], who assumed that micro-nonhomogeneity is connected with
a random orientation of anisotropic crystals in a polycrystalline body.

Such an explanation corresponds to the ideal Bauschinger effect. Further exper-
imental research was carried out by G. Sachs and H. Shoji [2.146]; the theoretical
background is given by H. Shoji [2.160]. Extensive surveys of theoretical and exper-
imental investigations are to be found in the books by V. V. Moskvitin [2.113],
R. M. Shneyderovitch [1.17], N. I. Chernyak and D. A. Gavrilov [2.18], and in the
survey articles by S. V. Serensen and R. M. Shneyderovitch [2.153] and A. P. Gu-
senkov [2.49].

Several papers on the Bauschinger effect were published by G. B. Talypov
[2.168, 2.169, 2.170]; they were summarized in [2.171]. This effect is characterized
there by the ratio |G_|/|5|. Such an approach is inconvenient since if this ratio
decreases, then—according to the definition—the Bauschinger effect increases. It
would be more convenient to introduce the ratio

lo_| 0o

- F_ —
equal to zero for a vanishing Bauschinger effect, or the ratio

G+0_ g—|o-|
B s e <p<l1, 8.17
b 2(G—0,) 2(0—0y) 0<7 @.17)
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also equal to zero for a vanishing Bauschinger effect and to unity for the ideal effect.
The convenient notation with absolute values is valid only in the case - < 0.

According to Talypov’s investigations, the ratio |5_|/|o| depends on the strain &;
namely, it first decreases (B increases, but 8 decreases, for most materials), and then
becomes stabilized. The coefficient § for larger plastic strains is of order 0.2, and
thus the Bauschinger effect amounts roughly to one fifth of the ideal one. The Bausch-
inger effect in shear was examined in [2.167]; the investigations of combined cases will
be quoted separately.

Extensive theoretical and experimental studies of the Bauschinger effect were
also carried out by A. Abel and H. Muir [2.1, 2.2, 2.3, 2.4]. They described this
effect by several parameters, the most important of which coincides with f, (8.16);
the other ones are connected with strains and energies.

It should be mentioned that the term Bauschinger effect may lead to certain
misunderstandings. Some authors, for example P. M. Naghdi [2.119] and A. C. Erin-
gen [2.31], define by this term the difference between original yield stresses in tension
and in compression, i.e. a notion quite different from the generally accepted one.
Usually the Bauschinger effect in the common sense is investigated for those ma-
terials which do not exhibit the Bauschinger effect in the Naghdi-Eringen sense.

8.6 Schematizations of cyclic plasticity

The very simple proposals of schematization quoted in Sec. 8.3 become much more
complex if multiple loading-unloading processes are to be uniformly described.
These problems are usually called cyclic plasticity although it is not necessarily
cyclic processes that are considered.

As B=0

Fig. 27. Hypothesis of a constant share of the Bauschinger effect

4\BPK
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The simplest and most convenient for qualitative analysis are the proposals
generalizing linear plastic hardening to the cyclic case. One of such schematizations
was proposed by K. Kowalczyk and M. Zyczkowski [2.89, 2.90), and will be briefly
described here. First generalize the coefficient 8 defined by (8.17) for the first half-cycle,
writing for the nth half-cycle

(S:n—l _sOn—l)"(gn—Z —SOn)

B = 3Gt —50nd) , n=1,2,.., (8.18)
where the dimensionless stress s equals o/g,. Further symbols are explained by
Fig. 27, e denoting here ¢ = E¢/s, (and not the deviatoric strain). Indeed, for
n = 1 we obtain 8, = f, (8.17), putting §,_, = F 1—this value follows from the
assumed equal yield stresses in tension and in compression. If we now assume g,
= B = const (a hypothesis of constant share of the Bauschinger effect), then active
processes are described by the general equation

s, = a,+(1=2)e,, (8.19)
in which

a, = L4,

a, = +22A-2i-2p+1)"—

n-1
—22(1-2)1 —ﬂ)Zé,(2).ﬂ—2).-2/3+l)"“" for n>1, (820
‘o

and passive process by

S, = e,—ey, (8.21)
where

e) =0, e = Fi+4ie,

e = FAQRA-2A-28+1)""+

n-2
+24(1 =2)(1-p) ZE‘(zlﬂ—Z}_—zﬁ_’_ l)n—2—1+

i=0
+4g,_, for n>2. (8.22)

In these equations A (assumed to be constant) is given by (8.5); the upper signs
refer to the process starting with tension, and the lower signs to that starting with
compression. The changes need not be strictly cyclic, but passive processes are
supposed to be followed by active ones with the same sense of loading. Substituting
B = 0, we obtain a schematization without the Bauschinger effect, whereas substitut-
ing B = 1 we obtain the ideal Bauschinger effect (isotropic and kinematic hardening,
respectively—these terms will be explained in Chapter III).

Linear schematizations of type (8.19) are, as a rule, remote from experimental
results: for the cycles with relatively small changes of plastic strains the curved
parts of the stress-strain diagram are essential. The first proposal of a curvilinear
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schematization of unloading in the first half-cycle is due to G. Masing [2.110]. It
corresponds to the ideal Bauschinger effect and has the form

G—0 = 2f( £ ;‘) (8.23)

where the symbol f describes the first loading, ¢ = f(£). Experimental results confirm
(8.23) only for small plastic strains, since for larger strains the Bauschinger effect
is much smaller than the ideal one. A better agreement may be achieved by a certain
generalization of (8.23), namely

G—a= a,f( 8"‘), (8.24)

e

proposed by V. V. Moskvitin [2.113]; the coefficients «, and «, should be determined
here experimentally and may depend on the cycle index. Another generalization of
(8.23) was proposed by R. L. Woolley [2.191].

Many other schematizations of cyclic plasticity have been proposed; the references
given here are far from complete. Let us mention only some recent suggestions by
O. Bruhns [2.11, 2.12] (finite strains), K. Turski [2.181] (generalized power series),
T. Kishi and T. Tanabe [2.82] (power functions). Some further proposals (for
triaxial cases) will be discussed in Sec. 14.

8.7 Models of plastic bodies

Some features of inelastic media are successfully discussed by the use of analogies
with mechanical models: stress is here modelled by the force P, and strain by the
displacement 4. Such discussion is of course purely qualitative and the conclusions
may be overstated.

Perfect plasticity is—as a rule—modelled by Coulomb’s dry friction with the
coefficient of friction u independent of velocity. The first proposals of such models
date from the early twenties (C. F. Jenkin [2.75], multiple linear hardening, S. Lees
[2.95], model with eccentric mechanism). Certain limitations connected with such

)
P P
ia m“f’* iazs}.—
! Py

a)

P
M- - 4@ -
» = A
g _// oty
= =

Fig. 28. Models of perfectly plastic bodies: (a) a perfectly elastic-plastic body, (b) a perfectly
rigid-plastic body
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modelling were pointed out D. C. Drucker [2.28, 2.29], nevertheless the main ana-
logy, based on the energy dissipation during plastic deformation and during motion
of a heavy body with friction, is unquestionable. Thus the behaviour of perfectly
elastic-plastic and perfectly rigid-plastic bodies may be illustrated by the models
shown in Fig. 28; the analogy of unloading and reverse loading is also correct.

There exist various possibilities of modelling plastic hardening. Linear harden-
ing with the ideal Bauschinger effect may be represented by the model shown in
Fig. 29; residual microstresses are represented by the internal force in the spring 2.

(2) (1)

Al
==
\

PAF= ' P/

N -
/w -
/ "

&R

Fig. 29. A model of linear plastic hardening with an ideal Bauschinger effect (kinematic hardening)

Fig. 30. A model of linear istotropic strain-hardening
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It should be noted that for the maximal tensile force P larger than 2uQ the reverse
active process takes place even at positive P (tension). The corresponding two-
dimensional model is discussed by Yu. I. Kadashevitch and V. V. Novozhilov [2.80].

Hardening without the Bauschinger effect (true, isotropic hardening) is more
difficult to be modelled. The model proposed by W. Derski and S. Ziemba [2.25]
correctly describes loading and passive unloading but leads to softening during
active reverse loading; contrary to the requirements.

We propose here two other models of isotropic hardening. The first one, shown
in Fig. 30, relates hardening to the change of plastic strains (strain-hardening).
The load Q, moving with friction, consists here of a fluid-container connected with
the piston of the pump supplying the fluid irrespective of the sense of the motion.
Accordingly any change of the plastic strain results in the increase of Q, and thus in
strain hardening.

= _._ \

fluid pisten  gas B

Fig. 31. A model of linear isotropic work-hardening

The second model, shown in Fig. 31, relates hardening to the dissipated work
(work-hardening). As a result of friction the temperature of the gas under the load
increases, causing an increase of pressure, motion of the piston to the left, and de-
livery of the fluid to the container (independently of the sense of the motion of that
container).

There is no difficulty of course in generalizing these models so as to include
the partial Bauschinger effect—it is sufficient to add the second spring as in Fig. 29.

Plastic hardening may also be modelled by certain simple structures made of
a perfectly plastic material. Such a model, corresponding to the ideal Bauschinger
effect, is considered in detail by K. A. Reckling [2.141]). A general discussion of
models of that type is given by H. F. Bohnenblust and P. Duwez [2.9].

8.8 Plastic strain. Plastic work

Two characteristic features of plastic strains were mentioned in Sec. 1.1. However,
to define plastic strain more precisely, some further discussion may be necessary.
Consider the simplest case of uniaxial tension, assume the elastic strains to be go-
verned by Hooke’s law and neglect viscous effects; usually it is then assumed that the
total strain ¢ may be presented as the sum of the elastic strain &°, vanishing after
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unloading, and the permanent plastic strain &”. This decomposition is presented
by the formula
e=¢e°+¢el, e =¢g—¢£= s—l, (8.25)
E
where E denotes Young’s modulus for the undeformed body.

It should be noted, however, that formula (8.25) does not always correspond
to the verbal description. The first discrepancy may be connected with the difference
between the unloading modulus and Young’s modulus E. This problem was exper-
imentally investigated by A. M. Zhukov [2.195, 2.196, 2.197], who found a decrease
of the unloading modulus with the increasing plastic strains. Particularly large
differences (about 20 per cent) were observed when large rotation of principal axes
took place, whereas for constant principal directions the differences amounted to
less than 10 per cent. However, O. A. Shishmarev and E. Ya. Kuzmin [2.159] found
later even smaller differences, and similar results were obtained by J. Litonski and
J. Klepaczko for brass and steel [2.103]. Non-linear unloading was considered by
O. M. Kochin [2.86].

The second discrepancy may be connected with the strong Bauschinger effect.
Figure 32 shows the diagram o—¢ corresponding to the model of the ideal Bau-

7] P
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Fig. 32. The two possible definitions of the plastic strain

schinger effect described in Sec. 8.7. The real permanent strain, corresponding to
the given strain ¢ = £, is determined by the coordinate &f,,, whereas formula (8.25)
determines the coordinate &f5,. In this situation we must use formula (8.25) to
define the plastic strain. If we used &fy, as the definition, then the general idea of
decomposition of ¢ into the elastic and the plastic parts would fail. Fortunately,
the above-mentioned differences are usually small and may be neglected.

More difficult problems arise in the case of finite deformations. An additive
decomposition of type (8.25) is used rather rarely, and only in material coordinates
(A. E. Green, P. M. Naghdi [2.41], L. I. Sedov [2.151]). In spatial coordinates it
may be used with respect to the stretching tensor d;; (Th. Lehmann [2.96]). More
often a multiplicative decomposition of displacement gradients with an intermediate
non-compatible configuration is postulated (A.E. Green, P. M. Naghdi [2.41],
E. H. Lee [2.94], R. J. Clifton [2.19], A. C. Pipkin, R. S. Rivlin [2.129], M. Kleiber
[2.84]).
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We are now going to discuss the unit plastic work W} and the dissipated energy
during plastic deformation of a unit element, W§. Usually if is assumed that these
quantities coincide; such an approach is justified in cases where the Bauschinger
effect is absent (isotropic hardening), whereas the Bauschinger effect results in the
appearance of additional stored energy W9, connected with residual microstresses.

The unit plastic work W} is determined by the area under the stress-strain
diagram minus the recoverable elastic energy, Fig. 33:

(8.26)

Fig. 33. The plastic work and the recoverable elastic energy

In cases where the Bauschinger effect is absent we may assume W§ = W}. Consider,
however, the model of the ideal Bauschinger effect shown in Fig. 29; in this case
the dissipated energy is smaller, namely for the model it is dW§ = uQdA, and thus
for the modelled body

L]
Wé = S Oode? = 0y%— "E" (8.27)
0
(o] -
A A
i
G- we W’,’ |
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Fig. 34. The plastic work in the case of the ideal Bauschinger effect

The corresponding area, shaded in Fig. 34, is clearly smaller than that determined
by (8.26). It should be noted, however, that the Bauschinger effect slightly decreases
in time (the “ageing” of the material), and so does the stored energy W{ . This energy
is discused by T. H. Lin and M. Ito [2.101].

In the general case, when the Bauschinger effect appears but is smaller than
the ideal one, the dissipated energy might be determined by the formula

g = fa’ds'. (8.28)
0

&/\, BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



9 CLASSICAL THEORIES OF PERFECT PLASTICITY 67

where o? (from the interval o, < o” < o) defines that part of the stress which really
works on plastic strains, depending on the Bauschinger effect. A formula of such
a type, based on thermodynamic considerations, is derived by Z. Mréz [2.114].

A simple estimation of o?, if the Bauschinger coefficients # or # (8.16), (8.17)
are known, may be obtained as follows. In both boundary cases the following formula
holds:

G+l5_| _ -d.
2 T2

of =

(8.29)

where the tildas denote the stresses as in Sec. 8.5. Assuming this formula to hold in
intermediate cases as well, we may eliminate o_ by f or f:

. = —(1-B)& = 28(G—00)—3G. (8.30)
Substituting this relation into (8.29) and dropping the now unnecessary tildas, we
obtain

o* = (1=1B)o = o—B(o—0y). (8.31)
In the boundary cases we obtain ¢” = o or ¢ = g,, reducing (8.28) to (8.26) or
(8.27), respectively.

In the case of a perfectly elastic-plastic body ¢ = o,, the Bauschinger effect
does not appear, and the results of all the given formulae coincide.

9 Classical theories of perfect plasticity

9.1 Elastic range, Hooke’s law

In the elastic range, the limits of which will be discussed in detail in Sec. 9.2 and in
Chapter III, stresses and strains are interrelated by Hooke’s law. The general form
of this law for an anisotropic body

01y = Eijpitus .1

where E;j,; denote the components of the fourth-order tensor of elastic moduli and
the summation convention is used, is greatly simplified in the case of isotropy. The
isotropic fourth-order tensor has only two independent components and may be
written thus:

2
Ejp = [l_—g—v. 8150+ (8 050+ O 61&)] G, 92
where
E
G = m 9.3)
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denotes Kirchhoff’s modulus, and » Poisson’s ratio. Substitution of (9.2) into (9.1)
and some simple transformations yield

14
oy = ZG(GU+ iz iy e,‘,,). (9.4
Contraction of tensors leads to the equation
v E
Oy = 2G(€u+ ‘l —2 skk) = ll _2,, LITE (9-5)

This equation joins the only independent coordinate of the axiator 4, with the
corresponding coordinate of 4,, and so we may write

E
Ay = 15 A, = KA, (9.6)

where K = E/3(1—2v) is the bulk modulus. Since A4, determines the dilatation,
equations (9.5) and (9.6) are called the /aw of dilatation or the law of volume change.
In engineering notation it takes the form

et et e = —%’L (0.+0y+0),). 9.7

Calculating & from (9.5) and substituting into (9.4), we solve this system with
respect to &;;
1 v
&= 56 T F 04 O 9.8)

or, in classical engineering notation,

1 1
Ex = E [o:—v(0,+0)), ¥Yx = G Txy- ' 9.9)

Subtracting &, = &, /3 from both sides of (9.8) and making use of (9.5), we obtain

1
&= 01j&m = 3G (01— 01;0m)» (9.10)
or
1 1
ey = 5g Su D, = 3G D,. 9.11)

Equations (9.10) or (9.11) are called the law of distortion or the law of shape change
(in the elastic range). In engineering notation the equations

X
Ox—Om) ( \; (9.12)

N

1
26 ¢

Ex— &y =
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are often used in a different form, which does not contain ¢, and g,,, namely

Ex— &

1
= 3G (oy—0y), . A' (9.13)
obtained from (9.12) by successive subtraction. Among the three relations (9.12)
or (9.13) only two are independent; among the six relations (9.10) or (9.11)—only
five.

9.2 Limitation of the elastic range

In the case of uniaxial tension the elastic range is limited by the proportional limit
or elastic limit o,; according to most schematizations this limit coincides with the
yield stress o,. In the case of multiaxial stress or of the influence of auxiliary exertion
factors (temperature, humidity, etc.) the elastic range may be presented as a domain
inside a certain limit surface (interaction surface), called in Chapter I the neutral
surface, or, more precisely, the initial neutral surface. The initial neutral surface does
not depend on the loading trajectory, since the elastic processes are reversible;
subsequent neutral surfaces may depend on the trajectory.

The determination of the initial neutral surface may be regarded as a problem
of the physics of solids or—in the phenomenological approach—of the hypotheses
of failure. Our considerations will be restricted only to the phenomenological ap-
proach, simpler and more adequate for engineering applications. Two typical variants
may be distinguished here. The first variant consists in a hypothetical indication
of a physical (invariant) quantity which is responsible for initial yielding and in
subsequent experimental verification. Such a quantity was called in [1.23] the criterion
of exertion. Conversely, the second variant starts with a series of experiments, fol-
lowed by an appropriate, purely mathematical approximation, satisfying the require-
ments of invariance.

The first variant is represented, for example, by the hypothesis of the unit
distortion energy, formulated by M. T. Huber [2.66], B. T. Haigh [2.50] and H. Hencky
[2.53] and verified experimentally for a wide class of materials. A similar idea
was suggested as early as 1856 by J. C. Maxwell in a letter to W. Thomson: an exten-
sive fragment of this letter is quoted by F. K. Van Iterson [2.183]. According to this
hypothesis, the elastic range is bounded by a certain constant value of the unit
distortion energy P;:

¢, = %s”eu = const = ‘;*C, (9.14)

where the constant C may be determined, for example, in a simple tension test. This
hypothesis is thus a one-parameter hypothesis, since one test is sufficient for its
effective formulation.

Equation (9.14) does not determine the required neutral surface, since it inter-
relates twelve quantities (stresses and strains), only six of which may be independent.
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The dependent quantities may be eliminated by using Hooke’s law, which is valid
up to the initial neutral surface; thus, in view of (9.11), we express this surface either
in terms of stresses

SUSU = 2GC = gdg, (9-15)
or in terms of strains

2
C o5

eyl = 36 = 662’ (9.16)

where the constant C is chosen in such a way as to obtain ¢ = ¢, as the corresponding
limit in uniaxial tension. The dependence of the initial neutral surface on auxiliary
exertion factors may be expressed here only by means of the dependence of o, on
those factors.

The introduction of the concept of “reduced stress” proves useful here. By
this term we understand that stress in uniaxial tension o,., Which, from the point
of view of exertion in proportional loading, is equivalent to the given state of stress.
Denote the criterion of exertion by F and express it by means of stresses only; the
required equivalence yields

F(GX) 6)” abaialt sz) = F(afﬂd’ 0’ °ee's 0), (9'17)
and hence
Orea = f(0x, G35 -y T2x). (9.18)

(In some cases it is effectively possible to express o,,, only in terms of principal
stresses and not in terms of stress components.) The initial neutral surface is then
described by the equation o,., = g, and the elastic range by 0,4 < 0o. For the
Huber-Haigh-Hencky hypothesis, making use of (9.15), we easily find 0,4 = o,
where o, is the stress intensity (effective stress) defined in Sec. 6.2. So the stress
intensity may be considered as a particular case of reduced stress.

The second variant of phenomenological approach, purely approximative, is
represented, for example, by the Mises proposal [2.112], which will be discussed in
the next section.

9.3 Conditions of perfect plasticity (yield conditions)

In the uniaxial tension a perfectly plastic body is characterized by increasing strain at
constant stress 0 = o, during the active part of the process. Such a process is called
a perfectly plastic flow. In the general three-axial case the stress components may
change but a certain stress invariant must remain constant: the point representing
the state of stress remains at the initial neutral surface, which coincides here with
the yield surface. For an anisotropic body the stress invariant is replaced by a certain
common invariant of the stress tensor and the tensor describing the plastic proper-
ties of the material.
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The choice of such an invariant may also be regarded as a problem of the
hypotheses of failure. If the criterion of exertion depends on stresses only, then its
constancy determines simultaneously the limitation of the elastic range and the yield
condition. As an example of such a criterion we may consider the length of the
vector of maximal shearing stress 7_,.; the equation

Tmax = %(O] g alll) = const = ';’60 ) (9. 1 9)

corresponding to the maximal shearing stress hypothesis, was proposed by J. J. Guest
[2.46] as the limitation of the elastic range, and even earlier by H. Tresca [2.175] as
the condition of perfect plasticity.

A quite different situation arises if the criterion of exertion depends on strains.
Consider, for example, the unit distortion energy @;; the equation @, = const may
describe the limit of the elastic range (which is the subject of Huber’s hypothesis)
but cannot be regarded as the yield condition, since @, obviously depends on strains.
The corresponding yield condition may be obtained by eliminating strains with the
use of Hooke’s law and then by equating the expression obtained to a constant. Such
a procedure performed by H. Hencky resulted in (9.15). The physical sense of the
criterion of exertion is then lost, since during the plastic deformation @; is no longer
constant. However, to Eq. (9.15) treated as a yield condition another physical
interpretation may be ascribed: a constant octahedral shearing stress (M. Ros,
A. Eichinger [2.144]), a constant mean square value of shearing stresses in all possible
cross-sections passing through the given point (V. V. Novozhilov [2.121]; similar
concepts were also published by G. Sachs [2.147] and U. Dehlinger [2.24]), etc.

The second, purely approximative variant of the hypothesis of failure is also
used for the formulation of yield conditions. R. Mises in the mentioned paper [2.112]
proposed to approximate the yield surface by a sphere in the space of extremal
shearing stresses. H. Hencky [2.53] stated that such an approach is equivalent to
the hypothesis of distortion energy. The corresponding yield condition will be
called here the Huber-Mises—Hencky (HMH) yield condition.

In the case of an approximative approach the derivation of the corresponding
formulae for reduced stress may be more complicated than (9.17) and (9.18), since
the homogeneity of the resulting expression must be ensured. If the general form
of the yield condition is

F(a“, a,‘) = 0, k — 1,2, . (1 (9.20)

where a, are the n parameters to be determined, then, at first, we have to express
these parameters in terms of yield stresses in various comparative states (uniaxial
tension, uniaxial compression, biaxial tension, etc.); subsequently, we express them
in terms of o, at uniaxial tension and dimensionless ratios of the yield stresses in the
assumed comparative states to o,, denoted by x,, m = 1,2, ...,n—1. Now, if we
solve the equation

F(oy, 00, %) =0, m=1,2,....,n—1, 9.21)
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with respect to o, namely
00=f(au9xm)9 m = 192"“,"—1, (9.22)

then the right-hand side determines the reduced stress o,.,. Indeed, this expression
satisfies the required condition of homogeneity, and the equation a,,, = 0, represents
the corresponding yield condition.

Yield conditions will be discussed in detail in Chapter III. Here we merely
draw attention to the fact that in the case of perfect plasticity the condition 0,4 < o
ensures a passive process, whereas processes satisfying o,., = 0, may be either
active or passive. Passive processes satisfying the yield condition will be called
neutral; in the case of a perfectly elastic-plastic body they cannot be distinguished
in the stress space, but are seen in the strain space as boundary processes. Neutral
processes should be equivalently described by the equations of active or passive
processes; this postulate of continuity of description of neutral processes is not
satisfied by all theories of plasticity, and—in the negative case—sharply restricts
the applicability of a particular theory.

9.4 The law of volume change. Coefficient of transversal deformation

The constitutive (physical) equations, at least for isotropic bodies, are usually pres-
ented separately for the volume change and separately for the shape change. Such
a presentation, which looks somewhat sophisticated in the theory of elasticity, is
quite reasonable in the theory of plasticity, since the volume change and the shape
change are governed here by entirely different laws.

Numerous experiments carried out by P. W. Bridgman [2.10] proved that the
volume change even in the plastic range is purely elastic and subject to the linear
law (9.5), (9.6) or (9.7). It is only in the range of very high hydrostatic pressures p
that Bridgman observed deviations from the linear law (9.7) and proposed a quad-
ratic relation; however, in most applications (9.7) is considered as sufficiently exact,
or even replacable by the condition of incompressibility,

ex+&+e, =0. (9.23)
For most materials Eq. (9.23) may be considered only as an approximate one; the
approximation errors are often negligible, since in the range of larger plastic deform-
ations the volumetric strains are small as compared to deviatoric strains.

The exact equation of volume change (9.7) makes it possible to determine
transversal deformations appearing in uniaxial tension. In the elastic range the
ratio of transversal deformations to longitudinal one is constant, namely it is deter-
mined by Poisson’s ratio:

f_5_ 9.24)

In the plastic range this ratio, in general, is no longer constant. Denote by »? the
coefficient of transversal deformation, defined by the equations &, = &; = —v?g,,
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which are to be valid in uniaxial tension within the whole range of strains (small
strains). Substituting these relations into the law of volume change (9.7), we obtain

1-2»
E

where the indices “1” at ¢ and ¢ have been dropped. Hence

(1-2P)e =

g, (9.25)

- 1 ' a(e)

with the explicit indication that ¢ depends on &. In the range of Hooke’s law o(¢)
= Ee we obviously obtain »” = » = const, whereas in the general case »* = 1P(¢).
Thus for a perfectly plactic body the dependence of »” on ¢ is hyperbolic; namely

V= ;——(_;- —1») _Z{ . 9.27)
and this function tends asymptotically to 1/2. Only in the case of an incompressible
body we have exactly »» = 1/2 = const within the whole range of strains, and this
fact results in essential simplifications of the solutions. Moreover, the asymptotic
value of (9.27), »* — 1/2, justifies the approximate use of the law of incompressibility
(9.23) for compressible materials as well (practically in the range of not too small
strains).

The problem of the coefficient of transversal deformation is considered in the
papers by G. Gerard and S. Wildhorn [2.36], R. A. Mezhlumyan [2.111], I. Vigness
and T. E. Pardue [2.184). A. K. Sinitsky [2.161] proposed an approximation con-
sisting in the replacement of the law of volume change (9.7) by the hypothesis of
a constant coefficient of transversal deformation, »” = »; this approach essentially
simplifies the calculations; however, the errors may be significant, they were in-
vestigated by M. Zyczkowski [2.199], Yu. R. Lepik and L. Ya. Luht [2.97). The
influence of compressibility of the material on the solutions of problems in plasticity
was considered by V. I. Rozenblyum [2.145] and M. Como [2.20].

There exist certain materials for which the volume change may be elastic-plastic;
for the artificial graphite this fact was stated by W. L. Greenstreet and A. Phillips
[2.44]. Neglecting these exceptions, however, we may regard the law of volume
change (9.7)—or, approximately, (9.23)—as a generally valid law, accepted by
most theories of plasticity. The differences between the various proposals appear
only in the formulation of the law of shape change: we are now going to quote
three classical proposals for this basic constitutive law in the theory of plasticity.

9.5 The Hencky-Ilyushin theory of small elastic-plastic deformations

We already mentioned in Sec. 1 that for many engineering applications physical
nonlinearity is more important than irreversibility, and dependence on the trajectory.
So the simplest theory of plasticity, proposed by H. Hencky in 1924 [2.53] (though
applied by A. Nadai [2.117] to the particular problem of torsion one year earlier)
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and developed by A. A. Ilyushin [2.67, 1.7, 2.69], refers to nonlinear elasticity. This
theory describes namely active processes by the equations of nonlinear elasticity,
but, in contradistinction to non-linear elasticity, it distinguishes also passive processes,
described by linear equations of type (8.14). Thus, according to the deformation
theory, the final state is independent on the trajectory if the initial passive (elastic)
process is followed by an active one; a certain limited dependence on the trajectory
(namely on the coordinates of the point A) appears only in the case of an active
process followed by a passive one.

Since in the theory of plasticity a new equation appears, namely the yield con-
dition, the equations of shape change must contain a new unknown so as to equalize
the number of equations and unknowns. In the Hencky-Ilyushin theory of small
elastic-plastic deformations this unknown is the proportionality coefficient between
the stress and strain deviators, denoted by ¢:

D, = ¢D,, e;; = psy;. (9.28)

Making use of the law of volume change (9.6), we may express strains in terms of
stresses as follows:

1
& = @oy,+ (_3'12' = )0'.. 0yj. 9:29)

This notation is valid for compressible materials, or, with the assumption of 1/3K
= 0, for incompressible ones.

Substituting ¢ = 1/2G and neglecting the yield condition, we may describe by
(9.28) or (9.29) the elastic range as well. In the plastic range the function ¢ is to be
determined from the yield condition. One way to do it is to multiply each side of
(9.28) by itself with full contraction (scalarly)

€;€; = q’zSUSU, (9.30)
and hence, in view of the HMH yield condition and of the definition of the strain
intensity (7.29), we obtain

gt (9.31)

20,

So the function ¢, called sometimes the function of the development of plastic strains,
is proportional to the strain intensity. Another way to evaluate ¢ is to multiply
(9.28) scalarly by s;;; then

3si €4
= - 7 (9.32)
In particular cases other methods of the elimination of ¢ may be more useful, for
example the division of the successive equations (9.28) side by side. The latter pro-
cedure is also convenient in the case of other yield conditions.
It is seen from (9.28) that the Hencky-Ilyushin theory assumes the identity
of the tensors of directions and a similarity of stresses and strains, (5.20), namely
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e} = s%, and also the equality of the Lode parameters u, = u,. In other words,
(9.28) expresses the law of similarity of deviators.

Equations (9.28) form a system of six algebraic equations, only five of them
being independent. We present them in form (9.12), or, more often, (9.13):

4 3\ (9.33)

Ex—28 = P(0x—0)), Vx = 207y, o y
-

If only part of the body is plastic, then the elastic-plastic interface (boundary) is
determined by the condition ¢ = 1/2G (making use of the solution for the plastic
zone), or by o, = o, (approaching from the elastic zone). Along this interface all
stress and strain components are continuous (L. M. Kachanov [2.79]).

The above equations describe active processes. Passive processes, according
to the Prandtl schematization, are described by equations of type (8.14). In tensorial
notation they take the general form

D,-D, = 2G(D,~D,), | (9.34)

where the tildas refer to the point A4, at which the passive process starts. The corres-
ponding algebraic equations in engineering notation are presented either in a form
analogical to (9.33), namely as

6';—6’,—0,4-0', = 2G(&;—&—&;+5,), /" \'
£} (9.35)

Tor—Txy = C¥xy—¥x)s

or, with the use of the law of volume change (9.6), in a form corresponding to classical
Hooke’s law:

1 - - ~
Bx—tx=p [(0x—0x) —¥(0y—0,+5.—02)]. (9.36)

The range of applicability of the Hencky-Ilyushin deformation theory is re-
stricted both from the logical point of view and from the point of view of experimental
verification ; it will be discussed in Sec. 9.8. Nevertheless, this theory may be useful
in certain particular cases, where the application of more exact theories is very
complicated.

We are now going to establish a criterion separating active and passive pro-
cesses. Regarding (9.31), one may suppose that an increase of strain intensity re-
sults in an active process, and a decrease—in a passive one. However, such a state-
ment, which may be found in many textbooks, is, in general, false, as pointed out
by V. V. Novozhilov [2.122].

A correct determination of the neutral surface in the strain space—separating
active and passive processes—may be obtained as follows. Consider passive pro-
cesses, described by (9.34); the final state of such processes is independent of the
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trajectory. The boundary of passive processes is determined by the yield condition
satisfied by stresses. Equations (9.34) give

Si; = §U—2G(Eu—eu), (9.37)
and the substitution of (9.37) into the HMH yield condition (9.15) leads to
[31;,—2G (&, — e[, —2G (@ —ey)] = 3035. (9.38)

The stresses 5;; obviously fulfil the yield condition; making use of this fact and
rearranging the terms, we obtain

This is the equation of the required neutral surface, constructed for an arbitrary
point A characterized by 3;; and &;. In general, it does not coincide with the con-
dition of constant strain intensity; the differences will be illustrated by a numerical
example.

The case of combined loading at the level Z—simplest for discussion (although not for experimental
realization)—may be obtained if we consider only two nonvanishing stress components Zax and 7.
In this case only two strain components appear, y:x and yzy, and we may present the process at
the stress plane and at the strain plane (instead of spaces of more dimensions). The HMH yield
condition (and any other condition for an isotropic body) is here represented by the circle

th+ Tl = T8, (9.40)

where 7, denotes yield stress at pure shear (or torsion). In the case of plane stress the yield condition

assumes a more complicated and less general form, and so the case 7zx— Ty is more convenient for

discussion; it was used, for example, by G. I. Bykovtsev, V. V. Dudukalenko and D. D. Iviev [2.14].
The equation of the neutral surface (9.38) (on substituting & = 373) takes here the form

[;u—'G(;'n_"/zx)]z‘*‘ [?:y'—c().’zy—‘?u)]z =13 (9-,41)
and determines in the strain plane a circle with the radius 7,/G, centred at :x— 72x/G, Pey—T2y/G.
The curve of constant strain intensity is also represented by a circle, namely by

YEh+y3 = Ph+P3, = const, 9.42)
but with a larger radius r = }/ ;';};4-373,, and centrally located. For example, in Fig. 35 it is assumed
that J.; = 474/G, P2y = 0, Tzx = Ty, Tzy = 0, and both circles are shown; the differences are sig-
nificant. i

Consider now the processes starting from the point A and defined in the strain plane by circular
trajectories with the radius at,/G:

" (4—o)+acost] Yo (9.43)
Y PO — cost], Vzy = —— aSIn{, :
Vax (4—o)+o zy G SIr

where « is constant, and ¢ is the time-like parameter. If « is taken from the interval 1 < « < 4,
we are dealing with active processes with a decreasing strain intensity. As a matter of fact, the strain
intensity &, (7.29), equals here

1 S
g = ——Vviatvh =
V3 Gy
and for 1 < o < 4 the derivative dz./dt is negative (inside the interval 0 < ¢ < =). However, if we
assumed the process to be passive and substituted, according to (9.37),

To

— V(16 8+ 2a?) + 2a(4—x)cos . (9.44)
3

Tox = To(l —2+acost), T = Toasint, (9.45)
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Fig. 35. An example of analysis of the deformation process at a point. A false description of the
neutral process by the Hencky-Ilyushin theory
we would obtain

cti+ 12, = 131 +2a(x—1) (1—cos?)] > 73, (9.46)

which is impossible for a perfectly plastic body. Thus the process is active in spite of a decreasing
strain intensity.

Making use of the equations of the active process (9.33), we calculate successively

1 -
e V16 —8a+ 2a* + 22(4—a)cost, 9.47)

4—a)+acost
Tex = ¢ To, (948)
V16—8a+2a +2a(4—a)cost

asint

V16 —8x+ 22>+ 2x(4—a)cos?

Tay =

To. (9.49)

These results are correct in the sense of the Hencky-Ilyushin theory, but it would be difficult to admit
that they adequately describe the processes which really take place. Consider, for example, the
limiting case « = 1: we approach here the neutral curve from the side of active processes. Equations
9.43) aa d (9.49) yield

3+ t int '
Tyy'm il S S SRS ... N (9.50)
Y10+ 6cost Y/ 10+6cos?

e

ABPK
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and for t = m, Or Ysx = 27,/G, ¥sy = 0, we obtain 7., = +7,, 7;y = 0. On the other hand, the
equations of passive processes (9.46), which should also be valid along the boundary curve, give
here 7;x = —7,, Tz = 0. Thus, at the boundary, we observe the discontinuity of description of
the neutral process, which should not take place and is due to the defects of the Hencky-Ilyushin

deformation theory.
Results (9.48) and (9.49) will be compared in Sec. 9.9 with the results of other theories, which

describe the process in question more adequately.

9.6 The Levy-Mises theory of plastic flow

The oldest theory of plasticity was proposed in 1870 by M. Levy [2.98] and B. de
Saint-Venant (the part of the paper containing the basic equations was signed by
M. Levy only) and developed by R. Mises [2.112]. In contradistinction to the de-
formation theory, based on nonlinear elasticity, the Levy-Mises theory neglects
elastic strains and describes a rigid-plastic body. According to this theory the devia-
tors of stress and of infinitesimal strain rate are proportional,

D; = AD,, éU ra zsl.l’ (9.51)

and it resembles, to a certain degree, the constitutive equation of a viscous fluid;
hence the terms theory of plastic flow and, for Egs. (9.51), flow rule. This theory
assumes the identity of the tensors of directions and similarity of stresses and of
strain rates, ¢} = s%, and the equality of the Lode parameters u; = p,. In other
words, Egs. (9.51) express the similarity of deviators of stresses and of strain rates.

The unknown function 4 should be determined from the yield condition. M. Levy
used here the Tresca yield condition (9.19), but R. Mises [2.112] remarked that the
use of (9.15) is more convenient. Proceeding as in the case of the Hencky-Ilyushin
theory, we arrive either at.

- 23: (9.52)
0
or at
3s;;€
A= —2%(,:1 (9.53)

The symbol &, denotes strain rate intensity (effective strain rate), defined analogically
to (7.29). The expression s;;¢;; in the numerator of (9.53) determines the (unit)
power of plastic strains; substituting (9.53) into (9.51) and changing appropriately
the notation of indices, we may write

_ 3suéu ¥ (9.54)
0

or, after a formal multiplication by the time increment df, we obtain the following
incremental form with the time factor eliminated:

i e 0BG (9.55)
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The Levy—Mises theory neglects elastic strains, and so in the law of the volume
change (9.7) we should consistently substitute £ — o0 and obtain the incompress-
ibility condition (9.23).

The neutral surface in the stress space is described by the yield condition, whereas
in the strain space it reduces to a point: any motion in the strain space means an
active process. A passive process corresponds here to the rigid behaviour of the
material, and so instead of (9.34) we write simply

D,-D,=0, D;=0. (9.56)

It should be noted that, in spite of fundamental physical differences between
the Hencky-Ilyushin and the Levy-Mises theories, a certain mathematical analogy
may be established between them (A. A. Ilyushin [2.68]). Equations (9.51), (9.52),
and (9.53) are formally similar to (9.28), (9.31), and (9.32), respectively. As a matter
of fact, in some problems it is sufficient to denote by the same symbols either strains
or strain rates so as to take both theories jointly into consideration. If these strains
or strain rates constitute parameters subject to elimination (as in certain problems
of limit carrying capacity), then both theories lead to the same result. However,
if the processes are prescribed by strains changing non-proportionally in time, the
differences are essential, as is shown in the following example.

Consider, as in Sec. 9.5, the process described by Egs. (9.43) and Fig. 35. The constant G will
now be treated as a certain parameter without any physical meaning. Calculate first the strain rates

o To . . To
Yax = ———asint, Yz = ~G—acost, 9.57)

thus the shearing stresses, which should be proportional to those strain rates and satisfy the yield
condition, are determined by the formulae

Tix = —ToSiNt,  Tgy = ToCOSL. 9.58)

The differences with respect to (9.48) and (9.49) are essential; they will be analyzed in detail in
Sec. 9.9. It should only be noted here that any corner on the trajectory in the strain space results
in a jump on the correspondmg trajectory in the stress space (this fact follows directly from (9.51)).
For example, at the point A in Fig. 35 reached along the line y:, = 0 the stresses were Tsx = 7,
Tz = 0, but the process considered here starts from A with ;. = 0, 7;y = 7,, and so a jump-like
change of stresses takes place.

9.7 The Prandtl-Reuss theory of plastic flow

L. Prandtl [2.137] (in the particular case of plane stress) and A. Reuss [2.142] im-
proved the accuracy of the Levy-Mises theory by adding elastic strain rates to plastic
strain rates. Differentiating the elastic law of shape change (9.11) with respect to
time 7, we may write

1

D; = & Ds» (9.59)
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and adding this term to D} determined by (9.51) we obtain

1

D; = AD,— ZG 5, ey =

Asy+ == (9.60)

1
ZG
The physical meaning of these equations does not essentially differ from (9.51), and
so we retain here the term theory of plastic flow (the term theory of elastic-plastic
flow may also be found). The description of real properties of many materials is
much better here; however, certain new mathematical complications arise. The
tensors of directions and similarity of stresses and total strains or strain rates are no
longer identical; such identity holds separately for elastic strain rates and stress
rates, éfj* = 5%, and separately for plastic strain rates and stresses, éf¥ = s%. A similar
remark applies to the Lode parameters.

The unknown function A may be determined from the yield condition. A formula
of type (9.52) is no longer valid, whereas (9.53) remains without change. Namely,
multiplying (9.60) by s;;, we obtain

Suéu = }‘SUSU+ ZG SUSU’ (9.61)

further, differentiating the yield condition (9.15), we have
S8y = 0; (9.62)

hence (9.61) leads to (9.53). The expression s;;¢é;; represents here also the power of
plastic strains, though é;; are the components of total strain rate; we may write

‘ o i . § .
siye; = sy(efy+efy) = Suefj'i'suz—‘é = 5y;ef), (9.63)

and, in view of (9.62), the second term vanishes.

Substitution of (9.53) into (9.60) and a formal multiplication by dr makes it
possible to eliminate the time factor. The resulting equations may be written in
engineering notation as

3
de, = -2702— (sxdex+s,de,+ 5 de. + Toydyry+ Ty dyy: + Toxdy 1) S+ 2 G —dsy,
X
7N (9.6
z y
) S

and similarly for the off-diagonal components.

Sometimes it is more convenient to express the Prandtl-Reuss equations in
terms of the original tensors, and not in terms of deviators. Subtracting the con-
secutive equations (9.60) from each other, we eliminate ,,, 0,,, and 6,

. X's
% = Ayt = V.o (9.65)
y

. 2 1
Ex—¢& = 1(0 (7,)+ 2G ( x_ay)v ZG Tx)n
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Further, multiplying the first three equations by (o, —ay), ..., the remaining three by
67y, ..., adding them together and making use of the HMH yield condition, we
obtain /

de,—de, = -2%2— [(0x—0,)(de,—dey)+ (0y,—0,)(de,—de;) +
o
+(0,—0,)(de.—de)+ 375y dyy+37,.dy, .+

+ 35,4y 0.~0) + ’216 (do,—da,) (9.66)

Putting 4 = 0 in Egs. (9.60) or (9.65) and neglecting the yield condition, we
may also describe the elastic range by these equations. However, at the elastic-plastic
interface the function 4 is, in general, different from zero, and the easiest way to
determine this interface is to put ¢, = ¢, in the solution for the elastic zone. The
condition 4 = 0 together with the yield condition corresponds to a neutral process.

The above equations describe active (or neutral) processes. Passive processes
are described by (9.34), (9.35) or (9.36); sometimes the incremental notation is
used,

IISU = 2Gde‘”. (9.67)

which determines the process if its starting point is known. The separation of active
from passive processes is identical to that described in Sec. 9.5.

As an example apply the Prandtl-Reuss theory to an analysis of the process defined by Egs. (9.43)
and Fig. 35. Equations (9.64) may by written here in the form

1 1
d‘}’u = 7 (Tud}’:x + Ty d)’:y) Tax+ E drt.,,
10 1 (9.68)
dy" s (Tnd)'n+ Tudyu) Toy+ — dTsy
To G

they determine the stresses 7.. and 7, in terms of strains, but are rather complicated and lead to
a second-order differential equation. Thus we use a simpler way, namely parametrization of the
yield condition (9.40). Substitute

Tie = ToCOSY, Tz = Tosiny, (9.69)
rcplacillg two unknows 7., and 7., by one unknown y. The initial condition (starting from the

point A) now takes the form y(0) = 0. Equations (9.65) with substituted (9.69) and (9.57) take
the form

To . To . .
- Eusmt = 2ATC08Yy — e pysiny,
(9.70)

To . To .
—— COost = 2ATsiny + —G-IpCOS(,".

Elimination of 2 may now be performed without any differentiation, simply by multiplying the first
equation by siny, the second one by cosy and subtracting them; we obtain

dy
.. 5 1
ocos(y—1) = 9.71)

e

ABPK
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The substitution w(f)—¢ = u(¢) and the separation of the variables yield
du

woosu—t 67

and after integration, the initial condition %(0) = 0 being taken into account, we obtain
1 a—1+Va?—1 tan u

t= ln 1 N
Y21 a—1—}a?—1 tanj u

(9.73)

Inverting relation (9.73) and returning to the unknown u, we obtain

a—1 Yai—1
y = t+2arctan []/ o+ tanh( 3 t)] (9.74)

This formula together with (9.69) gives the solution; namely, it determines the change of stresses
in time. The symbol tanh denotes the hyperbolic tangent; this function often appears in solutions
based on the Prandtl-Reuss theory.

A numerical comparison of the results will be given in Sec. 9.9, whereas here we check the
continuity of description of the neutral process only. Substituting « = 1 into (9.74), we describe
this process by the equations of active processes; the result is y = #, and thus .. = 7oco0st, 7,
= 7osinz. These results coincide with formulae (9.45), derived under the assumption of a passive
process, and so the postulate of a continuous description of the neutral process is satisfied.

9.8 Coincidence of the deformation and flow theories

In the general case the theories of a perfectly plastic body described in Sec. 9.5+9.7
lead to different results. As a result we understand here, according to the remarks
given in Sec. 3.1, either the value of a certain transformation (in a broad sense),
or the value of a certain functional depending on the trajectory in the space of
exertion factors (in a narrow sense); as these exertion factors (independent variables)
we usually assume strain or stress components.

Consider now the particular case in which the results of all the three theories
of plasticity under discussion coincide. Namely, assume a proportional increase of
the components of the strain deviator

ey = eff(t). (9.75)
where () are fixed, and f(¢) denotes a nondecreasing function of time. The tensor
of directions and similarity of the state of strain ef;, (5.20), is then constant during
the whole of the process. For sufficiently small values of the function f(#) we are
dealing with an elastic process (plastically passive); then

sy = 2G{Pf(1). (9.76)

A plastically active process will start when, on the grounds of the HMH hypothesis,
we have

Si;8i = 4G2efPefPf *(t) = 303, 9.77)
i.e., when
g
ft) = ———u. 9.78
( Gy 6e{)e(? Q-1
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The corresponding components of the stress deviator (9.76) are then

%o (0) 2 E’,“ 7
S p— ——— P = =0, 2% 9. 9
Y l/% ei?)ei?) ¥ ‘/3 o™l ( )

Assuming further that during the following (active) part of the process the deviatoric
components are constant and equal to (9.79), we easily prove that the equations
of all the three theories of plasticity are satisfied. As a matter of fact, the Hencky-
Ilyushin equations (9.28) are satisfied if we put

v =L ygapap. 9.80)

Further, the assumption s;; = const yields 5;; = 0, and so the Levy-Mises and the
Prandtl-Reuss theories coincide in the case in question; the relevant equations are
satisfied if we substitute

A= f—i:_) V3aDeD. 9.81)

So in the case under consideration (9.75) the results of all the three theories coincide;
namely, they are determined by (9.79). The trajectory in the stress space, correspond-
ing to the active part of the process, degenerates to a point and a “stabilization
of stresses” takes place. Such a stabilization may be observed here for an arbitrary
yield condition, supposing the constitutive equations to be of the forms (9.28), (9.51)
and (9.60) (possible modifications of the flow rule will be discussed in Chapter III).

The process described by Egs. (9.75) will be called a simple deformation process,
or briefly a simple process. Its definition is connected with a proportional increase of
deviatoric strain components; formulae (9.76) and (9.79) prove that deviatoric stress
components also increase (or non-decrease) proportionally to each other. This pro-
portionality and the coincidence of the results of all the three theories occur also
in the case of plastic hardening if such a hardening is described by direct generaliz-
ations of (9.28), (9.51) and (9.60). In other descriptions of plastic hardening and in the
case of plastic anisotropy the proportional increase of deviatoric strain components
does not mean a simultaneous proportional increase of deviatoric stress components;
we may then distinguish processes which are simple in strains and processes which
are simple in stresses.

A certain particular case of the simple process, namely the case of a proportional
increase of all components of the strain tensor (and not merely the strain deviator),
will be called proportional in strains; similarly the process proportional in stresses
may be defined. A. A. Ilyushin [1.7, 1.8] proved the following important theorem,
called the theorem on simple loading: in the case of a proportional increase of all
external loadings acting on the body, the process at each point of the body is pro-
portional in strains and in stresses, and so it is a simple process, and the results of
all the three classical theories of plasticity coincide. Although this theorem was
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proved under strong assumptions (a power hardening law of type (8.6); incompress-
ibility, isotropy and homogeneity of the material; principle of rigidification, i.e. ge-
ometry changes not being taken into account), and does not strictly hold in more
general cases, nevertheless it determines fairly well the range of applicability of the
Hencky-Ilyushin deformation theory. The conditions of validity of the Ilyushin
theorem are discussed in detail by Yu. N. Rabotnov [2.139], and cases of various
yield conditions by F. Edelman [2.30]. Other particular cases of the coincidence
of the deformation and flow theories are discussed by G. H. Handelman and W. H.
Warner [2.51].

In the general case there exist no systems of loadings (except certain trivial
ones, e.g. those causing homogeneous stress and homogeneous strain) which would
realize a simple process at any point of the body. This problem was investigated by
D. D. Ivlev in [2.70] (polynomial schematization of the plastic hardening) and in
[2.73] (general schematization), and also by V. D. Klyushnikov [2.85]. L. I.'Sedov
[2.150] drew attention to the difficulties arising in the case of finite strains.

To sum up, the Hencky-Ilyushin theory of small elastic-plastic deformations
may be regarded as correct in the case of simple processes—when its results coincide
with those of the Prandtl-Reuss theory; erroneous in the case of neutral and related
processes, since then the postulate of continuous description is not satisfied; suf-
ficiently accurate in the case of processes close to simple ones (such processes are
analyzed in detail by L. M. Kachanov [2.78]). The Prandtl-Reuss theory may describe
the behaviour of the body during arbitrary processes, but its generality does not
mean that with reference to a specified material these processes are always described
adequately. Certain restrictions on the applicability of flow theories are pointed
out by J. Marin and L. W. Hu [2.109].

If we said, however, that the applicability of the Hencky-Ilyushin theory is
limited exclusively to the cases in which its results coincide with those of the Prandtl-
Reuss theory, then its importance would undoubtedly be underestimated. In fact,
the value of the Hencky-Ilyushin theory is considerably higher. Firstly, even in the
case of the coincidence of results, they are so much easier to obtain by using the
Hencky-Ilyushin theory that it is convenient to apply that theory and then merely to
check the Prandtl-Reuss equations. Secondly, in engineering applications we -often
deal with processes which are only slightly different from simple ones and then the
deformation theory is sufficiently accurate. Thirdly, it should be noted that many
experimental results lie between the results of the deformation and the flow theories,
though obviously closer to the Prandtl-Reuss theory.

Let us return once more to the phenomenon of stabilization of stresses, (9.79),
observed during the active part of a simple process, (9.75). S. D. Leytes [2.99, 2.100],
and A. G. Dorfman and S. D. Leytes [2.26] proposed to assume, approximately,
a stabilization of stresses even in the case of processes slightly different from a simple
one. As compared with the Prandtl-Reuss theory, assumed to be exact, the “hypo-
thesis of stabilization” involves as a rule greater errors than the Hencky-Ilyushin
theory; nevertheless, because of its simplicity, it may lead to certain useful results.
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9.9 Example of a comparison of the classical theories

85

In the preceding section we proved that in the case of a simple process the
results of all the three above-mentioned theories of a perfectly plastic body coincide.
Incidentally, it will be interesting to compare the results in the case of a process

departing considerably from a simple one.

Figures 36 and 37 give such a comparison for the processes defined by Egs.
(9.43) and Fig. 35. These figures show the diagrams of stresses 7., and 7., in terms
of the parameter 7 for = 8 (Fig. 36) and o = oo (Fig. 37, in this case s = lim at).
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Fig. 36. Variations of stresses for a process shown in Fig. 35 with « = 8
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Fig. 37. Variations of stresses for a process shown in Fig. 35 with « — o0
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During the initial stage of the process the Prandtl-Reuss curves are better approxi-
mated by the Hencky-Ilyushin theory than by the Levy-Mises theory but with
increasing ¢ both flow theories clearly converge and the differences with respect to
the deformation theory increase.

In the case of @ = oo, when the process is rectilinear (but not simple), all the
three lines for each stress component have a common asymptote, according to the
Kachanov theorem [2.78). The numerical differences decrease only for a relatively
large strain y.,.

Other examples of a comparison of the deformation and flow theories are given
by P. G. Hodge and G.N. White [2.60], W. Prager [2.132], F. Edelman [2.30],
H. J. Greenberg, W. S. Dorn, and E. H. Wetherell [2.43], M. R. Shammamy [2.157],
M. R. Shammamy and O. M. Sidebottom [2.158], and by P. C. T. Chen [2.17].
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Combined loadings at the level P of a point
of the body

.

10 Auxiliary spaces at the level 2

10.1 Nine-dimensional spaces

In Section 1.3 we discussed exertion factors at the level 2 and in Section 3.1 we
introduced the corresponding space of exertion factors. In most cases it is the stress
components that are regarded at that level as exertion factors; we have called them
the basic exertion factors. Now we are going to discuss in detail auxiliary spaces
related to the level 2, and particularly stress spaces.

Any second-order tensor in a three-dimensional space 7;; may be represented
by a certain vector T in the auxiliary nine-dimensional space with components equal
to the appropriately ordered tensor components. If the addition and multiplication
of tensors are transferred to vectors, then the nine-dimensional space satisfies the
requirements of a vector space.

Such nine-dimensional spaces for stresses and strains were introduced in 1932
by K. Hohenemser and W. Prager [3.263]; however, their wider application came
much later (R. Hill [3.246, 3.247], R. Shield and H. Ziegler [3.721], Z. Mréz [3.553]).
They are sometimes called the Prager spaces. The representation of processes in
those spaces is quite general, but their graphical interpretation is difficult.

V. V. Novozhilov [3.581, 3.583] draws attention to the fact that such a nine-
dimensional space has merely an auxiliary character, and a vector in the nine-dimen-
sional space (or, obviously, in a space of fewer dimensions) cannot be equivalent
to the given tensor. Indeed, a tensor has three independent invariants whereas an
auxiliary vector—only one (length). In the case of a nine-dimensional stress space
thelength of the vector o is equal to one invariant of the stress tensor, namely

lo| = VI, ; (10.1)

thus the rotation of the physical reference frame changes the vector ¢ but its length
remains constant.
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The nine-dimensional spaces under consideration cannot be regarded as spaces
of exertion factors. Indeed, as an exertion factor we understand an independent
quantity, and the symmetry conditions of the type 7,, = 7,, reduce the number of
such quantities to six.

10.2 Six-dimensional spaces

Making use of the symmetry of the stress and strain tensors, we may consider six-
dimensional subspaces (intersections) of the original nine-dimensional spaces.
Such six-dimensional spaces were proposed as early as 1930 by H. Fromm [3.188)
during the Third Congress of Mechanics in Stockholm, but widely used much later,
for example by R. Shield and H. Ziegler [3.721], D. D. Ivlev and G. I. Bykovtsev
[3.312], W. Fliigge [3.179] and B. Nayroles [3.573]; in the case of stresses they assume
successively oy, gy, 0., 7y, 7,. and 7., as the coordinates of the auxiliary six-dimen-
sional vectors. The drawback of such an approach is the fact that the length of the
vector o is not invariant and that the scalar product oe has no energy interpretation.
These drawbacks may be removed if we replace the coordinates 7,,, 7,., and 7.,
by Ty V2, 7,: /2, and 7., /2, and similarly for &,,, etc.; such a procedure corres-
ponds to the appropriate rotation of the hyperplane of intersection in the nine-
dimensional space. This idea was introduced already in the above-mentioned paper
by K. Hohenemser and W. Prager [3.263] and developed by V. V. Novozhilov
[3.583], J. H. Argyris and D. W. Scharpf [3.10]). Sometimes the stress space is re-
tained without change (¢ and 7) and in the strain space the tensorial components
vy, &z, £ arereplaced by the engineering ones yy,, ¥y, 7-x (0. C. Zienkiewicz [3.875),
A. A. Cyras, A. E. Borkauskas, R. P. Karkauskas [3.121]); then the vector lengths
are not invariant, but the energy interpretation of the scalar product o€ holds.

V. V. Novozhilov [3.583] remarks that the application of six-dimensional
vector spaces is limited. Although all the fundamental properties of vector spaces
are satisfied, the result of multiplication with a single contraction, e.g.

O Erjt O e = By, (10.2)

cannot be interpreted in such spaces. He introduces an auxiliary six-dimensional
metric tensor space Hg with elements (10.2) belonging to that space.

A six-dimensional space may be complemented to a seven-dimensional one by
the introduction of temperature as a new independent variable (A. E. Green, P. M.
Naghdi [2.41]). Such spaces can usually be regarded as the spaces of exertion factors
at the level 2. Important exceptions are: perfectly plastic bodies, where the stress
components are interrelated by the yield condition, and incompressible bodies,
where the strain components are interrelated; in these cases the six stress or the
six strain components are not independent and cannot be regarded as the exertion
factors.
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10.3 Five-dimensional spaces

In many cases the axiatoric part of the stress tensor is without any influence on
yielding. On the other hand, in incompressible bodies the axiatoric part of the strain
tensor vanishes. It is then sufficient to consider the five-dimensional deviatoric
subspaces of the corresponding six-dimensional spaces. In other words, we may
regard a six-dimensional space as the Cartesian product of the one-dimensional
axiatoric subspace and the five-dimensional deviatoric subspace, and consider the
latter only, [3.573].

Such a deviatoric space for an arbitrary symmetric tensor 7, was introduced by
A. A. Ilyushin [1.10]; as the Cartesian coordinates in that space he adopted the
following five quantities:

3 - _
Tl='xx]/—2—'v T.\=txy'/29 75—_-':,"/2,

V2

o

(10.3)
Ty = 1y '/5 B

I

72 ('yy_'z:) N

where #;; denote the deviatoric components of the tensor 7,. The length of the
corresponding auxiliary five-dimensional vector 7 is proportional to the intensity
of the original tensor, and thus it is invariant; e.g. in the case of stresses

lo] = o V2. (10.4)

Hence the Huber-Mises-Hencky yield condition is represented here by a hyper-
sphere with the equation

lo| = oo /2 . (10.5)

Ilyushin remarks that such an introduction of a five-dimensional space is not
unique. Indeed, we may assume

Ty = Ixx l/f cosatt,, 1/5 sin(aj;a‘ %),
te V2 sinaFt,, )2 cos(atln), (10.6)

T2

#1

T3 tey ]/2 ’ Ty = Ty )2, Ts = Iz l/i.

with an arbitrary value of the auxiliary angle « and any system of signs. In formulae
(10.3) the value o = }= and lower signs were adopted; such a choice is convenient
for practical applications.

The five-dimensional spaces under consideration, called the Ilyushin spaces,
satisfy all the basic conditions of vector spaces. However, as in the case of six-dimen-
sional spaces, elements of type (10.2) cannot be properly interpreted in them; to
remove this difficulty, V. V. Novozhilov [3.583] introduced five-dimensional tensor
spaces.
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10.4 Three-dimensional spaces

Spaces of the principal values of a tensor are the most commonly used three-
dimensional spaces. A three-dimensional stress space of this kind, introduced by
B. T. Haigh and H. M. Westergaard, was mentioned in Sec. 5.4. The advantage of
such spaces lies in their simplicity and visual presentation; their drawback is the
impossibility of representing a process of changing the principal directions at con-
stant principal values (the whole process is then represented by one fixed pointe).
Moreover, in the general case spaces of principal values do not satisfy the require-
ments for vector spaces: for example, the addition of two tensors does not in general
correspond to the addition of their principal values. Such correspondence takes
place only in the case of fixed and uniformly numbered principal directions. Never-
theless, spaces of principal values are widely used and in the case of constant principal
directions their application is fully justified.

The conditions of perfect plasticity are represented in the three-dimensional
Haigh-Westergaard space by certain surfaces (limit surfaces). Photographs of
models of such surfaces corresponding to various yield conditions may be found in
the papers by W. Burzynski [2.13] and A. Meldahl [3.518].

In contradistinction to the spaces discussed above, the space of principal values
of a tensor is an invariant space: limit surfaces in the space of principal stresses do
not depend on the assumed system of coordinates in the body. Since among the
infinite number of invariants of a symmetric second-order tensor only three may be
independent, we may introduce three-dimensional spaces corresponding to an
arbitrary system of such invariants, e.g. 1,4, Loy, 355 Jios Y205 J305 Ligs L2ss I3s-
To avoid having different dimensions along the individual axes, we may replace the
above-mentioned invariants by y/|L,|, V/ I,, etc. Such invariant spaces are dis-
cussed by S. Irmay [3.296]. Symmetric invariants are convenient in the case of
isotropic materials, but they do not allow us to represent yield surfaces for aniso-
tropic materials or subsequent neutral surfaces for isotropic materials exhibiting an-
isotropic hardening. A certain concept of a space of generalized stresses for aniso-
tropic materials was proposed by L.A. Tolokonnikov and N. M. Matchenko
[3.811].

The choice of the system of invariants essentially affects the final conclusions.
Thus, for example, in the system of axiatoric-deviatoric invariants I,,, I, I3,
limit surfaces representing yield conditions for many materials do not depend on
the first invariant /,,. Analysing this problem in [3.277], L. W. Hu arrives at the
paradoxical conclusion that each yield condition must depend on /,,. This conclusion
is fully justified and the paradox lies in the fact that it is justified in the system of
principal invariants J,,, J,,, J3, (Where J,, = I,,) and is not valid in the system
I,,, I,,, I, which is the object of the fundamental discussion.

Non-invariant three-dimensional spaces are also used. For example, V. S. Lensky
and I. D. Mashkov [3.438] investigated the behaviour of steel in a three-dimensional
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subspace of the Ilyushin five-dimensional space. The most commonly used is here
the space o, 0,, Ty, describing the plane state of stress with arbitrarily changing
principal directions.

10.5 Two-dimensional spaces, planes

The representation of the processes taking place at a point of the body is particu-
larly simple if it may be performed in a plane, at least approximately, with a suf-
ficient accuracy. Accordingly, many such planes have been proposed. We present
here only some of the more important stress planes; strain planes may be introduced
in a similar manner.

If the limit surface in the space of principal stresses is represented by a rota-
tionally symmetric surface with the axis o, = 0, = 03, then it is uniquely determined
by its generator, i.e. by a curve in the plane of cylindrical invariants Z,, R,. Instead
of this plane we more often use a plane with a changed scale, g,,— 0, (mean stress—
stress intensity), where, as we derived in Sec. 5,

Oy = Zo/Vlj’ g, = R, '/ﬁ. (107)
Ge

uniaxial compression pure shear
/ uniaxiol tension

braxial
uniform
Draxial uniform tension
compression
three axial
three axial uniform fension

compression

arctond,

Fig. 38. The Burzynski plane o,—0,

In view of o, > 0 it is sufficient to consider only the upper half of the plane (Fig. 38).
This plane will be called the Burzyrski plane, since Burzyrniski was the first to use it
in 1928, [2.13] (in fact, Burzyniski used the coordinates o, o, J/2, which are less
convenient).

In the coordinates o,, o, uniaxial tension and uniaxial compression are re-
presented by the rays ¢, = +30,, biaxial uniform tension and biaxial uniform
compression by the rays o, = +30,, pure shear by the ray ¢,, = 0, triaxial uniform
tension by the ray o, = 0, o, > 0, and triaxial uniform compression by the ray
g.=0,0, <0.

It should be noted that the Burzyniski plane does not satisfy the requirements of
a vector space even in the case of constant principal directions. Indeed, if we represent
uniaxial tension by a vector and antimetric uniaxial compression by a vector, and add
them together as vectors, we do not obtain a zero-vector as should be the case. How-
ever, for many applications this deficiency is unimportant. If the limit surface is
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not rotationally symmetric, then it may be presented in the Burzyinski plane by
a one-parameter family of curves; the most convenient parameters are the third
cylindrical invariant w, or the Lode parameter u,.

If the limit surface in the space of principal stresses is represented by a cylindrical
surface (non-circular, in general) with the axis o, = 0, = 03, then it is uniquely
determined by the curve of intersection of that cylinder with the plane perpendicular
to its axis, namely,

0, +0,+03; = C = const. (10.8)

Such a plane is called the deviatoric plane (this term is justified in the case C =0
in Eq. (10.8)), or the n-plane or the Meldahl plane (F. Correia de Aratjo [3.115]).
The projections of the axes oy, d;, o3 on that plane form the angles of 120°. In the
case of an isotropic body with a cylindrical limit surface the curve has three axes of
symmetry, (its equation contains functions of 3w,) and is fully determined by the seg-
ment 0 < w, < 60°, Fig. 39. If the surface is not cylindrical, then it may be rep-

Fig. 39. The deviatoric (Meldahl ) plane

resented by a one-parameter family of curves in the Meldahl plane; the parameter
is then C = 30,, (equipressure cross-sections, [3.620]), but the picture is not so clear
in this case.

The use of a deviatoric Meldahl plane may lead to certain misunderstandings,
since the axes denoted by o,, o,, and o, are, in fact, only the projections of the
original axes on the plane under consideration. Thus, we may lay off along those
axes either the principal stresses o,, 0,, 03, (as was done by Meldahl [3.517]) or
their projections, equal to @, J/2/3, ¢, /2/3, 05/ 2/3. Only the latter approach gives
the cross-section of the cylindrical limit surface in the correct scale, but for some
applications the Meldahl approach is more convenient.

The deviatoric strain plane may be introduced in a similar way. Its range of
applications may be even wider than that of the deviatoric stress plane. Indeed, in
the case of an incompressible material, we have &, = 0 and each point representing
the state of strain in the space of principal strains must remain in the deviatoric
plane. The characteristics of various strain paths in the deviatoric plane are discussed
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by T. C. Hsu [3.270]. The concept of a deviatoric plane was developed by Z. Mar-
ciniak [3.500], who proposed a certain more general plane representation of three-
dimensional stress and strain states.

Very often limit curves in the plane o,, o, are investigated; this plane may be
treated as the intersection of the space of principal stresses by the plane o; =
Such curves do not permit the reproduction of the whole limit surface, but for
many applications may be sufficient—they describe the behaviour of a material in
the case of plane stress.

The planes described above belong to invariant planes—the limit curves do
not depend on the adopted reference frame at a given point of the body. The planes
without this property are also employed. For example, analysing combined loadings
in the cross-sections of bars we often use the plane o, 7,; however, the directions
of the axes x and y are then uniquely determined and the problem of transformation
does not arise.

It should be reminded here once more that the spaces and planes discussed above
may turn out to be insufficient to describe the processes at the level 2. Sometimes
the stresses and strains must be combined (A. K. Malmeyster [3.488]); and some-
times other axes, corresponding to additional independent factors (temperature,
humidity, etc.), should be added.

10.6 Isotropy and isosensitivity

The properties of isotropic materials do not depend on the direction; in the plastic
range this fact results in some conditions of symmetry described above. Further
symmetry conditions appear if those properties are not affected by the simultaneous
change of sign of all the stress components. D. D. Ivlev [2.72] introduced here the
term “normal isotropy”; however, this property is, to a certain degree, independent
of isotropy, and Ivlev’s term may be misleading. R. M. W. Frederking and O. M.
Sidebottom [3.182] use the terms “even materials” (and “uneven materials”). We
propose to call such materials isosensitive, since their properties do not depend on
the sense of stress components.

Indeed, any combination of (an-)isotropy and (an-)isosensitivity is possible.
For example, mild steel without effects of plastic forming is isotropic and isosensitive;
cast iron, concrete and soils are isotropic and anisosensitive; a non-uniformly
ribbed steel surface structure furnishes a good model of a material which is aniso-
tropic and isosensitive; finally, timber is anisotropic and anisosensitive. However,
such independence of (an-)isotropy and (an-)isosensitivity is restricted to an-
isosensitivity under normal (principal) stresses. A material which is anisosensitive
under tangential (shearing) stresses must be simultaneously anisotropic. Consider,
for example, pure shear and assume that for a positive stress the yield-point is reached

at T = 74, and for a negative stress at 7 = — 7,_. Then in the first case the principal
stresses are 0, = +7,, 0, = 0, 03 = —7,,, and in the second case we have in the
same directions 0, = —7o_, 0, = 0, 03 = +7,_. In an isotropic material we may

arbitrarily change the indices of the principal stresses, hence it immediately follows
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that 7o, = 7,-; therefore the case 7,, # 7,- is possible only in anisotropic ma-
terials.

If the material is not only isotropic but also isosensitive, further symmetry
conditions of the limit surfaces hold. In the space of principal stresses the surface
must be symmetrical with respect to the point O; in the Burzyfski plane the limit
curve (generator of the rotationall)" symmetric surface) must be symmetric with
respect to the axis o, ; in the Meldahl plane the limit curve (cross-section of the cylin-
drical surface) possesses six symmetry axes (its equation contains the functions of
6w,) and is fully determined by the segment 0 < w, < 30°. The corresponding
examples are shown in Fig. 40.

0 6m
Fig. 40. Isotropic isosensitive material: (a) in the deviatoric plane, (b) in the Burzynski plane

Making use of the definitions adopted above, we may define the Bauschinger
effect as acquired anisosensitivity of initially isosensitive materials (due to plastic
deformation), or as changed anisosensitivity if the material is anisosensitive in the
virgin state. Hence the Bauschinger effect under normal stresses is not necessarily
connected with the acquired anisotropy of the material; however, if it occurs under
tangential stresses, then the material must become anisotropic as well.

11 Conditions of perfect plasticity for isotropic bodies

11.1 General remarks

As was mentioned in Sections 9.2 and 9.3, the phenomenological formulation of
the condition of perfect plasticity may be regarded as a problem of the hypotheses
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of failure: either a physical criterion of exertion is proposed, or the experimental
results constitute the basis for a suitable analytical approximation. Similar approaches
are used to somewhat different physical phenomena, such as the limitation of the
elastic range, yielding or decohesion, but the form of mathematical description is
similar and therefore those phenomena are often treated jointly. There are numerous
survey papers describing individual hypotheses and their application; let us mention
here the papers by W. Burzynski [2.13], H. Fromm [3.189], J. Marin [3.503], M. T.
Huber [3.279], M. M. Filonenko-Boroditch [3.176], T. Pelczynski [3.622], B. Paul
[3.620], I. I. Goldenblat and V. A. Kopnov [3.205), and G. S. Pisarenko and A. A.
Lebedev [3.643]. The extensive Polish contribution to the development of the failure
hypotheses is reviewed by Z. Klebowski [3.352].

We are now going to discuss briefly those hypotheses which are often applied to
the formulation of conditions of perfect plasticity (yield conditions) or to the de-
scription of initial neutral surfaces in the case of bodies exhibiting plastic hardening.
They will be classified according to the shape of the relevant limit surfaces in the space
of principal stresses.

11.2 Cylindrical limit surfaces
If the yield condition may be written in one of the equivalent forms

f(IZnISJ) =0 or f(Ra»wa) =0, (ll'l)
i.e., if the equation in question does not depend on the first invariant in the system
of axiatoric-deviatoric invariants or in the system of cylindrical invariants, then the
relevant limit surface is cylindrical with the axis ¢, = o, = ¢;. The adoption of
such a hypothesis means neglecting the influence of the mean stress o,, (hydrostatic
pressure) on yielding. This problem was experimentally investigated by B. Crossland
[3.117], H. L. D. Pugh and D. Green [3.660]; they found practically no effect of
hydrostatic pressure on yielding in ductile metals. On the other hand, S. I. Ratner
[3.667] and L. W. Hu [3.273, 3.276] noticed a certain effect, namely the raising of the
stress-strain curve. Careful experiments performed by P. K. Fung, D. J. Burns and
N. C. Lind [3.191] confirmed the negligibility of the effect of the hydrostatic pressure
in metals; they ascribed the apparent rise of the stress-strain curve to friction in
the high pressure seals.

It should be stressed that the problem of the influence of hydrostatic pressure
on yielding has no direct connection with the isosensitivity of the material: theoreti-
cally, cylindrical surfaces may describe anisosensitive materials as well. However, in
most practical cases the lack of effect of hydrostatic pressure on yielding results in
identical properties in tension and in compression.

The simplest description of a cylindrical limit surface is given by the equation

R, = flw;) or o= flo,), (11.2)
which determines the curve in the deviatoric Meldahl plane in polar coordinates,
Fig. 39. Equations of the type

J2s = f(Jss), (11.3)
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used by W. Prager [3.652] and in many other papers, are less clear; of course, they
may be always converted to (11.2) by using the relations given in Table 2 (p. 37).

The limit surface which is simultaneously cylindrical and rotational corresponds
to the Huber-Mises-Hencky yield condition. It is described by Eq. (9.15), which
will now be rewritten in the form (11.2), i.e.,

R, = 0o }'2 = const (11.4)

G, Schmiat-Ishlinsky-Hill
Huber - Mises - Hencky

v, Tresca - Guest

e

Fig. 41. Intersections of typical cylindrical limit surfaces by the deviatoric plane

(Fig. 41) and in the following two expanded forms, often used in engineering appli-
cations:

Vo4 o+ el =0,0,~0,0,— st N T A ) =00, (L)

(0x—0y)2+ (0, —0.)2+ (0. —0x) 2 +6(72y+ 13+ 12,) = 203. (11.6)
The HMH yield condition is verified experimentally for a wide class of materials,
mainly polycrystalline metals. Let us mention here the experiments of W. Lode
[2.104, 2.105, 2.106], M. Ros, A. Eichinger [2.144], G. I. Taylor, H. Quinney [3.791],
J. L. M. Morrison [3.538, 3.539], J. M. Lessells, C. W. MacGregor [3.450], A. M.
Zhukov [3.864, 3.865, 3.866], L. W. Hu, J. F. Bratt [3.275], G. B. Talypov, V. N.

G, Schmidt-Ishlinsky-Hill

Huber -Mises - Hencky

-6 —Iresca - Guest
)

Fig. 42. Intersections of typical cylindrical limit surfaces by the plane o3 = 0
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Kamentsev [3.783], J. Miastkowski, W. Szczepinski [3.521]. Surveys of experiments
are given by I. I. Goldenblat and V. A. Kopnov [3.205], B. Paul [3.620], and by
J. F. Bell [3.46]. A certain thermodynamic justification of the HMH yield condition
is given by J. Gouzou and A. Magnée [3.207].

The intersection of the HMH circular cylinder with the plane ¢; = 0 is an
ellipse with the equation

o}+03—0,0, = a}, (11.7)

shown in Fig. 42 and describing the limit state in the case of a state of plane stress.
Another important particular case is that of a state of plane strain, e.g., &, = y_,
= ¥,y = 0; the final form of the HMH yield condition depends here on the constitu-
tive (physical) equation used. If we assume the Hencky-Ilyushin equation for a com-
pressible body, (9.29), evaluate ¢. from the condition &, = 0, and substitute into
(11.6), then the final result takes a rather complicated form, depending on the value
of the function ¢

(0x+0,)* —4(0,0,—12,) = $03. (11.8)

1+ .
(6Kp+1)?
In the case of an incompressible body, K — oo, (11.8) is simplified to

(0x—0,)*+412, = %03, (11.9)
independent of ¢. Equation (11.9) may also be obtained from the Prandtl-Reuss

or the Levy—Mises equations for an incompressible body. -
A certain convenient geometrical construction determining the stress intensity o,
(reduced stress corresponding to the HMH yield condition) was proposed by A. Mel-

dahl [3.517] and Z. Marciniak [3.501]. The simple geometrical addition of the
vectors @, , 0,, and o, in the deviatoric plane results in a vector whose length is o,

Fig. 43. Graphical determination of the stress intensity in the deviatoric plane

as can easily be proved (Fig. 43). Numerical tables determining o, in combined
stress states are given by C. Brutti [3.79].

Another commonly used cylindrical surface corresponds to the Tresca-Guest
(TG) yield condition (9.19). An equation of such a type determines a plane in the
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space of principal stresses; in fact, since the symbols o} and oy, denote the principal
stresses algebraically ordered, and there exist six combinations of such an arrange-
ment, (9.19) determines a cylindrical surface, namely a regular hexagonal prism.
This prism is inscribed in the HMH circular cylinder; the sections are shown in
Figs. 41 and 42. In the important case of a state of plane strain, &; = y,, = ¥,, = 0,
it may be shown (for incompressible bodies) that the principal stress o, has the
intermediate value, o, = oy, and the TG yield condition assumes the form

(0x—0,)*+413, = aZ. (11.10)
This equation is almost identical with (11.9); if we introduce the yield-point stress
in shear 7,, then the two equations coincide:
(ax_dy)z+47:2:y = 413. (11.11)
The intersection of (9.19) with the deviatoric plane may be described by an
equation of the form (11.2) as follows:
)

RU = —a I
V2 cos(w,+4m—inm)

n=1,2,..,6. (11.12)

Another, more uniform but more complicated form of (11.12) was proposed in [1.24];
using the notation adopted here we rewrite it as follows:

_ (203-3R2)a3

cosbw, = 1 RS

(11.13)
The corresponding equation in the implicit form (11.3) was derived in 1933 by
A. Reuss [3.672]:

4J3,+ 2173+ (3T 35+ 03) 05 = 0. (11.14)

The main advantage of the Tresca-Guest yield condition lies in the linearity
and simplicity of the relation (9.19) expressed in principal stresses. However, if the
principal directions and the principal stresses are not known, the simplicity men-
tioned above disappears completely: on the contrary, the expression of the TG yield
condition in terms of the stress components in either implicit (11.14) or, being
theoretically possible in the explicit form as well (via trigonometric functions, with
the use of the formulae given in Table 2), leads to highly complicated expressions.
Certain approximative formulae were given by Z. Waszczyszyn and M. Zyczkowski
[3.841] but even this approximation is complicated.

An even more serious deficiency of the TG yield condition is connected with
its poor experimental verification. The experiments carried out by J. Guest in 1900
[2.46] were not sufficiently accurate. Actually no experimental results verify this
hypothesis, particularly as regards the existence of corners on the initial neutral
surface. This fact is recognized even by the advocates of the TG hypothesis; for
example, D. D. Ivlev, who established certain extremal properties of the TG yield
condition, [3.302], and supposed accordingly this condition to be generally valid,
ascribed better results of the experimental verification of the HMH condition to
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some incidental factors. Several authors found the TG hypothesis useful when
investigating the upper yield point (initial yield)—J. L. M. Morrison [3.539], O. A.
Shishmarev [3.727], T. H. Lin, M. Ito [3.455], whereas the continuation of the plastic
flow was governed by the HMH yield condition. Some authors suppose that the
TG yield condition might better hold for monocrystals; however, for most poly-
crystalline structural materials the superiority of the HMH hypothesis is unquestion-
able.

It can easily be proved that the numerical differences—measured along the
radius—between the results of the HMH and of the TG hypotheses do not exceed
15.5 per cent if referred to TG, or 13.4 per cent if referred to the HMH hypothesis.
For some applications these differences are negligible and in the case of known
principal directions the TG yield condition is used simply as an approximation.
R. Hill [2.56] proposed in this case to replace the yield-point stress o, by 1.077 o,
and such a procedure reduces the approximation errors by a half. However, it should
be remembered that these figures hold only for proportional (radial) loading; in
the general case the final results depend on the adopted flow rule and the differences
may be much larger. This problem will be discussed in detail in Sec. 13.7.

The generalizations of the TG yield condition to the case of anisosensitive
materials, remaining within the class of cylindrical surfaces, were proposed by
L. W. Hu [3.274], D. D. Ivlev [3.305] and M. Capurso [3.92]; they will be given
together with their anisotropic generalization in Sec. 12. The notation generalizing
(11.10) may be found in the paper by M. Sayir [3.700]. Another proposal, defined
for plane stress only, was suggested by W. Prager [3.658].

A certain general cylindrical yield condition, including the HMH and the TG
conditions as particular cases, was suggested by A.V. Hershey [3.243], and later
by E. A. Davis [3.130], B. Paul [3.620] and W. F. Hosford [3.268]. These authors
applied to plasticity the Bailey law, well-known in the theory of creep, writing

|oy —a2|"+ |02 —03]"+ |03 —0y|" = 205. (11.15)

Equation (11.15) describes a cylindrical surface which for n = 2 (and for n = 4)
coincides with the circular cylinder HMH, within the interval 2 < n < 4 lies outside
that cylinder and for n > 4 lies between the HMH cylinder and the TG prism.
In the limiting case n — c0 we obtain a transition to the TG yield condition (the
largest difference of principal stresses is the only one which remains); the singularities
(corners) of the surface appear only in the limiting case n — co0. According to A.
Hershey, particularly good coincidence with the experimental data may be obtained
by assuming n = 6.

Another hexagonal prism is described by the condition of maximal deviatoric
stress

max([|o; —0nl, |0, —0ul, |03 —0nl] = const = 3 a. (11.16)

Maximal deviatoric stress as a criterion of exertion was suggested first by R. Schmidt
[3.704], 1932, but the yield condition of the form (11.16) was introduced later inde-
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pendently by A. Yu. Ishlinsky [3.297] and R. Hill [3.245], and developed by D. D.
Ivlev [3.302] and R. M. Haythornthwaite [3.236]; we call it the Schmidt-Ishlinsky-
Hill yield condition. The corresponding limit curves in the deviatoric plane and in
the plane o3 = 0 are shown in Figs. 41 and 42 as well. The results of experimental
verification of the maximal deviatoric stress yield condition are rather poor, but
its value lies in the upper estimation of the HMH condition. As an example of
application let us mention the paper by D. D. Ivlev [3.309].

A cylindrical surface described by a linear combination of J,, and J;, was
investigated by M. Sayir [3.700]. Because of the odd power of J;, it describes aniso-
sensitive materials. Sayir derived the equation

2(0’%.‘. _0'0+ ao_ +0'(2)_)st+9(0'0+ _0'0__).’3_‘ = —“32‘ 0(2)+ 03_ (l 117)

where 0o, and ¢,_ denote the (absolute) yield point stresses under tension and
compression, respectively. For o5, = 0,_ this surface reduces to the HMH circular
cylinder. However, there is little chance of describing real plastically anisosensitive
materials by cylindrical surfaces, e.g. (11.17), since uniaxial compression is here
equivalent to uniform biaxial tension, and uniaxial tension—to uniform biaxial
compression; such equivalence is practically never confirmed by experiments.

On the contrary, the cylindrical limit surfaces described by even functions of
Js, are restricted to isosensitive materials only. W. Prager [3.650], D. C. Drucker
[3.145], F. D. Stockton and D. C. Drucker [3.769], A. M. Freudenthal and H. Gei-
ringer [2.33] investigated the surfaces

F
J§,+c,J§,sJ§,[l——2;7'—(1+cos6w¢,)] = A,; (11.18)
2
Jz, l+c2 ‘J—:‘) = Jz, l_&(l +COS6(U‘,) = Az- (11.19)
73, 57}

For example, Prager proposed to describe the results of G. I. Taylor and H. Quinney
[3.791] by (11.19) with ¢, = 0.73.

Other cylindrical limit surfaces were investigated by M. M. Filonenko-Boroditch
[3.175], E. Ondragek [3.604], (with concave singularities), Z. Sobotka [3.751], J. L.
Swedlow [3.778], A. M. Freudenthal and P. F. Gou [3.185].

11.3 Rotationally symmetric limit surfaces

The yield condition for a wide class of materials whose plastic behaviour depends on
hydrostatic pressure may be described by equations of rotationally symmetric
surfaces with the symmetry axis o, = 0, = 0;.
These equations may alternatively be written in one of the forms
f(Ilﬂ,IZS) = 0’ f(Za! Ra) =0 or f(om’ ae) = 0. (1120)

The second of these equations describes the generator of the rotational surfaces
(axial section); the last one—the same generator in the Burzynski plane.
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The class of rotationally symmetric surfaces includes the Huber-Mises-Hencky
circular cylinder, described above. The oldest hypothesis of the type under consider-
ation was suggested by E. Beltrami (1885); he assumed total elastic energy as the
criterion of exertion. This hypothesis has practically no experimental verification
and has not been used in plasticity. F. Schleicher [3.701] generalized it, assuming
that in the limit state the total elastic energy depends on the mean stress o,,; the
deficiency of Schleicher’s proposal is the fact that in the case of isosensitivity it
turns into the Beltrami instead of the HMH hypothesis.

The possibility of generalizing the HMH yield condition to the form o, = f(o,)
was first noticed in 1926 by R. Mises in the discussion of the Lode paper [2.104],
and then by W. Lode [2.106]. However, the first effective formulation of such a hypo-
thesis in a general form was given by W. Burzynski in 1928 [2.13, 3.87, 3.88]. Taking
into account the simplicity of the final formulae, he restricted the general function
g, = f(0,,) to a three-parameter condition

Ao?+ Bal+Co,—1 = 0. (11.21)

Assuming that the limit surface is determined by the following three tests:
simple tension (o), simple compression (d,-) and simple shear (7,), we may
evaluate the constants 4, B, C; finally

Loxdex az+(9—%iz‘1":—) 02+ 3(0o- —04) Om—0o4 6o = 0. (11.22)
3'[0 To

This equation describes in the space of principal stresses an ellipsoid (if 375 > 04,.0,-)
or a hyperboloid (if 373 < 0,5, 0,_), but some degenerated cases are also possible.
In the boundary case (where the number of independent parameters is reduced to
two), namely where

7o = ]/“"—*;—": (11.23)

we obtain a paraboloid,

02+3(0g- —004)Om—004 0o = 0, (11.24)
whereas in another particular case
2 Oop4+ Op-
e i St E L 11.25
’ ]/3 Oo4+ +0o- ( )
we obtain (after extracting the root) a circular cone,
g 4320200t o o Goslo- _q (11.26)

Oo-+ 004 Oo4+ + 0o

If 0o, = 0o = 0, and 7, = 0,/)/3, then the general equation (11.22) turns into
the HMH circular cylinder. The relevant limit curves in the Burzynski plane are
shown in Fig. 44.
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Fig. 44. Particular cases of the Burzyfiski limit surface

The general equation (11.22) or its particular cases were later proposed—more
or less independently—by many authors. Equation (11.22) was suggested in 1931
by Yu. I. Yagn [3.849], in 1938 by L. Rendulic [3.670], in 1954 by M. M. Filonenko-
Boroditch [3.175], in 1960 by M. Matsuura [3.511], in 1963 by L. W. Hu and K. D.
Pae [3.278] and in 1970 by J. G. Merkle [3.520]. The equation of the paraboloid
(11.24) was suggested in 1930 by G. D. Sandel [3.693], in 1937 by P. P. Balandin
[3.28], in 1947 by C. Torre [3.812, 3.813, 3.814, 3.815] (partially with reference to
Sandel), in 1951 by F. Stassi d’Alia [3.764] (with the additional effect of temperature
taken into account), in 1958 by G. A. Genev [3.195), in 1967 by H. H. Le Boiteux
[3.414], in 1973 by M. Hartzmann [3.227]. The equation of the cone (11.26) was
suggested in 1934 by Z. Klgbowski [3.349], in 1938 by N. M. Belyayev (before the
USSR Congress on Elasticity and Plasticity), in 1940 by A.I Botkin [3.74], in
1941 by S. V. Serensen [3.707], in 1952 by D. C. Drucker and W. Prager [3.147], in
1953 by I. N. Mirolyubov [3.530] (who also investigated the general case (11.22)),
in 1958 by S. A. Bernshteyn [3.56]. The proposals of H. Hencky [3.242], G. A. Genev
[3.194] and Z. Sobotka [3.750] also reduce to particular cases of the Burzynski surface
(11.22). Z. Klgbowski proposed to approximate the general surface of revolution
by two cones and a cylinder [3.351], or by paraboloid (11.22) truncated partially by
a cone (11.26), [3.350].

A certain new physical justification of the Burzynski and Schleicher hypotheses
was given by J. Zawadzki [3.862]. Experimental verification of Eq. (11.26) for
concrete was performed by B. Bresler and K. S. Pister [3.76], and of Eq. (11.24) for
cast iron by N. Alberti [3.3]. Many experimental investigations of the yield con-
ditions for soils are presented in the extensive survey by V. N. Nikolayevsky [3.578].
However, in the case of brittle materials one has to be particularly cautious in evaluat-
ing experimental data, since some of them refer to yielding and others to various
forms of fracture.

The Burzyriski quadratic equation (11.22) constitutes the most convenient form
of the relation f(o,,, 0.) = 0. Some authors also propose polynomials of a higher
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degree. The parabolic equation, proposed by R. Mises [3.532] and generalized to
the three-dimensional states by A. M. Freudenthal and H. Geiringer [2.33], is of
the fourth degree. W. Olszak [3.598] proposed a paraboloid of the nth degree. K. K.
Shkerbelis [3.730] suggested a linear combination of arbitrary powers of a,, and o.;
four parameters are then to be evaluated.

Some authors call the non-cylindrical yield conditions “conditions for plastically
compressible bodies”. It should be noted, however, that this conclusion is connected
with the associated flow rule (defined in Sec. 13), which does not hold in general,
and so the non-cylindrical yield conditions may describe plastically incompressible
bodies as well.

11.4 Other limit surfaces in the space of principal stresses

Limit surfaces corresponding to most classical hypotheses of failure (Galileo,
Clebsch, de Saint-Venant, Poncelet) are neither cylindrical nor rotationally symmetric.
Those hypotheses, describing rather the strength of brittle bodies, are very seldom
used in the theory of plasticity. On the other hand, the hypothesis of C. A. Coulomb
and O. Mohr [3.536, 3.537], generalizing that of Tresca-Guest, has been developed
in many papers and applied to various problems of plasticity. The original hypothesis
(in the linearized version) is represented in the space of principal stresses by a hex-
agonal pyramide whose cross-sections are symmetric but non-regular hexagons
(R. T. Shield [3.720], W. M. Kirkpatrick [3.345]). A pyramide with regular hex-
agonal cross-sections was introduced by G. D. Sandel [3.692], N. N. Davidenkov
[3.127], D. C. Drucker [3.148] and I. I. Tarasenko [3.789]. Other alterations were
proposed by A. Leon [3.439], S. D. Volkov [3.836] and Y. Hara [3.224]. A detailed
analysis of the cross-sections of the Coulomb-Mohr surface is given by B. Paul
[3.620]. '
A wide class of materials may be described by the limit surfaces of the type

R, = fi(Z)fa(ws) or 0, = fi(0m)f2(ws)- (11.27)
In the particular case f,(w,) = const we obtain rotationally symmetric surfaces
described above, whereas f,(Z,) = const or f,(g,) = const leads to cylindrical

surfaces. Three-parameter yield conditions of the type (11.27) were proposed by
J. Murzewski and Z. Mendera [3.565]

R, = (A—BZ,)(1+Ccosbw,), (11.28)
by G. Gudehus (with two parameters only) [3.218]

0, = —Aoc, )/ 1-Bcos3w, (11.29)
and by G. A. Genev and V. N. Kissyuk [3.196]

02 = (340, +B)[1 —(1-C)(1 —cos3w,)]; (11.30)

the first and the second generalize a cone and the third a paraboloid. A similar
form of the limit surface is also assumed by R. M. Haythorntwaite [3.235] though
no analytical description is given.
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Various authors suggest yield conditions whose form is even more complicated
than (11.23); let us mention here the five-parameter equation proposed by J. Majer
[3.479]

e = (C—0)"+ 7= 3%(4 + B cos3m,). (11.31)

Z. Sobotka [3.755, 3.757, 3.758] introduced a tensor called the “material tensor”,
namely o;;— x0ou 0;; where x is a constant, and expressed the yield condition in
terms of invariants of that tensor. His quadratic yield condition reduces to (11.22),
but conditions of higher degrees introduce the third invariant and are not rotationally
symmetric. Other yield conditions joining all the three invariants were proposed by
K. Hashiguchi [3.228], M. Maitra, K. Majumdar and A. Das [3.478]. J. B. Haddow
and T. M. Hrudey [3.220] derived a yield condition applicable in the case of finite
elastic volume change (large hydrostatic pressures).

The problem of yield conditions for non-homogeneous bodies was analysed
in detail in the papers by W. Olszak and W. Urbanowski [3.595, 3.596, 3.597], and
by W. Olszak, J. Rychlewski and W. Urbanowski [3.599)].

11.5 General form of the “ad hoc” elliptic yield condition

In most cases of combined loadings of cross-section of bars (tension with torsion,
bending with torsion, etc.), the relevant state of stress may be characterized by one
normal component ¢, = ¢ and by one tangential component 7,, = 7. For such
a case the following yield condition is frequently suggested:

o\’ 7\?
(_) +(__) =1, (11.32)
O’o To
or, briefly,
o*+c1? = 03, : (11.33)

where ¢ = 03/7}. These equations may be found in most practically oriented engineer-
ing manuals, but are used also in general plasticity (K. Hohenemser, W. Prager
[3.263], A. M. Zhukov [3.868], Y. Ohashi, M. Tokuda [3.591]). For the case under
consideration this “elliptic” yield condition generalizes the HMH yield condition
(¢ = 3) and the TG yield condition (¢ = 4), and may better fit to experimental
data; on the other hand, this condition is proposed “ad hoc”, for one o and for
one 7 only, without any general form valid for the three-dimensional state of stress.
It turns out that such a general form is not unique; in what follows we derive a one-
parameter family of general yield conditions reducing to (11.33) for one component
o and one component 7.

First let us look for a rotationally-symmetric limit surface, expressed in terms
of I, and I,,. For one ¢ and one 7 we have

Ly=0, I, =20%+21% (11.34)
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inverting these relations with respect to ¢ and 7 and introducing into (11.33), we
obtain the required general equation

Lel+(1-1)12, = a3 (11.35)

Equation (11.35) describes an ellipsoid or a hyperboloid in the Haigh-Westergaard
space; for ¢ = 3 this surface turns into the HMH circular cylinder.

The derivation of equation of a cylindrical limit surface, reducing to (11.33),
is slightly more difficult. Such an equation will be expressed in terms of I,, and 75,.
For one ¢ and one 7 (with one common index) the third deviatoric invariant equals

Iy, = 20+ 072, (11.36)

and the inversion of the formulae for 7,5 and I3, with respect to ¢ and v presents
difficulties (solution of a cubic equation). Hence we combine the formula for 7,,
with (11.33), calculate ¢ and 7,

3

? = — Gely—03), 7° l

= — (6-3h, (11.37)

and later substitute into (11.36), obtaining
3(c=3)’I3, = (L el —03)[(c =15+ 03] (11.38)

For ¢ = 3 Eq. (11.38) turns into the HMH cylinder (11.4), and for ¢ = 4 into the
TG hexagonal prism (11.14).

To obtain the general form of the yield condition in question we combine
(11.37) with the similar solution of the first Eq. (11.34) and (11.33), writing

ot = 2 (el ~od)+ (1 -9k,

(11.39)
2 L4 05 _120
T = ;_3—' (0(2)_%123)+(l _"P) '—c—lo
where y is a parameter with arbitrary real value. Substituting now (11.39) into
(11.36) we obtain the required equation of the one-parameter family of limit surfaces,
generalizing (11.33) to three-dimensional state of stress:

(e =313, = ByGely—0d)+ (1 —p)(c—=3)13,] {%1/’[(0 —Po+ 03]+

2
L —,'Plc(c”{), [(_;c_l)lgﬂ+gg]} , (11.40)

Indeed, substituting here y = 1 we obtain (11.38), substituting y — o we obtain
(11.35), whereas y = 0 gives a combination of 7,, and I, (probably the latter case is
without any practical value).

11.6 The influence of accessory exertion factors

Such quantities as temperature, humidity, intensity of neutron irradiation, etc.,
called in Sec. 1.6 accessory exertion factors, may essentially affect the yielding of the
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material. In the simplest treatment, writing the yield condition in the form a,.4 = 0,
we express the influence of such factors only through the dependence of ¢, on them.
Such an approach may result in considerable errors: for example, a temperature
increase usually affects yield stress in tension 04, and yield stress in compression o _
in a different manner (as a rule brings them closer together if they were different at
room temperature).

Another approach to the temperature effect was suggested by F. Stassi d’Alia
[3.764, 3.765, 3.766, 3.768]; he generalized the equation of the Burzynski paraboloid
(11.24), introducing into it a certain function of temperature «(7), where o« = 1 at
room temperature. The Stassi d’Alia equation will first be written in the form

024 3a(0o- —094) Om— 03004 0o = 0, (11.41)

where 0o, and o,_ denote the yield stresses at room temperature. Introducing the
notation

N (11.42)

writing briefly'6,, = 0, and expressing the invariants o,, and o, in terms of the
stress components, we obtain

02+ 0}+02—0,0,—0,0.—0.0,+3(12,+ 15+ 12)+
+a(x—a) oo(0,+ 0y +0;) —a’xad = 0. (11.43)
The above yield condition takes the temperature effect into account in a one-

parameter manner, namely, via the function «(7"). However, this method is question-
able. Namely, considering uniaxial stress states, we arrive at the relation

o+ a(x—a)ogo—a’x0l = 0, (11.44)

and hence, solving this quadratic equation with respect to o, we find the following
dependence of the yield stresses o, (T) and o,_(T) on temperature:

004+(T) = 0*(T)oo, 00-(T) = a(T)x0,. (11.45)

With rising temperature the function «(7") decreases for most materials and in view
of 2 > 1 it follows from (11.45) that the ratio o,_(7)/0,.(T) shows an increase
instead of the decrease observed in experiments. In the case of the parabolic yield
condition under consideration it seems necessary to introduce a two-parameter
dependence on temperature. The Stassi d’Alia yield condition was also criticized
by A. A. Lebedev [3.413].

An extensive experimental investigation of the yield surface in the space c—7—T
for aluminium was performed by A. Phillips, C. S. Liu and J. W. Justusson [3.636].
They approximated this surface by a truncated elliptic cone with the axis T'; isosensi-
tivity was retained at elevated temperature. Other experiments-of this type were done
by P. M. Ogibalov [3.587], A. A. Lebedev and G. S. Pisarenko [3.411], N. S. Mo-
zharovsky and E. A. Antipov [3.550]. Numerous results of uniaxial experiments at
various temperatures are presented in the books by P. M. Ogibalov and I. A. Kiyko
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[3.589], P. F. Koshelev and S. Ye. Belayev [3.377], V. L. Bazhanov, I. I. Golden-
blat, N. A. Nikolayenko and A. M. Sinyukov [3.43], and in the paper by J. J. Jonas
[3.317].

The effect of neutron irradiation on the plastic behaviour of materials may be
very significant. G. V. Dienes [3.134] observed over 17 times greater yield stress in
shear for copper monocrystals if subject to an irradiation dose of 6 x 10'® neu-
trons/cm?; J. C. Wilson and R. G. Berggren [3.847] investigated austenitic steel
finding that at 7.8 x 10'® neutrons/cm? the yield stress is doubled with a simultaneous
increase of the difference between the upper and lower yield points. Multiaxial
experiments were carried out by T. D. Dudderar and J. Duffy [3.159]. Many exper-
imental results are quoted in the survey papers by V. S. Lensky [3.432], W. Olszak,
J. Rychlewski and W. Urbanowski [3.599].

Some authors express their criteria in terms of strains. G. A. Doshtchinsky
ascribes the criterion of exertion to the] invariant I, [3.137] or to the linear combi-
nation of /,, and J/ I,. [3.138]; such an approach, when combined with Hooke’s law,
introduces Poisson’s ratio to equations in the space of principal stresses. E. H.
Mansfield [3.497] investigates the case of a circle in the plane &, —&,. Many remarks
concerning the influence of accessory exertion factors on the plastic behaviour of
materials may be found in the books by I. I. Goldenblat and V. A. Kopnov [3.205]
and by G. S. Pisarenko and A. A. Lebedev [3.643].

11.7 The range of applicability of the yield conditions

In the preceding sections we presented the equations of various yield conditions
without stating the limits of their applicability. In fact, very seldom can one assume
that they describe yield conditions within the whole domain of determinacy. In
certain states of stress, especially in those close to uniform triaxial tension, depend-
ing also on the accessory exertion factors, decohesion may precede any significant
plastic deformation.

This fact was first noticed by A. J. Becker [3.44], who proposed—in the particu-
lar case of plane stress—the limitation of the Tresca-Guest condition by the addition-
al condition of rupture based on the maximal strain hypothesis of de Saint-Venant
and Poncelet. H. M. Westergaard [2.190] attempted to generalize this concept to
the general three-dimensional case, but a physically correct hypothesis of this type
was given only by N. N. Davidenkov and Ya. B. Fridman [3.187]. A similar limita-
tion for the HMH yield condition was proposed by T. Pefczyniski [2.127]. The
corresponding limit surfaces in the space of principal stresses are then the TG hex-
agonal prism and the HMH circular cylinder with cut-offs by three planes of constant
elongation (the sharpened pencils hypotheses), Fig. 45.

Several authors propose to perform the cut-offs corresponding to constant
normal stresses, and hence they limit the yield conditions by the Galileo hypothesis.
D. C. Drucker [3.148] suggests the limitation of the regular hexagonal pyramide
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Fig. 46. A pyramidal limit surface with cut-offs (Paul)
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by zero normal stresses, whereas B. Paul [3.618] admits a certain positive value of
oy (Fig. 46).

The above sharp limitations of the range of validity of particular yield con-
ditions seem reasonable for monocrystals. However, for a polycrystalline aggregate
the limitations take rather a mild form. So, once more, we may go back to a uniform
description of the limit surface part of which is connected predominantly with
yielding and part-predominantly with rupture. A hypothesis of this type was suggested
by A. A. Lebedev [3.412]; it has the form

Ad%i+Bof =1 (11.46)

where the four parameters 4, B, «, f are to be determined experimentally. Lebedev
suggested « = f = 2 for a wide class of materials. This concept was further devel-
oped by V. A. Kuz’menko [3.408].

Numerous authors apply a probabilistic approach to the problems of yielding
and fracture; we mention here only the papers by S. D. Volkov [3.836] and J. Mu-
rzewski [3.564].

In any case it should be remembered that the use of particular yield conditions
within their whole domain of determinacy may lead to a risky extrapolation without
any experimental evidence.

12 Conditions of perfect plasticity for anisotropic bodies

12.1 Generalizations of the Huber-Mises-Hencky yield condition

Conditions of perfect plasticity for anisotropic bodies are usually formulated as
certain generalizations of the relevant conditions for isotropic bodies. Therefore
they will be classified here according to the types of isotropic conditions subject to
generalization.

Generalization of the HMH yield condition may be based either on purely
mathematical considerations or on physical (energy) arguments. Following the first
way, we look for a general quadratic homogeneous function of stress components,
which should be constant in the limit state. The plastic properties of the material
depend on the direction, but the expression as a whole must be invariant with respect
to the reference frame. Such an expression is obtained by the introduction of the
fourth-order tensor of the plastic moduli /7;;,;, namely

Iy 0y00 =1, (12.1)

where the moduli satisfy the symmetry conditions /7, = I1}y;; = 113y = IT 5 21 of
such moduli are independent. Equation (12.1) was suggested in 1928 by R. Mises
[3.531). If we require, in addition, the yielding of the material to be independent
of the mean stress o,,, then the number of the moduli /7 reduces to 15. In both cases
the material under consideration is isosensitive, since the simultaneous change of
signs of all the stresses in (12.1) does not change the whole expression.
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The derivation of (12.1) in the case of independence of g,,, given by R. Mises,
was criticized by G. F. Smith [3.744], who proposed a modified form of this con-
dition.

Equation (12.1) takes a much simpler form in the case of orthogonal anisotropy,
called briefly orthotropy. Then there exist three mutually perpendicular principal
directions of the tensor /7;;,,. Choosing the reference frame xyz in such a way as
to obtain its coincidence with the principal axes of orthotropy, we eliminate 9 terms
of the type 0,7,y and 3 terms of the type 7.,7,. and only the following 9 terms
remain:

I1,y1, 0% +11533,05 + 11533302+ 211,15, 0,0,+ 2115533 0,0+
+2[133,,0,0,+411, 5,12+ 411 555515, + 41155, 12 = 1. (12.2)

Replacing the indicial notation by the engineering notation, we labelled the moduli
by the indices 1, 2, 3 to point out the principal directions of the tensor /7, ;.

If we require the independence of (12.2) of the mean stress o,,, then the number
of plastic moduli reduces to 6. This case was examined by R. Hill [3.244], L. R.
Jackson, K. F. Smith and W. T. Lankford [3.314]; in Hill’s notation (12.2) takes

the form
F(a,——o',)z+G(a,-—o,)z+H(0',—o',,)2+2Lt§,+2Mr,2,+2Nr§, =1. (12.3)

The moduli F, G, H, L, M, N may be expressed in terms of the yield-point stresses in
tension (or compression) in the directions x, y, z, which will be denoted by ¢, 0oy,
0oz, and by the yield-point stresses in shear 7oy, Toy:, Tozx. One can easily derive
the relations

~
Il

JTE T -

2\, T3 T T T
1 1 1 1

6—7(3?6—&‘35)’ M=z

H=1_(L+ 1 _ 1), N= !

S = =52
2 Oox Toy 00z 2To:ry

[(12.4)

In the particular case of plane stress o, = 7., = 7., = 0 we obtain the four-par-
ameter equation )

of . 4} ( 1 1 1 ) 12,

— ===+ ———-—")or0,+ —5— = 1. 12.5)

Utz)x olz)y 05x atz)y U(Z)z o T%xy (
In the particular case of plane strain &, = y., = ¥., = 0 the result depends on the
physical law; the additional assumption of incompressibility leads—according to
most physical laws—to o, = 3 (0x+0,), and the final result may be written in the
two-parameter form

(0’,—(7,)2-1-4(1 -0) T;, = 4(1 _C)Tiyo (12.6)
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where the dimensionless constant ¢ equals
1

c=1-— Loy —
2 2 1 )r,
Gtz)x 6(2), 0(2)1 -

For the case of plane stress some authors propose conditions simpler than
(12.5). Such simplifications are justified if there is a plane of isotropy. For example,
if this plane coincides with xy, then oo, = 0o, = 0, and instead of (12.5) we may
write (W. F. Hosford, W. A. Backofen [3.267], for principal directions)

(12.7)

o} +o3— - 0,0, =05 (R= —1+203./03). (12.8)
1+R
If it coincides with xz, then we obtain [3.643],
o2 o} G0, o
L R . ] = 1. )
o et T, T, 1=

Another particular case of (12.5) was investigated by L. W. Hu and J. Marin [3.272].

Of course, notation (12.8) does not show any anisotropy of the material; it is
hidden, since only a particular case of the stress state is considered. This fact may
cause certain misunderstandings (M. Sayir [3.700]).

The generalization of the HMH yield condition to the case of anisotropic
bodies may also be achieved by using energy considerations if we postulate the
constancy of the distortion energy at the boundary of the elastic range and then
express this energy in terms of stresses. In the most general case of anisotropy the
elastic energy cannot be decomposed into the energy of volume change and energy
of shape change. This problem was first investigated by W. Burzynski [2.13], who
proved that the existence of such a decomposition results in five relations between
the elastic moduli, and thus only 16 moduli remain independent. The energy approach
to the derivation of quadratic yield conditions for anisotropic bodies was used by
I. E. Mileykovsky [3.529], K. Kléppel and M. Yamada [3.354], C. I Bors [3.73]
and Z. Sobotka [3.749, 3.752, 3.754].

The generalization of the HMH yield condition to non-homogeneous aniso-
tropic materials was given by W. Olszak and W. Urbanowski [3.595, 3.596, 3.603].

The Mises-Hill yield condition was verified experimentally for many materials.
A. M. Zhukov [3.863] proved its validity for the metastable aluminium alloy DI16T;
E. K. Ashkenazi [3.16] found it valid for small anisotropy but observed larger differ-
ences in case of essentially anisotropic materials (timber). A. N. Bramley and P. B.
Mellor [3.75] determined the Hill constants for four killed steels and J. Klepaczko
[3.348]—for pure aluminium sheets; on the other hand, J. Woodthorpe and R. Pearce
[3.848] did not confirm the Mises-Hill yield condition for aluminium sheets. F. P.
Belyankin, V. F. Yatsenko and G. G. Margolin [3.47] verified (12.5) for plastics
(KAST-V). S. P. Yakovlev and V. F. Kuzin [3.852] give the anisotropic constant ¢
in (12.7) for steels 08KP and OChI8N9T, two aluminium alloys and brass, finding
¢ > 0 in the first case and ¢ < 0 in the remaining cases. A. Troost and J. Betten

éﬁ) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



112 III COMBINED LOADINGS AT LEVEL £ OF A POINT OF THE BODY

[3.817] proposed to evaluate the Hill constants by the measurements of the coef-
ficients of transverse deformation. G. S. Kular and M. J. Hillier [3.402] analysed the
results of various experiments on anisotropic yielding and proposed a certain general
method of evaluation of the Hill constants; however, they stated that for some
materials (12.3) is inadequate. Many experimental data are compiled and presented
graphically in a handbook by E. K. Ashkenazi and E. V. Ganov [3.17].

Some authors considered the limits of applicability of the Mises-Hill yield
condition. A. M. Zhukov [3.863] applied in this case the maximal strain (de Saint-
Venant) hypothesis, generalizing in this manner the Pelczyriski idea. W. Warkenthin
[3.839] expressed the limitations by means of maximal normal stresses.

12.2 Generalizations of the Tresca—Guest yield condition

The generalization of the Tresca-Guest yield condition to anisotropic materials is
very simple but only in a very particular case: if general anisotropy is restricted to
orthotropy and the principal directions of the stress state and of orthotropy coincide.
The corresponding system of six linear equations, taking into account the possible
anisosensitivity of the material, was derived by L. W. Hu [3.274], and then by D. D.
Ivlev [3.305] and M. Capurso [3.92]:

o, 1 1 03 )
Gors  \Gors  0os. )27 Gos- L, N
01 - = "
e . ‘ 7N 210
o, ( 1 1 0; g 2
- - 4 -— __)gz + =1, Wi
Oo1- 001 Oo3+ 003+

Cyclic permutation must be used here both for stresses and for plastic moduli. The
symbol oy, denotes yield-point stress in tension in the direction “1”, etc. Other
generalizations of the TG yield condition to anisotropic bodies may be found in
the papers by I. Berman and P. G. Hodge [3.55], A. Sawczuk [3.697], and by B. R.
Seth [3.708, 3.709].

The generalization of the TG yield condition to arbitrarily anisotropic but
isosensitive body and for arbitrary principal directions of stresses was given by
M. Sayir [3.700]. He simply used the symmetric form (11.14) putting instead of
J,s and J;, the following common invariants of the stress deviator and of the tensors
of plastic moduli /7:

Q> =IusiySus Q3 = I juimn Sty Skt Smn- (12.11)
The number of moduli, however, is very large (15+35+1 = 51), and any practical
use of (11.14) with substituted (12.11) seems impossible.

A certain generalization of the Burzyniski-Prager-Drucker yield condition (11.26)
to plane stress in an anisotropic material was proposed by L. W. Hu and J. Marin
[3.272]. Another generalization of a cylindrical limit surface was proposed by L. A.
Tolokonnikov, S.P. Yakovlev and V. M. Lyalin [3.809, 3.810]. They investigated
the surface

81551 = flcos3w,), (12.12)

&) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



12 CONDITIONS OF PERFECT PLASTICITY FOR ANISOTROPIC BODIES 113

confining the left-hand side to the Hill expression (12.3); the “isotropic” invariant
w, is defined by (5.10).

The above-mentioned generalizations of the TG yield condition correspond to
a phenomenological approach for a polycrystalline material. The relevant theory for
a monocrystal, initiated by E. Schmidt and called the “critical shear stress law”
[3.702, 3.703], was recently developed by Yu. I. Sirotin [3.741].

12.3 Generalizations of the Burzyniski yield condition

A certain generalization of the rotationally symmetrical Burzynski limit surface
(11.21) to the case of anisotropy was proposed in 1955 by L. 1. Goldenblat [3.201).
Further generalization by I. I. Goldenblat and V. A. Kopnov [3.203, 3.204, 3.205]
resulted in the form

(IT;0)*+ (I jua 01,030 + (T jtmn O Ot O) + <. = 1, (12.13)

where «, i, y, ... are arbitrary exponents, but the authors proposed to assume
a=1,p=1/2,y = 1/3, ... (then the homogeneity of the function on the left-hand
side is assured). The yield condition (12.13) in the case of isotropic bodies reduces
to an even more general form than (11.21). However, the authors discussed in detail
the case

00+ VI 0100 = 1, (12.14)

which presents a direct generalization of (11.21). The monograph [3.204] gives the
method of experimental evaluation of the moduli /7;; and /7;;;; and many working
formulae for particular cases.

Similar but less general suggestions were given by J. Marin [3.508], T. Ota,
A. Shindo, H. Fukuoka [3.607, 3.608], V. O. Geogdzhayev [3.198], M. Sh. Mike-
ladze [3.528], E. K. Ashkenazi [3.16], T. C. Hsu [3.269), H. Neuber [3.575], F. Stassi
d’Alia [3.767], Z. Sobotka [3.756], Yu. M. Aryshensky, I. I. Kaluzhsky and V. V.
Uvarov [3.15], J. R. Booker and E. H. Davis [3.72] (plane strain only). The case
a = f# =y = lin (12.13) was investigated by A. K. Malmeyster [3.488].

An even more general case than (12.13) was considered by M. Sayir [3.700),
who first discussed arbitrary functions of the invariants appearing in (12.13), and
then many particular cases. Various anisotropic yield conditions were reviewed by
H. Lippmann [3.461]. D. Grzesik [3.217], K. H. Matucha and P. Wincierz [3.512]
studied theoretically and experimentally the influence of the texture of the material
on the yield condition.

12.4 Yield conditions in the case of structural anisotropy

Averaged properties of structurally anisotropic materials (reinforced, ribbed, per-
forated, etc.) show an even more significant dependence on the direction than naturally
anisotropic ones. In the case of structural plastic anisotropy two typical approaches
may be distinguished: either a purely formal, phenomenological application of the
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general anisotropic yield conditions, discussed in the previous sections, or a more de-
tailed analysis of the structure combined with an averaging process. However,
a sharp separation between those approaches is not always possible.

A certain peculiarity of structurally anisotropic materials should not be for-
gotten: because of the non-homogeneity of the stress state the material often exhibits
apparent plastic hardening even if the constituents are perfectly elastic-plastic. So
the limit surfaces under consideration may describe either the initial neutral state,
or developed yielding, or even failure due to partial or total fracture.

Following the first approach, V. D. Azzi and S. W. Tsai [3.19] proposed to
apply to laminated composites the Mises-Hill yield condition in its particular form
(12.9) and verified this condition experimentally. It is restricted to isosensitive ma-
terials; in order to take anisosensitivity into account, K. V. Zakharov [3.857] sugges-
ted (even earlier) a more general equation, namely a general quadratic yield condition
with linear terms included. A similar proposal was made by S. W. Tsai and E. M. Wu
[3.820] and a further generalization by I. I. Goldenblat and V. A. Kopnov [3.202].
P. C. Chou, B. M. McNamee and D. K. Chou [3.98] took the anisotropy of the
matrix into account. A discussion of particular cases of the Azzi-Tsai approach
with thermal effects included may be found in the book by L. R. Calcote [3.91].

The equation derived for laminates by L. Fischer [3.178] may be included in
the second group. He applied to the constituents the distortion energy criterion and
obtained the general Mises—Hill expression (12.5) but with o, related to other plastic
moduli through the elastic constants.

Various cases of yield conditions for fibre-reinforced materials are discussed in
the book by A. J. M. Spencer [3.762]. It is assumed that the fibres are not subject
to yielding and that yielding is unaffected by hydrostatic pressure; hence, Spencer
decomposes the stress tensor o;; into a reaction stress r;; and an extra-stress ;;.
For a single family of fibres in an incompressible material

Hij = Oy _% (O'u —a,as 0'r.r) 6U+ % (akk —30,0, orx)alal ’ (l 2.1 5)
where a; are directional cosines of the (parallel) fibres. In the case without constraints
(fibres) we obtain u;; = sy;, so the extra-stresses generalize deviatoric stresses. The

yield condition may now be expressed in terms of three invariants (J. F. Mulhern,
T. G. Rogers, A. J. M. Spencer [3.562]):

I = pypy, L= aaypupns  1s = pojbobi- (12.16)
A linear combination of the invariants 7, and I, (quadratic in stresses) is proposed
as the most appropriate effective form of the yield condition

al, +pI,—1 = 0. (12.17)

The case f = 0 (isotropic matrix, sparcely distributed fibres) was discussed by
W. Prager [3.659].

J. D. Helfinstine and R. Lance [3.239], R. Lance and D. N. Robinson [3.409]
applied the criterion of maximal shearing stresses to the matrix allowing also for
plastic flow in the direction of fibres. D. R. J. Owen, J. Holbeche and O. C. Zienkie-
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wicz [3.610] investigated the influence of the shape of the cross-section of the fibre
on the yield condition. V. Kafka [3.336] analysed the case of a perfectly plastic
matrix reinforced by elastic fibres and proposed a method of experimental evaluation
of constants. T. H. Lin, D. Salinas and Y. M. Ito [3.458] used the finite-element
method to determine the stress distribution (microstresses) in a rectangular array
of filaments; G.J. Dvorak, M. S. M. Rao and J. Q. Tarn [3.162, 3.163] applied
a similar method to a regular hexagonal array under a triaxial stress state and tem-
perature changes.

In the case of two families of fibres G. E. Smith and A. J. M. Spencer [3.745]
expressed the yield condition in terms of six invariants, generalizing (12.16). G. S.
Holister, C. Thomas and I. King [3.264] analysed the influence of friction on the plas-
tic behaviour of composites after the failure of some fibres. The case of two families
of non-orthogonal fibres was studied in detail by P. V. McLaughlin [3.515]. An
arbitrary number of families of parallel fibres was considered by Yu. V. Nemirovsky
[3.574]. Yu. N. Rabotnov proposed a general theory of elastic-plastic composite
structure [3.662].

The equations of yield surfaces for perforated plates under in-plane loadings,
derived by W.J. O’Donnell and J. Porowski [3.585, 3.647] and with A. Sawczuk
[3.699], will also be mentioned here. In the case of purely membrane states, composite
or perforated plates may be classified either in this section or in the chapter devoted
to combined loadings at the level of the cross-section of a surface structure; however,
in the case of bending the classification should always be transferred to the level .

13 Drucker’s definition of a stable plastic material. Constitutive
equations of perfect plasticity

13.1 Plastic potential

The components of any second-order tensor 7, may be presented as partial deriva-
tives at a certain scalar function g(z;;) with respect to 7;;. This function may be
identified with the second basic invariant 7,, halved, since formula (5.4.2) yields
directly

(13.1)

if the symmetry conditions 7;; = 7;; are not taken into account. Hence the Hencky-
Ilyushin equations of small elastic-plastic deformations (9.28) may also be written
in the form

(13.2)
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and the Levy-Mises and the Prandtl-Reuss equations of plastic flow, (9.51) and
(9.60), in the form

érj:_;__g_‘z;, (13.3)
where éf; denote, as usual, the deviatoric components of plastic strain rates; in the
Levy-Mises theory they are identified with total strain rates, whereas in the Prandtl-
Reuss theory elastic strain rates are taken into account as well.

Relations (13.2) may easily be generalized so as to describe a wider class of
materials. We first prove that if 7 = I(7;;) is an arbitrary invariant of the tensor T,
then the entity 5

= ) (13.4)

is a second-order tensor. Indeed, if the Cartesian system of coordinates is subject

to rotation, then the invariant 7 does not change; hence
l(ty) @I(r”) 0ty; oI(t;;) (13.5)

= = = Ay = Y10y -
1 i 1A
X 0ty oty Oty 0tij ik XisOuly

Making use of the tensorial properties of (13.4), we may write the generalizations
of (13.2) and (13.3) in the forms

dg(oy;)
i Lgfr,;i (13.6)
and
i = ;_.Qgég_z_fl, (13.7)

respectively, where g(o;;) denotes a certain, in principle arbitrary, invariant of the
stress tensor. In the case of anisotropy a common invariant of the stress tensor
and of the tensor of moduli of plastic anisotropy should be used. Assuming g(ay;)
= I,4/2, we obtain (13.2) or (13.3), since differentation with respect to o;; or with
respect to s;; leads here to identical results.

The function g(o;;) is called the plastic potential; this concept was introduced
by R. Mises [3.531]. Such a potential exists if the following relations hold:

ap  odl
=g (13.8)

or the corresponding ones for ¢;;. Partial differentation is understood here at a con-
stant value of ¢ or 4; for perfectly plastic bodies these quantities cannot be expressed
in terms of stresses in any case. The assumption (13.8) is very weak, and, for example,
for an isotropic material relations (13.8) may be treated as obvious.

So, the mere existence of the plastic potential for a wide class of materials is
beyond any doubt, but the effective form of the function g(a;;) is an open question.
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We first notice that, making use of the nine-dimensional auxiliary spaces, defined
in Sec. 10.1., we may write—instead of (13.6) and (13.7)—

€ = pgradg(o;;) (13.9)
and
€’ = Jgradg(o;)), (13.10)

respectively. Hence, if we determine by g(o;;) = const a certain surface passing
through the point 7, in the nine-dimensional stress space, then the vector € or €7 is
perpendicular to that surface. Further, if these vectors are to represent deviators,
then the corresponding surface must be cylindrical (not necessarily circular) with
axis o, = 0, = o, in the nine-dimensional space, and cylindrical with axis o, = 0,
= 0, in the three-dimensional space of principal stresses. In those cases Eqs. (13.9)
or (13.10) describe the change of shape; in the opposite case they determine the
shape change as well as the volume change.
Let us write the yield condition in the form

f(oy;) = const. (13.11)

The form is not unique of course, but this fact is here unimportant. In the equations
of deformation (total) theories of plasticity the most justified, classical assumption
is to identify g(o;;) with fimu(0i)),

g(a“) = fHMH(UU) = ’;'[Ui 4 63 u 03 — 040y, —0,0.—0.0+
+ 3 (h+ i+ i+ i+ 1)) (13.12)

where fumu(0;;) denotes the function describing the Huber-Mises-Hencky yield
condition with an appropriate multiplier, written in a form corresponding to the
nine-dimensional space. Equation (13.12) with (13.6) determines the deviatoric
components (for any yield condition), whereas the axiatoric ones are given by (9.7).
Then and only then the assumption ¢ = 1/2G leads to equations of the elastic range;
in the opposite case we would not obtain Hooke’s law.

We shall now pass to the theory of plastic flow. If the plastic potential g(o;;)
coincides with the left-hand side of the yield condition f(o;;), (13.11),

g(oiy) = floyy), (13.13)

then we speak of an associated flow rule or, more precisely, we say that the flow rule
(13.7) is associated with the assumed yield condition (13.11).

In the classical theory of plastic flow, making use of the HMH yield condition
and of the constitutive (physical) equation (13.3), we deal with the associated flow
rule, since

g(oy) = 51:4(015) = fumn(0y). (13.14)
Such an approach has been fairly well verified experimentally, at least for many
metals and for processes with constant principal directions.

In the case of other yield conditions the plastic potential g(a;;), and, conse-
quently, the flow rule (13.7), should be determined from experiments. If no sufficient
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experimental data are available, then the following two approximate approaches
may be suggested: either the flow rule (13.3) may be retained, or it may be replaced
by the associated flow rule (13.10) with (13.13). Equation (13.3) expresses the simi-
larity of deviators of stresses and plastic strain rates; it is associated with the HMH
yield condition. In many cases this law combined with other yield conditions gives
results which are sufficiently accurate (W. Szczepinski [3.782]). Moreover, it should
be noted that, in a certain sense, the physical equations of the classical theory of
elasticity are associated with the HMH yield condition, since for the elastic range we
may write, instead of (9.11),

1 0l 1 Ofumn
e”=Z(_}E; =36 do, (13.15)
Of course, this relation is not incidental, but is connected with the energy inter-
pretation of the HMH vyield condition. The analogy between elastic, plastic and
hydrodynamic potentials is discussed by J. Betten [3.59].

Certain arguments motivating the use of associated flow rules will be quoted
in Sec. 13.4. In spite of the scarcity of experimental data concerning the plastic
flow of materials which are governed by yield conditions other than the Huber-
Mises-Hencky condition, it may be expected that in many cases neither of the
approximate approaches described above will be sufficiently accurate. For example,
V. N. Nikolayevsky, N. M. Syrnikov and G. M. Shefter [3.579], considering the
plastic behaviour of soils subject to the conical yield condition (11.26), propose
a certain plastic potential which is far from (11.26), but also far from fymu, (13.12).

The concept of plastic potential leads to certain indeterminacies if the function
g(oy;) shows singularities, namely, if it is non-differentiable along certain lines or at
certain points. In fact, then its gradient is not unique everywhere: an important
example is the Tresca-Guest hexagonal prism or hexagon. The corresponding
associated flow rule was derived during the thirties by A. Reuss [3.671, 3.672], but
a more general theory was only given later by W. Prager [3.654] and W. T. Koiter
[3.363, 3.364]. A further generalization is due to J. Mandel [3.493]. Instead of a
gradient we sometimes speak here of subdifferential set (a cone of outward nor-
mal vectors).

In certain cases quite different approaches to the construction of physical
relations are suggested. For example, S. A. Khristyanovitch and E.I. Shemyakin
[3.341] complemented the TG yield condition with the following physical law of
the deformation theory:

3K

ii» [vem+ (1 —=2v) eul, (13.16)

oy =

which together with the yield condition (9.19) and with the law of volume change
(9.7) fully describes the stress-strain relations. The law (13.16) does not result in
a similarity of deviators, the Lode parameters not being equal, and in the authors’
opinion—it gives a better description of the experimental data than the law u, = 4,.
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13.2 The notions of cycles in the theory of plasticity

As a cyclic process we usually understand a process which is or may be repeated
many times. So we adopt here the following definition of a cycle, coinciding with
that used in the problems of fatigue: as a cycle we understand a deformation process
at the termination of which both the independent variables (exertion factors) and
the dependent variables return to their initial values.

In view of the irreversibility of the processes of plastic deformations the cycles
defined above seldom appear in the theory of plasticity. A certain exceptional case
is shown in Fig. 47: the return to the initial state is possible, namely, it is due to

6

/ £
Z@

Fig. 47. A cycle in the theory of plasticity

reverse plastic strains. But even here a more precise treatment reveals some devi-
ations from the adopted definition, since the temperature does not return to its initial
value.

We introduce therefore a related concept of a quasi-cycle, which may be applied
regardless of the reversibility of the process. As a quasi-cycle we understand a de-
formation process at the termination of which only the independent variables (exer-
tion factors) return to their initial values. Ths dependent variables may behave
during each quasi-cycle in a different manner, and so it is difficult to speak of repeat-
able effects.

6

Fig. 48. Stress-quasi-cycles
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Two typical quasi-cycles, depending on the choice of a system of exertion
factors, will be distinguished. If the stresses can be treated as the exertion factors,
then we shall speak about a stress-quasi-cycle; such a quasi-cycle was used by D. C.
Drucker [3.146, 3.149, 3.151] (but he called it a “cycle” and the term caused many
misunderstandings). Similarly a strain-quasi-cycle may be introduced (A. A. Ilyushin
[3.287]). However, mixed (stress-strain) quasi-cycles may appear as well, according
to the general discussion given in Sec. 1.3. In [3.152] D. C. Drucker makes use of
a stress-temperature-quasi-cycle.

Typical families of stress-quasi-cycles and strain-quasi-cycles are shown in the
case of one exertion factor with successively increasing amplitudes in Figs. 48 and 49,
respectively.

/)
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Fig. 49. Strain-quasi-cycles

13.3 Drucker’s definition of a stable plastic material (Drucker’s postulate)

D. C. Drucker [3.146, 3.151] proposed a certain criterion of material stability. To
illustrate the problem let us first consider the loss of stability of an elastic structure.
Namely, consider a shallow spherical elastic shell subject to a force P (Fig. 50).
Figure 50 gives also the dependence between the force P and the deflection f. Suppose
that the shell is loaded by the force P, ; then an external agency applies an additional
force 4P, and removes it. A cycle ABA is obtained; during this cycle the total work
and the work done by the external agency are equal to zero. The behaviour of the
structure is then said to be stable. Suppose further that the shell is loaded by P,,
and an external agency applies additionally 4P, and removes it. A force-quasi-
cycle CDC, is formed; a jump occurs, certain positive total work is done, but
the excessive work done by the external agency /1P, may be regarded as negative
(the shaded area in Fig. 50; if no dissipation occurs, then this work must remain

in the form of kinetic energy of vibrations). Incidentally, it should be noted that
a furtker applicaticn of AP, results in the cycle C, DC, corresponding to stability.
Let us new return to plasticity, namely to the analysis of deformation processes
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Fig. 50. An elastic shallow spherical shell

at the level of a point of the body P. Suppose that there exists a certain state of
stress off’; then an external agency appliés an additional state of stress Aoy and
removes it. If off’ + /0;; and all the intermediate states lic within the neutral surface,
then we arrive at a cycle: both the total and the excessive work is equal to zero.
If the point representing the stress state reaches the neutral surface at o; ; and an
infinitesimal plastic strain def; takes place, then we have merely a stress-quasi-cycle;
the total work is positive, and the excessive work done by the external agency may
be positive, negative or equal to zero. For an isothermal deformation process this
work is given by

dW* = (o, — o)) defj+doy; def; (13.17)

where the summation convention is employed, and do;, ; denotes the stress increment
during the active part of the process.

A plastic material is defined by Drucker as stable if for an arbitrary initial
state off the excessive work dW* is positive: namely, the first term in (13.17) is
non-negative and the second one is positive. This strong requirement is possible
only for hardening materials, and sometimes the condition dW* > 0 is even used
as a definition of plastic hardening. For perfectly plastic materials only a relaxed
definition of stability can be introduced. The material is called indifferently stable
if for arbitrary o)’ the excessive work is non-negative: namely, the first term in
(13.17) is non-negative, and the second one—equal to zero (L. E. Malvern [2.108]
uses the term “neutrally stable™). The inequality dW* > 0 is called the Drucker
postulate. The second term in (13.17) is of higher order with respect to the first one,
however, its sign is of essential importance for the discussion of stability.

There is no reason to assume that all plastic materials are stable or indifferently
stable at each stage of the deformation process. Some arguments pointing out the
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impossibility of negative plastic excessive work dW* during each cycle are based
on a misunderstanding, since dW* is calculated not during a cycle but during a stress-
quasi-cycle which, if repeated, no longer gives the same value of dW*. On the contrary,
unstable plastic materials exist: plastic softening from the upper to the lower yield
point may serve as the best example.

In the case of instabilities certain further definitions are useful. If dW* > 0
only at a certain stage of the deformation process, we call the material temporarily
stable. Many materials are only temporarily stable, for example mild steel, whose
stress-strain diagram is presented in Fig. 5 (Chapter I), is at first stable and then,
in turn, unstable, indifferently stable, and stable again. In some cases dW* > 0
only for certain de;; or for certain do;;; we may then speak of a material stable in
certain directions.

A related requirement dW* > 0 for a strain-quasi-cycle was introduced by
A. A. Ilyushin [3.287, 3.288, 3.289, 3.290], and called the plasticity postulate. It is
weaker that the Drucker postulate. A certain comparison of those postulates and
some generalizations were proposed by R. Hill [3.255, 3.256]. Postulates concerning
strain increments during the stress-quasi-cycle and stress increments during the
strain-quasi-cycle were formulated by V. I. Malyi [3.490].

13.4 Implications of the Drucker postulate

Assuming the validity of the Drucker postulate, i.e., confining the discussion to
stable or indifferently stable materials, we prove that for such materials the neutral
surfaces must be convex. Indeed, in the auxiliary nine-dimensional space the first
term of (13.7) may be interpreted as the scalar-product of the vectors c—o® and
de?. If the neutral surface were partly concave, then for any de” (assumed to be
constant) we might find a point 0@ for which the angle between the vectors in
question is obtuse and their scalar product is negative contrary to the Drucker
postulate (Fig. 51).

e’

Fig. 51. An example of negative excessive work in the case of a concave limit surface

Further, it may be proved that for stable or indifferently stable materials the
vector de” is normal to the neutral surface. Indeed, this is the only case in which
the scalar product dode” cannot be negative for any do, Fig. 52 (the direction of de?
is assumed to be independent of the direction of de, cf. 15.3 and 15.4). Therefore
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dCP

Fig. 52. The normality of the vector de” to the limit surface

for the class of materials under consideration the flow rule (13.10) must be associ-
ated with the yield condition (or, more generally, with the equation of the neutral
surface), i.e., relation (13.13) must hold. This relation is called the normality rule.

The assumption of the validity of the Drucker postulate, i.e. the restriction to
stable or indifferently stable materials, has far-reaching consequences, especially
important from the theoretical point of view. This postulate furnishes a sufficient
condition of the uniqueness of solution of problems with neglected geometry changes
(uniqueness is here understood in the incremental sense, and not as the independence
of the final state on the trajectory), and simplifies the formulation of variational
principles of plasticity. The advantages of the application of associated flow rules
were pointed out by G.I. Taylor [3.793], T. Y. Thomas [3.800], D. C. Drucker
[3.150], R. Hill [3.249, 3.250], H. Leipholz [3.428], H. J. Buschmann, H. G. Schopf
and P. Stilijanov [3.89].

The assumption of the validity of the Drucker postulate, and, consequently,
of the convexity of neutral surfaces, imposes a sharp restriction on the form of the
yield condition. Thus, for example, if we consider cylindrical limit surfaces (11.1)
for isosensitive materials (6, = 0,,), then six points in the deviatoric (Meldahl)
plane are determined by a simple tension test (Fig. 41), and no admissible limit
surface may exceed the Tresca-Guest hexagon from below and the Schmidt-Ishlinsky-
Hill hexagon from above (D.D. Ivlev [3.302], R. M. Haythornthwaite [3.236]).
Haythornthwaite investigated also the admissible shapes of the limit surfaces in the
case of the influence of the first stress invariant, [3.237].

An important theoretical problem is the transposition of convexity from one
auxiliary space to another. M. Sayir [3.700] proved such a transposition from the
nine-dimensional stress space to the three-dimensional space of principal stresses,
and H. Lippmann [3.460]—from the three-dimensional space to the six-dimensional
space. General considerations concerning the convexity of neutral surfaces are
due to H. Ziegler, J. Néinni and Ch. Wehrli [3.873, 3.874), A. Troost and J. Betten
[3.818].

- The form of the Drucker postulate and its basic implications remain without
change for an anisotropic material; those implications were discuseed in detail
by G. I. Bykovtsev [3.90]. The normality rule in this case was experimentally con-
firmed, for example, by E. Shiratori and K. Ikegami [3.724]. B. Budiansky [3.80]
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investigated the class of processes which—calculated by using the theory of small
elastic-plastic deformations—satisfy the Drucker postulate; according to the author,
such an approach may determine the limits of applicability of the deformation theory.

The Ilyushin postulate of plasticity, weaker that that of Drucker, has also
weaker implications: the normality rule is retained, bur the convexity of neutral
surfaces is not required.

13.5 Deviations from the Drucker postulate

Many authors regard the Drucker postulate as a fundamental law of plasticity
and the resulting associated flow rule—as obvious and indisputable. In fact, the
classical theory of plasticity, making use of the HMH yield condition and of the Levy—
Mises or Prandtl-Reuss flow rules, satisfies the Drucker postulate. However, real
materials may exhibit various deviations from the classical model. This fact was
clearly stressed by Drucker himself [3.151, 3.153, 3.154] who remarked that the
definition of a stable inelastic material is merely a definition and not a law of nature.

Some of the arguments supporting the generality of the Drucker postulate are
based on a misunderstanding (Sec. 13.3). Its thermodynamic foundation is not
general (D.R. Bland [3.66], D. C. Drucker [3.154], A. E. Green, P. M. Naghdi
[3.212]). Some authors use this postulate to ensure uniqueness of the solutions.
However, as has been pointed out by Z. Mréz [3.551], the Drucker postulate gives
a sufficient condition for uniqueness (with geometry changes neglected) but is not
necessary: there exists a wider class of materials for which uniqueness of solutions
is ensured. This problem was also investigated by G. A. Gemmerling [3.193] and
H. H. Bleich [3.67]; Bleich derived certain relations between f(0y;) and g(o;;) more
general that f = g and sufficient for the uniqueness of solutions.

A typical deviation from the Drucker postulate is, presumably, the phenomenon
of plastic softening, but it usually takes place only at a certain stage of plastic defor-
mation. More essential difficulties arise with regard to materials subject to the yield
condition depending on the first stress invariant (for example, in the system /,,,
L, I5,). Soils and concrete may serve as examples. Associated flow rules lead here,
as a rule, to results inconsistent with experiments. Assume, for example, a yield
condition in the form (11.24) (a paraboloid) and calculate the plastic strain rates
from the associated flow rule

\

. d .

e = 7.a—f = A[(2o,—0,—0.)+ (00— —004)],
ax

&= aaf = A[Qo,—0.—0y) + (00— —004)], (13.18)
a)'

i = AT = 120,05 =0)+ (G0 ~00.)].
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We do not quote the formulas for shearing strain rates; actually, they coincide
with the classical Levy-Mises relations. Let us now consider uniaxial tension of
a perfectly plastic material; putting o, = 04, 0y = 0; = 0, we obtain

& = Moo+ +00-),

é;’ = ég = _1(200+ —Uo_).

(13.19)

In the case 6, > 20, , often found in applications, we would obtain (with elastic
strains neglected) an increase of transverse dimensions of the specimen in tension;
this result contradicts most experiments. Considering uniaxial compression, we
would obtain an increase of volume (as in any other plastic process, since the vector
normal to the curves shown in Fig. 44 is always directed to the right-hand side),
and this fact is also not confirmed experimentally, as a rule.

In the cases of non-cylindrical yield conditions which have been considered,
the application of associated flow rules (C. Torre [3.814], D. C. Drucker, W. Prager
[3.147], T. N. Martynova [3.510]) is more and more often replaced by the application
of non-associated flow rules, which furnish a better description of experimental
results. In the simplest case the law of similarity of deviators—associated with the
HMH yield condition—may be applied. Then the material is stable only in certain
directions (if o, is non-increasing); an example of an unstable process is shown in
Fig. 53.

Ce

4
\ deP

Fig. 53. An example of material instability in the case of the law of similarity of deviators

Deviations from normality of de” with respect to the neutral surface in the
case of soils were noticed by R. M. Haythornthwaite [3.235], G. de Josselin de
Jong [3.318] and many other investigators. The necessity of applying non-associated
flow rules was pointed out by D. Radenkovi¢ [3.663, 3.664], who called the relevant
class of materials “non-standard materials”. Even some years earlier A. W. Jenike
and R.T. Shield [3.315) proposed to combine the Coulomb yield condition with
the plastic potential in the Tresca-Guest form. Other, more general proposals were
given by G. Gudehus [3.218], R. N. Yong, E. McKyes and V. Silvestri [3.853];
critical reviews were published by V. N. Nikolayevsky [3.578] and A. Drescher
[3.144). A certain comparison of associated and non-associated flow rules was given
by D. D. Ivlev and T. N. Martynova [3.308, 3.310].
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In the case of plastic compressibility even the theoretical aspects of the Drucker
postulate are disputable; A. E. Green and P. M. Naghdi [3.212] have concluded
that it is impossible to construct a theory of plastically compressible bodies which
satisfies all the thermodynamic constraints and the Drucker postulate. The problem
of non-necessity of that postulate was also discussed by A. Phillips and M. Eisenberg
[3.634]. .

Deviations from the Drucker postulate appear also in the case of non-convex
limit surfaces (neutral surfaces) obtained in experiments. Although the accuracy
of experiments may always be questioned and sometimes experiments describe types
of failure other than plastic, nevertheless non-convex limit surfaces based on exper-
imental data are quoted in numerous papers (M. M. Filonenko-Boroditch [3.175,
3.176], R. M. Haythornthwaite [3.235], I. N. Mirolubov [3.530], T. C. Hsu [3.271)).

Further discrepancies between the Drucker postulate and experimental results
are observed in the case of non-isothermal deformations. Drucker found in [3.152]
that the requirement of stability is then connected with an increase of the yield-point
stress with temperature. Since usually a decrease is observed, most materials exhibit
instability during non-isothermal processes. A different concept of the “postulate
of thermoplasticity” was introduced by Yu. M. Shevtchenko and R. G. Terekhov
[3.719].

Finally, it should be noted that the Drucker postulate does not always lead to
the conclusions presented in Sec. 13.4. These conclusions are based on the assumption
that the excessive work of elastic strains during a stress-quasi-cycle is always equal
to zero. However, A. A. Ilyushin [3.288] noticed that plastic deformations may
cause a change of elastic moduli; then the Drucker postulate results in the relation

& = 2—(%% — A Ot (13.20)
where A.,-jk, denotes the rate of elastic moduli. Then the vector de” is not normal
to the limit surface. The problem of uniqueness of solutions under this assumption
was discussed by Yu. M. Bash, R. A. Vasin and K. E. Vega [3.32]. Experimental
evaluation of changes in A4;;, due to plastic deformation was done by R. A. Vasin
and A. B. Ibragimov [3.835]. The case of a non-linear description of passive pro-
cesses was investigated by D. M. Kochin [2.86], and that of non-isothermal passive
processes—by V. I. Rozenblyum [3.682].

Moreover, the conclusions from the Drucker postulate are much weaker if
the direction of the vector de” is not constant (cf. Secs. 15.3 and 15.4).

13.6 Material stability of a perfectly elastic-plastic solid

Consider a perflectly elastic-plastic solid with a yield surface f(o;;) = 0 which is
assumed to be convex. Then the material stability in the Drucker sense depends
on the sign of the expression do;;def;, and this sign will now be investigated.
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The simplest notation is obtained if we represent tensors as auxiliary vectors
in the nine-dimensional space. If the (quite arbitrary) plastic potential is denoted by
g(oy;), then the plastic strain increments are

de? = ngdA, (13.21)

where the unit vector ng, normal to the surface g(o;;) = 0, is defined by

n - Sradg _  0gl0oy
|gradg| V (0g/0011)(0g/d011)
(this relation should be understood as a purely formal definition of the vector com-
ponents). For the sake of simplicity we restrict our considerations to regular func-
tions f and g, with a uniquely defined normal.

Assume that the increment of total strains de is given; in the case of perfect
plasticity the process cannot be uniquely determined by stresses. It is also assumed
that the increment de produces an active process. The corresponding stress in-
crement may be calculated by using Hooke’s law as follows:

do = ds+de,, = 2Gde®+ 3Kde;,
= 2G(de —de?)+3K(de,, —deb,). (13.23)

The decomposition into vectors corresponding to deviators and axiators is necessary
because of the different forms of Hooke’s law for those components. The increments
de and de,, are regarded as known, whereas de” and del, are calculated as projections
of de”:

deh, = n,cos(ng, n,)dA,

(13.22)

de? = [ng—n,cos(ng, n,)]d2, (13.24)

where n,, is the unit vector of the axis &,,. The vector do lies in the hyperplane tangent
to the surface f(o;;) = 0 (because of the assumed perfect plasticity) and the condition
of orthogonality
n,de = 2Gn,{de — [ng—n,cos(ng, n,)]di}+
+3Kn,{de,,—n,cos(ng, m,)di} = 0 (13.25)
determines dA:

. 2Gn;de+3Kn,de

Il = — e il e’ bt S 13.26
‘ 2Gn,[ng —n,cos(ng, n,)]+3Kn n,cos(ng, n,) ( )
The unit vector ny is defined analogically to (13.22). Expressing the scalar products

by vector lengths and the relevant cosines, we rewrite (13.26) in the form

(1 —2v)|de|cos(n,, n;)+ (1 +7)|de,|cos(ny, n,)
di = -, 13.27
(1 —2v)cos(n,, ng)+ 3rcos(ny, n,)cos(ng, n,,) ( )
where the unit vector n,, corresponding to de, is assumed to be known. The substi-

tution of (13.24) and (13.27) into (13.23) makes it possible to calculate the excess-
ive work dode”?

%\BPK
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L (1-2) Idelcos(n,LP£)+ (1+») Ide,,,lcos(n,, n,)
kgl e [(1 =2»)cos(n,, ng)+ 3rcos(n,, n,)cos(ng, n,,)]

x {(1=2»)[cos(n,, ng)cos(n,, ng) —cos(n,, n,)]|de|+
+3v[cos(n,, ng)cos(n,, n,) —
—cos(n,, ny)cos(ng, n,)]cos(ng, n,)|de|+
+ (1 +»)[cos(n;, ng)cos(ng, n,) —cos(n,, n,)]|de,|}. (13.28)

In the case of an associated flow rule, /= g, n;, = n,, we obtain dode? = 0 and
then the material is indifferently stable for all directions of de. If this coincidence
does not occur, then material is stable for certain directions of de, and unstable for
certain other directions.

The discussion is much simpler in the case of a cylindrical yield surface and
a cylindrical potential surface, where cos(ng, n,,) = 0 and cos(ng, n,,) = 0. Equation
(13.28) is then reduced to

ZGldelzcos(n,, n,) )
r e W -
dode’ = cos’(n; , x) [cos(n,, ng)cos(n,, ng) —cos(n,, ny)].  (13.29)

\
@5\ \OL \aeguds, >
Ids, \ | ¥ / (unstable proces. ),
lstaste phocess) \| //, / \ /
/ \ /1
/ 1/
A ASA VI |/
7/ 4
v 7
| 7/
7} I /
L

Fig. 54. Material stability in the case of a non-associated flow rule

It can easily be seen that the expression in brackets vanishes if the vector de lies
in the plane perpendicular to the plane ng, n, passing through n, (Fig. 54). The
factor cos(n,, ny) is positive so as to ensure a process which is plastically active.
Hence the processes determined by de in this plane are indifferently stable; unstable
on one (larger) side of this plane, and stable on the other (smaller) side. Incidentally,
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it should be noted that the inequality do;;de]; > 0 cannot be regarded as a definition
of the plastic hardening (as proposed by some authors), since it may also hold in
the case of perfect plasticity.

13.7 The Drucker postulate in the case of approximate yield conditions

In engineering applications the yield condition which is most suitable for a given
material is often replaced by approximate ones, resulting in simpler calculations.
Then the choice of a suitable flow rule should be made very carefully. An auto-
matic application of a flow rule associated with the approximate yield condition
may lead to essential errors, since small differences in the values of the functions
describing the yield condition may be combined with large differences in partial de-
rivatives—and those derivatives appear in the associated flow rule.

The criterion of the choice of an appropriate flow rule should then be connected
with a minimization of the approximation errors. Of course, if the exact solution
(corresponding to -the original, approximated yield condition) is not known, then
the error estimation may be difficult, but some suggestions may be obtained from
the solution of simpler, related problems, and in certain cases a more general error
analysis is available. It turns out very often that more exact results are obtained
if the original flow rules (e.g. those associated with the original yield condition)
are applied than in the case of flow rules associated with the new, approximate yield
condition.

Such a situation appears if we approximate the HMH yield condition, experimen-
tally better confirmed, by piecewise linear functions, for example by the TG yield
condition. In terms of principal stresses linearization is then obtained. Approxi-
mation errors, measured along the radius, do not exceed 13.4% if o, is fixed, or 15.5%
if 7, is fixed (Fig. 55). However, if the TG yield condition is completed with the
associated flow rule (def,, in Fig. 55) instead of the rule of similarity of deviators

l2

6. P
0 ac,

o P
9y

O

a6

aef

Fig. 55. Errors of approximation of the HMH yield condition by the TG yield condition
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(dely in Fig. 55), then the error is much greater, since the angle between those
vectors may be as large as 45°. This fact and its consequences were pointed out
by V. V. Sokolovsky [3.761]. The problem of errors of linear approximations was
also discussed by I. A. Berezhnoy and V. V. Ignatyev [3.48].

Making use of the Tresca yield condition with non-associated flow rule, we
admit of course the existence of processes which are unstable in the Drucker sense.
An example of such a process (close to the neutral process) is shown in Fig. 55 in
the lower left-hand corner; the existence of the vector do shown in the figure is
possible (for a Tresca material) only in the case of plastic hardening. However,
this apparent instability of the process has a deeper physical basis. In fact, if we
approximate the HMH ellipse by the TG hexagon, then the process shown in Fig.
55 changes its type: this process, actually passive, is approximately treated as an
active one. Since such an approximation cannot be regarded as satisfactory even
for very modest requirements, one may conclude that the instability of the process
means its inadmissibility in the adopted method of approximation.

Using any cylindrical yield condition combined with the law of similarity
of deviators and not with the associated flow rule, we always obtain for simple
processes in a perfectly plastic body a stabilization of stresses, characteritic for
the HMH condition. This qualitative agreement provides an essential argument
for the application of the classical Hencky-Ilyushin or Prandtl-Reuss laws instead
of associated flow rules, which usually lead to results very distant from stabiliza-
tion. Such an approach with respect to the Tresca yield condition was initiated by
M. Levy and successfully applied to many particular problems (for example by
R. Hill [2.56], J. A. Kénig [3.382]).

A general analysis of “local” approximation errors was given in the paper by
M. Zyczkowski [3.877). Effective formulae of type (13.23) with substituted (13.24)
and (13.26) were subsequently derived (in principal directions) for the HMH yield
condition with the Prandtl-Reuss flow rule (similarity of deviators)

i 1 S =% s B 2u, |. . T :
%=ﬁ7(81+82+83)-52+ %ﬂg—[sl —82+/‘T(€1+£2—2£3)],
L N (&1 +é,+83)+2¢ bt [—é +o3+ £ (3,28, 48 )]
G~ 1= “rtéxTés 2 342 118+ 3 & 2TE€3)],

o 1 o i 28, |. . o Sia 3 23
_Gs_ = W(b‘x +é&,+63) -6+ 3:_,‘7‘? [52—€3+ /‘T ("231'*'81'*‘83)],
, (13.30)

for the TG yield condition with the Prandtl-Reuss flow rule (under the assumption
g, = 0, 2 03)

G o 1 S - F adlm B N

’GL - Ts =g, Ertete)—é+ —l;—(’fx"ss),

: , (13.31)
2 v

e . uy . .
G = —I_W‘(&'x +&,+83)+26, — % (e, —¢3),
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and for the TG yield condition with the associated flow rule

G, O3 1 8 oy B
— = = ———— (& +&+&) ¢,
G G 1-2
g (13.32)
0 2 T .
‘% = ’l—_v2;" (£1+€2+83)+2€z.

The symbol p, denotes here the Lode parameter for stresses, (5.18). The errors of
approximation of (13.30) by (13.31) and (13.32) were compared and it was found
that in most cases the errors of (13.31) were smaller. The simpler associated flow
rule (13.32) should be considered as the next, less exact step of approximation.

To obtain a simple comparison of the two above-mentioned types of approxi-
mation let us consider a plate subject to prescribed deformations &, = &,(¢) and &,
= g,(¢) in its plane. Since in such a thin plate o3 = 05(¢) = 0, the whole process
may be regarded as prescribed in a mixed manner, partly in strains and partly in
stresses. Assume incompressibility of material and a proportional increase of the
strains:

gy - a(t)%, & = ma(t) 22, & = —-(1+m)a(t)%°—, (13.33)

where «(t) stands for a certain monotonically increasing function of time, and
m taken from the interval —} < m < 1 denotes a constant. This interval of m
corresponds to 0, > 0, > 03.
In the elastic range, the stresses are equal to
0, = $E(g,+3€;) = Jaco(1+3m),
P p " . (13.34)
0, = 3E(e2+38) = 5a00(m+3),
and it can be seen that ¢, > 0, > 053 = 0.
Assume first the HMH yield condition, treated here as exact. Substituting
(13.34) into this condition, we determine the boundary value of «, separating the
elastic and the plastic range:

emi = V3 (13.35)
2(1+m+m?)

and the corresponding stresses are equal to

- 24+m . - 2m+1 . .
YT Y 30mAmy) T Y3 mamd) (13.36)
The Prandtl-Reuss equations take the form
& —&3 = Aoy + =0y,
2E (13.37)

o s 3.
Ey—E&3 = ;;0'2'*' -2—50'2,
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and are satisfied by constant values of the stresses (13.26). This stabilization of
stresses will be treated as the exact solution.

Now consider the first variant of the Tresca—~Guest approximation—combined
with the flow rule (13.37). The yield condition gives here simply ¢, = 0,, and the
boundary value of «, separating the elastic and the plastic range, equals

3

The corresponding stresses are
2m+1 .
0, = 0g, 0= 'm—ao- (13.39)

Equations (13.37) are satisfied by constant values of the stresses (13.39); thus
during the whole process the numerical differences with respect to (13.36) do not

exceed 13.4% (the largest error corresponds to m = 0).
The second variant of approximation combines the TG yield condition with

the associated flow rule, which gives here

2 =10, (13.40)
Hence the change of ¢, is purely elastic:
pemiea_ 10 0 (13.41)

E E 2 E E’
since ¢, = 0; this equation determines o, : namely, after integration,

5 = 3'”"’—;”21— Go+m(a—%) oo = (% +ma) Go. (13.42)
This formula is only valid in a certain interval of time, namely, aslongas0 < o, < d,.
The further part of the process depends on the value of the constant m.

If —1/2 < m < 0, then o, decreases to zero and reaches this value for «
= —1/2m. This point corresponds to the corner of the TG yield hexagon and the
flow rule (13.40) is no longer valid at the point: the stresses simply remain constant,
0, = 0y, 0, = 03 = 0. If 0 < m < 1, then o, increases to g,, reaches this value
at o = 1/2 m, and then remains constant. Finally, if m = 0, then 0, = 0,/2 = const.

The processes discussed are illustrated in Fig. 56, showing the motion in the
plane &, , &, of the limit curves separating the regions of active and passive processes.
In the first two cases, the curves move in the direction of the radius determining the
loading path in this plane. In the third case, that of the TG yield condition with the
associated flow rule—the curve moves initially in the direction of &, and then, in the
second period, in the direction of the radius. A certain analogy may be observed
here with the concepts of kinematic plastic hardening, which will be discussed in
Sec. 14.4: cases (a) and (b) (similarity of deviators) correspond to the Ziegler harden-
ing rule, (14.30), whereas case (c) corresponds to the Melan-Ishlinsky-Prager
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tan

S R

=0

Fig. 56. Subsequent neutral curves in the strain plane: (a) HMH yield conditon with the law of
similarity of deviators, (b) TG yield condition with the law of similarity of deviators, (c) TG yield
condition with the associated flow rule

hardening rule (14.26) (similar motion is there observed in the stress space, while
in our case the strain space is considered).

Other graphical interpretations of the case (c) (the TG yield condition with
the associated flow rule) are shown in Figs. 57 and 58. Figure 57 divides the strain
plane ¢,, &, into the regions in which the stresses are constant (for simple loading
processes) and the regions of varying stresses (the vectors show then the direction
of do). Figure 58 shows the trajectories of motion (in the stress plane) of the points
representing the processes which are simple in the strain plane. These trajectories
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&l
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Fig. 57. Division of the strain plane into the subregions
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Fig. 58. Trajectories in the stress plane corresponding to simple processes and calculated by using
the associated flow rule

are broken lines, running towards the corners. A certain instability in the Lyapunov
sense may here to observed: a slight change of the initial condition (of the value m,
for example in the vicinity of m = 0) may result in a very large change of the tra-
jectory. The lines corresponding to instability are marked by dashed lines. Thus
the associated flow rule eliminates instability in Drucker’s sense but may cause
instability of the trajectoy in Lyapunov’s sense.

Compare now the numerical results of (13.42) with the result (13.36), treated
as exact. The largest error occurs for m % 0, positive or negative. For a very small
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positive m and for a sufficiently large « we obtain o, = 0, instead of o, = Y% 3;
thus the error is 73% from above. For a very small negative m and for a sufficiently
large « we obtain o, = 0 instead of o, = ao/V 3—thus the error may be regarded
as 100% from below. Hence the errors are here much larger than in the first variant
of approximation (the TG yield condition with the similarity of deviators).

Recapitulating, we should make a clear distinction between the Tresca material
and an approximation by the TG yield condition. In the first case, of little practical
importance (probably limited to monocrystals), the associated flow rule might
be justified, though the resulting relation u; = 0, has practically never been con-
firmed by experiments (J. Mandel [3.494]). In the secorid, more important case,
the associated flow rule usually increases the errors of approximation and should
not be used without suitable justification (e.g. further essential simplifications). In-
cidentally, it should be noted that in arbitrary, non-principal directions the flow
rule associated with the TG yield condition is very complicated (M. S. Sarkisyan
[2.148]).

13.8 General constitutive equations of perfect plasticity

Constitutive equations of classical theories of perfect plasticity, due to Hencky-
Ilyushin (9.28), Levy-Mises (9.51), and Prandtl-Reuss (9.60), are expressed by
linear relations between the deviators of strains, strain rates, stresses and stress
rates. They may be regarded as particular cases of the general linear relation
crey+Ca8+c3éytceysy; =0. (13.43)

This equation was proposed in 1932 by K. Hohenemser and W. Prager [3.263].
The coefficients ¢, may depend on the invariants of the tensors in question, but in
such a way as to ensure the independence of the time scale. They contain a certain
unknown function, to be determined from the yield condition; therefore (13.43)
means only tensorial linearity whereas the final equations are non-linear with respect
to stresses or strains. Moreover, the coefficients ¢, should satisfy some fundamental
postulates (e.g. that of the continuity of description of neutral processes), and so
the number of admissible alternatives is considerably limited.

In order to obtain more general constitutive equations, let us assume the plastic
potential in a form that is quite general for an isotropic material, namely expressed in
terms of the basic invariants:

g = gl1os 1205 134); (13.44)
we then obtain the relevant plastic flow rule

. dg al,, dg ol 0 1
e = ali, do t azi G0 T 615;0 Za::: :
The partial derivatives of the basic invariants (the symmetry conditions not being
taken into account) are

o, 5 oI,

(13.45)

= 2(7”, 6136

doy, " 0oy, doy 3010k (13.46)
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and hence
éfj = Cody+Cy 01+ Ca 040, (13.47)

where the coefficients C, may depend on the stress invariants and material constants.
This general case was investigated by J. L. Dais [3.122], who derived a condition
of coincidence of the principal directions of stresses and plastic strain rates.

A slightly different approach, leading to similar results, was initiated in 1945
by M. Reiner [3.669], extended by R. S. Rivlin and J. L. Ericksen [3.675, 3.676] to
finite-strain theory and developed by many other authors. It consists in the analysis
of general (non-linear) isotropic tensor functions; originally proposed as constitutive,
relations of viscoelasticity may also be used in the theory of plasticity. Generalizing
the Levy—Mises equations, we may write (for small strains)

0y = MoOy+ M, &+ Myégépy+ Msépégéy+ .. (13.48)
The Cayley—Hamilton theorem yields

Enééy = J3:0y—J 2z &y+J1: Entyy, (13.49)
and makes it possible to eliminate higher products (powers of the tensor 7;); finally

61 = Mody;+ M &+ M, & éx;. (13.50)

These relations were studied in detail by P. Stutz [3.772, 3.773], A. Sawczuk and
P. Stutz [3.698]. If a perfectly rigid-plastic medium is considered, then &; denote
total strain rates; if elastic strains are taken into account, then (13.48)-(13.50)
describe only plastic strain rates and &]; should be substituted. Important generaliz-
ations to non-coaxial tensors were given by V. V. Novozhilov [3.583] and K. F.
Chernykh [3.95].

Equation (13.47) may of course be derived in the same manner. In the case of
an incompressible material, ¢; = 0, (13.47) and (13.50) may be reduced to the
form

ef; = (C, +§Czlna)su+ Ca(suSky—3125915)
sy = M, e+ M(efiéf;— 315 01)),

where 7Z; denotes the second basic invariant of the plastic strain rates (A. M. Freu-
denthal, H. Geiringer [2.33]). Another approach to the general constitutive equations
of perfect plasticity was proposed by N. Fox [3.180], and by Z. Sobotka [3.757,
3.760].

A certain particular problem is connected with flow rules in the plastic corners,
appearing, for example in the case of of the Tresca-Guest yield condition; associated
flow rules leave here a certain indeterminacy (W.T. Koiter [3.363], W. Prager
[3.654]). This problem was discussed by D. D. Ivlev [3.303] and V. I. Rozenblyum
[3.681].

Generalizations of the Levy—Mises and Prandtl-Reuss equations to the case
of finite strains were proposed by T.Y. Thomas [3.801, 3.802, 2.174]; a detailed
discussion may be found in the monographs by W. Olszak, Z. Mréz and P. Perzyna
[3.600], and A. C. Eringen [2.31] (cf. also Sec. 15.9).

(13.51)
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14 Subsequent neutral surfaces during plastic hardening

14.1 Hypothesis of a uniform curve of plastic hardening

We already mentioned in Sec. 8 that the basic information concerning plastic harden-
ing is given by the tension test. Therefore most theories of plastic hardening attempt
to employ that information and to “transfer” the stress-strain curve to the general
three-dimensional case.

Such an approach is justified, first of all, in the case of materials described by
a one-parameter yield condition (initial neutral surface) since only in this case the
tension test may determine, for example, the compression test. But even for a one-
parameter plastic material various restrictions of such an approach arise. The simplest
form of “transferring” of the tension diagram to three-dimensional cases consists
in the formulation of a hypothesis which states that for a certain class of defor-
mation processes there exists a unique dependence between certain invariants of the
stress tensor and of the strain tensor, reduced stress and reduced strain, namely

Orea =f(6rcd); (14.1)

the form of the function f would then be determined by the simple tension test.
The problem lies in a suitable choice of the invariants o,.4 and &,.4 and in experimen-
tal verification connected with the limitation of the class of admissible processes.

The most frequently used hypothesis of type (14.1) was formulated in 1926
by M. Ro§ and A. Eichinger [2.144]; they substituted for o,.4 and &4 the stress
intensity and the strain intensity, respectively:

0. = f(&.). (14.2)

In uniaxial tension we have directly o, = o, whereas &, = ¢ only in the case of an
incompressible material, (7.29). For such a material the function f is determined
directly by the simple tension test. In the case of a compressible material there are
some additional complications connected with the change of the coefficient of
transversal deformation during the test, (Sec. 9.4), but their practical effect is very
small. Larger differences may appear only in the initial phase of the plastic defor-
mations (I. A. Kozlov, A. A. Lebedev, V. L. Akhremenko [3.381)).

R. Schmidt [3.704] compared the results of hypothesis (14.2) with other related
hypotheses, namely

max|s| = f(max|e|) (14.3)

(where max|s| and max|e| denote the maximal absolute values of the principal
deviatoric stresses and strains, respectively), and with

Tmll = f(ymxu) » (14‘4)

Relation (14.2) is based on the HMH hypothesis, whereas (14.3) and (14.4) on the
maximal deviatoric stress and on the maximal shearing stress, respectively. The
hypothesis of the existence of a uniform curve (14.4) was formulated as early as
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1909 by P. Ludwik [2.107], i.e., much earlier than (14.2). Schmidt found that (14.2)
gives a better description of the experimental data than (14.3) and (14.4). Similar
conclusions were drawn by F. Korber and A. Eichinger [3.384], W. R. Osgood
[3.605], A. M. Zhukov [3.864, 3.866, 3.868]. However, some regular deviations
from (14.2) were also observed. In order to obtain a more accurate description
D. C. Drucker [3.145], F. D. Stockton and D. C. Drucker [3.769] calculated the
invariant o,.q on the basis of (11.18) or (11.19), leaving &4 equal to e,. A related
proposal is due to V. A. Kuz’'menko [3.406], whereas L. V. Grebnev [3.209, 3.210]
stated that (14.4) gives a better description than (14.2). This statement is probably
too extreme, nevertheless a certain intermediate hypothesis between (14.2), and
(14.4) seems the most accurate (S. A. Elsufyev [3.167], A. F. Kregers [3.392], N. M.
Mitrokhin, Yu. I. Yagn [3.533, 3.534]).

The problem of an appropriate definition of .4 corresponding to an adopted
0,eq May be solved in various ways. The best solution seems to result from Hooke’s
law applied in the elastic range, since only then the curve (14.1) may hold for any
process in that range. J. Christoffersen [3.101] proposed to define .4 in such a way
as to obtain the increment of unit plastic work determined always by dW? = 0.qdefea
(in the case of the HMH hypothesis both definitions coincide); such an approach
is also used for anisotropic bodies, cf. Sec. 16.2. On the other hand, J. D. Lubahn
and R. P. Felgar [3.467] stated that this problem is not particularly important (in
simple loading processes, especially if the described curves are flat), and proposed
to assume &4 = & (maximal principal strain) for any definition of 0,cq.

The comparison of the two most typical tests, in tension and in compression,
was initiated much earlier. P. Ludwik [2.107] stated that for many materials the
relevant diagrams o = f(¢) may be regarded as identical if we understand by o the
true stresses (relating to the current cross-sectional area), and by ¢ the logarithmic
strains. Indeed, this approach makes it possible to extend the ranges of comparison
of the diagrams almost up to their end-points (fracture). Further tests were described
in the paper by P. Ludwik and L. Scheu [3.470].

In the general three-dimensional case the range of application of the hypothesis
(14.2) may also be extended to finite strains if we introduce true stresses and logarith-
mic strains (H. Hencky [3.241]). Experimental verification of (14.2) understood in
this sense was carried out by E. A. Davis [3.128, 3.129], D. M. Cunningham, E. G.
Thomsen and J. E. Dorn [3.118], J. Marin [3.507], and L. S. Andreyev [3.4]; relatively
small scatter was observed.

The influence of temperature on the concept of a uniform curve of plastic
hardening was investigated by G.S. Pisarenko, A.A. Lebedev and V. P. Lama-
shevsky [3.644], and by V. N. Bastun [3.38]. The former authors found increasing
scatter with decreasing temperature (up to —180°C), whereas Bastun obtained
negligible scatter at +300°C. A certain physical explanation of this fact was given
by V. A. Kuz’menko [3.407, 3.408], who proposed a generalization of Eq. (14.2);
it seems sufficiently accurate but difficult in applications.

In the case of anisosensitive materials or other multi-parameter materials,
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the concept of a uniform curve of plastic hardening may also be introduced, but
more experiments are needed to determine o,.4 and ¢4 effectively.

The above-mentioned experimental verifications of hypotheses of type (14.1)
refer only to simple loading processes; just in some investigations (Zhukov, Grebnev)
certain deviations from simple loading were introduced. In the general case, for
example with rotating principal directions, the scatter may be significant (G. N.
White, D. C. Drucker [3.844], S. S. Gill, J. Parker [3.199]). The differences in the
case of reverse loadings (in torsion) were investigated by Z. Marciniak [3.502].

In fact, a hypothesis of form (14.1) has no chances in the general case of com-
bined loading. Suppose that it is generally valid; then increasing .4 must always
result in a plastically active process as in simple tension (beyond the elastic limit),
and decreasing ¢4 should correspond to a passive process. Thus in the general
case a hypothesis of type (14.1) gains a new meaning: constancy of the right-hand
side should describe the neutral surface at the considered stage of the deformation
process. However, in Secs. 9.5-9.7 we investigated a class of processes which were
active for a decreasing strain intensity &,. This has occurred for a perfectly elastic-
plastic body and may occur for a hardening body as well. The equations .., = const
do not, in general, describe neutral surfaces and the postulate of continuous de-
scription of neutral processes is violated.
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Fig. 59. A graphical construction of the diagram ¢ = f(¢")

In order to satisfy the postulate of continuous description we may introduce
the intensity of plastic strains, ¢2, by a formula analogous to (7.29), and replace
(14.2) by

7. = f(eD). (14.5)
The conversion of (14.2) to (14.5) for a tension-test diagram presents no difficulties
(Fig. 59). For simple processes the hypothesis of a uniform curve (14.5) is equivalent
to (14.2) and vice versa. In fact, making use of the auxiliary nine-dimensional vector
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space, we may interpret the intensity as the length (with an appropriate coefficient)
of the vector representing the deviator

ee=VZlel. (14.6)

The vectorial decomposition of the deviator into its elastic and its plastic part,
e = e°+e”, gives for the lengths the relation

le|]? = |e|>+|e?|>+2]e°||e?|cos(e®, e7). (14.7)
For a simple loading process governed by the Prandtl-Reuss equations (or their
generalization to plastic hardening, described in detail in Sec. 15), the corresponding

elastic and plastic strain components are proportional to each other; hence the
angle (e°, e?) = 0, and

le] = |e*|+e?], & = ee+ef. (14.8)
This formula (in the second form) was given by A. A. Ilyushin [1.8], but without
the reservation that it is valid for simple loadings only. For other processes we may
obtain for example & = 0 at £ > 0 and &2 > 0, which contradicts (14.8), but is

possible in view of (14.7).
In the case of simple loading. making use of (14.8) and of the relation

o Je
& =3¢ (14.9)
(easy to derive if we define &, by (7.29)), we obtain from (14.2)
o, = |2 +8"). (14.10)
e 3G e

A formal solution of (14.10) with respect to o, leads to (14.5).

Hypothesis (14.5), which does not contradict the postulate of continuous
description of neutral processes, has therefore greater chances in the general case of
combined loading than (14.2). It is sometimes used (D. D. Ivlev, G. 1. Bykovtsev
[3.312]), but the gain is not very large: for simple processes it reduces to (14.2),
and the general case is still excluded, since even the plastic strain intensity, €?, may
decrease during an active process.

We are going to show an example of decreasing plastic strain intensity during
an active process. Making use of the Prandtl-Reuss equations (for a perfectly elastic-
plastic body) and passing to the vectorial notation, we calculate
4 4
%

d : 4 4
—_ [(e))*] = »3-e’,e{’, = = Asi;ef; = ey Ase? = 7 7|s||e?|cos(s, ).

(14.11)
Suppose that a simple process is followed by a neutral one: during this process
J = 0, the plastic strains are constant, ¢! = const, whereas the stresses o;; are

subject to variation. Continuing the neutral process up to the point at which the
angle between s and e” is obtuse and then starting a new active process, we observe
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a decrease of the plastic strain intensity 2. Therefore the curve (14.5) cannot describe
such a process correctly.

In reference to the example analysed in Secs. 9.5-9.7 the above process was
illustrated in the planes 7.,— 7., and y..—y:, in Fig 60. For the point B reached
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Fig. 60. An example of decreasing stress intensity during an active process

as a result of a neutral process, the vectors e} and e’ are equal whereas the vector
s is essentially changed with respect to s, and the angle between ef and s is obtuse.

A sufficiently general extension of the concept of a uniform curve of plastic
hardening (14.1) or (14.2) to arbitrary non-proportional processes must therefore
go further and use a non-decreasing function of plastic strains as the argument
of the right-hand side. Such proposals are described in the following section.

14.2 Hypotheses of isotropic hardening

A full description of plastic hardening consists of two types of equations: constitut-
ive (physical) equations for active processes, and equations of subsequent neutral
surfaces determining the range of validity of those physical equations. The second
group is more significant for the type of hardening, and the relevant hypotheses
with their experimental verification will be discussed in this section, whereas constitut-
ive equations will be given separately in Sec. 15. Such an approach is demonstrative
and clear, but one has to remember that the considerations of Sec. 14 alone are to
a certain degree ineffective, since the plastic strains appearing here should be cal-
culated with the use of the equations given in Sec. 15.

The most frequently used non-decreasing scalar functions of plastic strains,
giving a possible correct generalization of (14.5) to arbitrary non-proportional
processes, are connected with length of the trajectory in the plastic strain space,
or with plastic work.

The simpler form (though historically later) was proposed in 1933 by F. K. G.
Odqvist [3.586]; it constitutes a direct generalization of (14.5):

00 = fily)- (14.12)

éﬁ) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



142 III COMBINED LOADINGS AT LEVEL # OF A POINT OF THE BODY

The Odgvist parameter 1., is here understood simply as the length of the trajectory
in the plastic strain space
er
Veetde = |y delydel. (14.13)
0

Ve edt =

A Y ]

I,, =

S

0

For a simple loading process (but not for simple reverse loading) the following
simple relation may be derived:

& =y21,; (14.14)

in this case (14.12) reduces directly to (14.5). Sometimes the coefficient y/2/3 is
included in the definition of the Odqvist parameter (R. Hill [2.56]) and then the
reduction is even simpler, but the original definition was of the form (14.13). In the
general case relation (14.14) does not hold; the point is that 7, is a non-decreasing
function of plastic strains whereas ¢£ may decrease. The plastic hardening for which
the subsequent neutral surfaces are described by (14.12) is called isotropic strain-
hardening, or briefly strain hardening.

The geometrical interpretation of (14.12) is very simple. For each /,, we have
a geometrically similar, centrally located neutral surface; their dimensions increase
monotonically with Z,, (Fig. 61). An isotropic material remains isotropic and hence

Fig. 61. Isotropic plastic hardening

the name. In the uniaxial case the material behaves similarly to the model shown in
Fig. 30, Sec. 8.7.

Special attention should be paid to the symbols de or de. If such an increment
is understood as always related to the initial length, then the integration leads to
the classical Cauchy definition of strain; if, however, it is understood as related
to the actual length, then we arrive at the logarithmic (Hencky) strain. The latter
approach may be regarded as correct only in the case of a process described in
constant principal directions (the difficulties arising in the more general case were
discussed in Sec. 7.7).
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If a restriction to small strains is made, then (14.12) may correctly describe
the process even with changing principal directions. A certain experimental evidence
of that was given by Yu. 1. Yagn and L. V. Grebnev [3.851], S. A. Elsufyevand I. N.
Izotov [3.168].

It should be noted that in his original definition Odqvist substituted total strain
rates into (14.13) but with a clear statement that elastic strain rates are neglected.
Some authors attempted to use (14.13), substituting total strain rates even if elastic
strain rates were not neglected (A.A. Ilyushin [1.10], V. 1. Malyi [3.492], A.S.
Kravtchuk [3.390]), but the range of applicability of such an approach is very narrow
and for processes close to a neutral one the results may be misleading.

Another non-decreasing scalar function of plastic strains, without direct con-
nection to (14.5), was suggested as a tool of correct description of isotropic harden-
ing by G. I. Taylor and H. Quinney [3.791] in 1931, and independently by R. Schmidt

[3.704] in 1932. They proposed to express plastic hardening as a function of plastic
work W?, or dissipated energy W, namely,

de = [2(W?) = fr( W9). (14.15)

In Sec.8.8 we pointed to the differences between W? and W*. They are connected
mainly with microstresses, i.e. with the Bauschinger effect, whereas for isotropic
hardening neglecting that effect we may substitute

~ ~
e’ I

‘;P
wr=Ww!= S oy el = S oy del; =S syydel;. (14.16)
0 0 0

The plastic hardening described by (14.15) is called isotropic work hardening or
briefly work hardening. A corresponding mechanical model was shown in Fig. 31,
Sec. 8.7. D. R. Bland [3.65] proved that Egs. (14.12) and (14.15) are equivalent, and
further, that their generalizations making use of any quadratic yield condition are
respectively equivalent. This class of equivalence was extended by K. Hellan [3.240].

The generalization of (14.12) or (14.15) to other yield conditions presents no
difficulties, at least on the left-hand side: stress intensity may be replaced by any
other reduced stress calculated on the basis of the relevant failure hypothesis. Assum-
ing, as usual, that o,.4 is 2 homogeneous function of the first degree with respect to
the stress components, we obtain as before a family of geometrically similar con-
centric surfaces. The problem of the right-hand side is then open: one may retain
the corresponding expressions (R. Hill [2.56]) or introduce new non-decreasing
scalar functions which seem to be more appropriate. Such functions, generalizing
the Odqvist parameter, were proposed by C. A. Berg [3.53] and probably will be
particularly useful for anisosensitive materials. For isosensitive materials the reten-
tion of the right-hand sides of (14.12) and (14.15) usually gives a better description;
for example, O. M. Sidebottom [3.737] compared the equation

Tmx = i ({ 7hs) (14.17)

&) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



144 III COMBINED LOADINGS AT LEVEL £ OF A POINT OF THE BODY

with Tmee = f1(/,,) finding that the latter is in closer agreement with experimental
results. Similar results were obtained by G. N. White and D. C. Drucker [3.844].
Another proposal, based on the Tresca-Guest hypothesis, was given by D. D.
Ivlev [3.304]. A general theory of piece-wise linear isotropic hardening was pro-
posed by P. G. Hodge [3.259].

14.3 Generalized isotropic hardening

The subsequent neutral surfaces, described in Sec. 14.2, were concentric and geo-
metrically similar to each other, and so the initial isotropy of the material was
retained. However, the possible class of materials whose subsequent neutral sur-
faces preserve initial isotropy is much broader, and, for example, may describe
a certain type of the Bauschinger effect as well. Such types of plastic hardening
will be called generalized isotropic hardening in order to retain the traditional name
“isotropic hardening” for the classical case of geometrically similar concentric
surfaces.

Theoretically, any function of the type

F(Ilaa IZm 13,;1’;,,15,,153, kl) =0 (1418)
may describe in the stress space a family of subsequent neutral surfaces which retain
the isotropy of the material. This type of functions was proposed by D. D. Ivlev
and G. I. Bykovtsev [3.312], who regarded k; as constants; in fact, those functions
may include also integral invariants, such as, for example, the Odqvist parameter
or plastic work. Any other system of symmetric invariants may also be introduced
nto (14.18).

A further specification of generalized isotropic hardening seems useful. If the
material is initially isosensitive, then by (14.18) the isosensitivity may be retained
or not. In the first case we may speak of isosensitive hardening (the classical iso-
tropic hardening belongs of course to this type); in the second case—of anisosensitive
isotropic hardening, allowing for the Bauschinger effect.'

It is reasonable to confine isosensitive hardening to the non-decreasing functions
of plastic deformations, for example

F(Ilas IZas’Sa;Ilpa kl) . 0- (1419)
This equation may be regarded as a further generalization of (14.12). As an example
of isosensitive generalized linear strain hardening let us consider the function

(1 =9l,) 0o+ yl(01—0w) = 0o+ V2 E, I, (14.20)
where E, denotes the hardening modulus and v is a constant; Eq. (14.20) gradually
transforms—in the course of plastic deformations—the HMH yield condition into
the TG one.

In the case of anisosensitive isotropic hardening it is justified to admit also
the decreasing functions of plastic deformations, i.e. to use the general form of
(14.18). For example, any function of the type

02+fl(lfn gu gc)o'm = 0(2)[1 +f2(1fnlgnlgc)] (1421)
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where £(0, 0, 0) = £,(0, 0, 0) = 0, transforms the HMH cylinder into a Burzynski
paraboloid, and hence it creates anisosensitivity (describes the Bauschinger effect),
leaving initial isotropy. A related equation of subsequent neutral surfaces for concrete
was suggested by Z. Mréz [3.558].

One should be extremely cautious when suggesting any particular form of
(14.18). These functions bring often unexpected phenomena, far from the behaviour
of real materials; some of them were mentioned by Ivlev and Bykovtsev. The Bau-
schinger effect is usually (though not necessarily) connected with induced anisotropy
and one cannot expect to describe it properly by (14.18) or, in particular, by (14.21).
However, the value of such equations is not only theoretical; they may be practically
useful when combined with kinematic hardening, described in Sec. 14.4. For example,
kinematic hardening assumes the same Bauschinger effect for normal and for shearing
stresses, whereas (14.21) describes the Bauschinger effect for normal stresses only
(cf. Sec. 10.6). Hence, if that effect is different for normal and tangential stresses,
a combination of (14.21) with kinematic hardening may be appropriate.

Finally, it should be noted that Y. C. Fung [3.190] ascribes to the functions
proposed by F. Edelman and D. C. Drucker [3.164] the Bauschinger effect with
preserved isotropy. Actually, isotropy is not preserved there and those functions will
be discussed in Sec. 14.8.

14.4 Hypotheses of kinematic hardening

The simplest type of anisotropic plastic hardening corresponding to the ideal Bau-
schinger effect (8 = 1, Sec. 8.5) is called kinematic hardening. Its dynamical model
was shown in Fig. 29, but its kinematic model is even simpler. In uniaxial tension-
compression the ideal Bauschinger effect is obtained in the case of constant length
of the segment of passive processes and may be modelled by a rigid translation of
that segment along the axis of stresses. A natural generalization consists in a hypothesis
of rigid translation of the initial neutral surface in the nine-dimensional auxiliary
stress space. If the initial surface is described by the equation

F(oy) = C, (14.22)

then as a result of plastic hardening (or rather apparent hardening, Sec. 8.5) it takes
the form

F(O’u‘du) = C. (14.23)

Therefore such a hypothetical behaviour of the material is called kinematic hardening.
The tensor «;; describes the location of the centre of subsequent neutral surfaces;
an effective formulation of the hypothesis of kinematic hardening requires—besides
the function F—a precise specification of the dependence of «;; on &} or o;;.

The first concept of kinematic hardening is due to A. Reuss [3.673], 1934,
W. Prager [3.649] combined it in 1935 with isotropic hardening, but the proposed
expression did not have an invariant character (the entity «;; was not a tensor)
and found no application. If «;; is a tensor and the function F is invariant, then
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(14.23) is of course invariant; we may easily derive the formulae for basic invariants
of the difference of two tensors
Il(a-a) = Ilz—llas
Iyto-zy = I2g—2lgq+Iq, (14.29)
I g% = Isg—3lsea+3loaa—13a,
where the “common” invariants are defined by (5.25). Hence (14.23) belongs to
the invariant functions of the type
F(Ilo.: 1209 13;5 Ila" 12&, 134» Iaa, Iuaas Im) = C, (1425)

which will be discussed in detail in Sec. 14.8.

The first correctly invariant, effective hypothesis of kinematic hardening was
formulated in 1938 by E. Melan [3.516]. He considered two variants of the expression
for of «;;: either

do;, = cdef;, ¢ = const, (14.26)
(this case is limited to linear plastic hardening) or
dau = do',_, (14.27)

(this proposal may apply to any curve of plastic hardening but does not give a con-
tinuous description of the neutral process and hence its use is subject to restrictions).
The Melan proposals were not reflected in world literature for a considerable time.
It was only the papers of A. Yu. Ishlinsky [3.298], 1954, and W. Prager [3.655, 3.656],
1955-1956, that gained wider recognition. Prager proposed the name “kinematic
hardening”, connected with his kinematic models. Ishlinsky and Prager determine
the tensor «;; by Eq. (14.26), Ishlinsky for the initial HMH yield condition, and
Prager for the general one. If the associated flow rule is additionally postulated, then
the direction of motion of the neutral surface does not depend on do (contrary to
the Melan hypothesis (14.27)) and is determined by the normal to that surface at
the point representing the actual stress state.

Yu. I. Kadashevitch and V. V. Novozhilov [3.322, 2.80] gave a physical inter-
pretation of a;; calling it the “tensor of residual microstresses” and generalized
(14.26) to the form

®y = ZgEff,; (14.28)

in [3.322] g was supposed to be a function of plastic strain intensity, and in [2.80]
a function of invariants of the tensor o;;. Such an approach was criticized by M. A.
Eisenberg and A. Phillips [3.165], who proposed to express g in (14.28) as a function
of the Odqvist parameter (14.13).

Kadashevitch and Novozhilov proposed also a mechanical model generalizing
that given in Fig. 29 to two dimensions. Plastic deformations are modelled, as usual,
by dry friction. A further development of that model was given by Yu. I. Kada-
shevitch and N. V. Kirsanova [3.328], and a related model, consisting of many
springs and friction elements, by C. H. Wells and P. R. Paslay [3.843]. V. V. Novozh-
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ilov [3.584] presented microstresses as the sum of elastic microstresses vanishing
with vanishing plastic strains and friction-like microstresses which need not vanish:

_ oy S .
oy = —(7_6—{,_ + Erldl, (1429)

where y = y(ef;) and z is a function of intensity of the tensor g;;— ;. The further
development of the concept of microstresses is due to Yu.I. Kadashevitch and
V. V. Novozhilov [3.325, 3.326, 3.327), A. A. Vakulenko [3.826] (based on thermo-
dynamical considerations), A. A. Vakulenko and M. L. Kachanov [3.828], V. Kafka
[3.331, 3.332, 3.334, 3.335], V. Kafka and R. Novotny [3.333] Y. R. Rashid [3.666],
and D. A. Gokhfeld, I. A. Ivanov, O. S. Sadakov [3.200] (cyclic loading). A prob-
abilistic treatment of microstresses was suggested by G.I. Barenblatt and V. A.
Gorodtsov [3.31] (analogy to turbulent motion), and Yu. I. Kadashevitch [3.330].

A different but related physical background of kinematic hardening is connected
with the macro- or micrononhomogeneity of the material, stress concentration
around holes and inclusions, etc. Such concepts were proposed by D. C. Drucker
[3.155], W. D. Iwan [3.313], V. V. Dudukalenko and V. A. Minayev [3.161], L. A.
Ivanov [3.299], J. F. Williams and N. L. Svensson [3.846]. I. A. Berezhnoi, D. D.
Ivlev and E. V. Makarov [3.49] proposed a model of kinematic hardening without
making use of the concept of microstresses. The influence of time effects on kinematic
hardening was considered by A. Berio, L. Bortolotti, P. Manca and A. Paglietti [3.54].

A certain deficiency of the basic concept (14.26) lies in the fact that—in general—
if it holds in the nine-dimensional Prager space, then it does not hold in a subspace of
fewer dimensions: instead of rigid translation we obtain there a certain deformation
of the neutral surface. This is a logical deficiency and causes certain difficulties
in applications. This problem was studied in detail by R. Shield and H. Ziegler
[3.721], C. Clavout and H. Ziegler [3.106], and by N. Perrone and P. G. Hodge
[3.623). They stated that the problem is not essential in the case of the Huber-Mises—
Hencky hypothesis, but significant differences appear between the behaviour of
neutral surfaces in the nine-dimensional space and in subspaces if other failure
hypotheses are considered, e.g. that of Tresca-Guest. Perrone and Hodge introduced
the terms “complete kinematic hardening” if it takes place in the complete nine-
dimensional space, and “direct kinematic hardening” if it is assumed formally in
a subspace. The latter concept may be regarded as an approximation of complete
kinematic hardening. Perrone and Hodge transferred that concept also to the level &
of analysis (a section of a bar or of a surface structure).

Another approach was suggested by H. Ziegler [3.870], who proposed a certain
modification of the kinematic hardening hypothesis. Instead of the commonly used
law (14.26), he described translatory motion of the neutral surface by

dau = (O'U—au)d/l. (14.30)

In this case translatory motion without deformation of the surface is transferred
from the original space to any subspace: it takes place in the radial direction deter-
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mined by the vector o —a. The proportionality coefficient du may be found from the
postulate that after an active process the point representing the stress state must
remain on the neutral surface (called the “consistency condition” by W. Prager
[3.653], cf. Sec. 15.3).

dF = d0“+ aF dau = 0 (14.31)
6 O e
and hence, in view of (14.30) and 0F/dey, = — 0F/day,,
aaaF do
by ki
du aF s (14.32)
aam. mn H"l)

However, even in the case of the Ziegler kinematic hardening rule certain objections
may be raised: N. K. Das Talukder [3.126] shows that translatory motion without
deformation of the neutral surface is not transferred to the subspaces if a “new”
active process is preceded by a passive one and takes place in a direction different
from the “old” one.

73

the Ziegler
hardening | Ao

d6=dx »
the Melan-
net/l/q{;u// = A3 {f hlinsky-
oy . rager-.
>’ ] hardening
-0,
initral neutral the Melan

surlace hardening

Fig. 62. Various concepts of kinematic hardening rules

Various concepts of kinematic hardening rules are shown in Fig. 62: the Melan-
Ishlinsky-Prager rule (14.26) combined with associated flow rule, the Melan rule
(14.27) and the Ziegler rule (14.30). To simplify the picture, the possible defor-
mation of the neutral surface in the plane treated as a subspace of the nine-dimen-
sional space has been disregarded.

The Ziegler hardening rule may also be presented in another way. Namely,
one can retain (14.26) without change, but replace the associated flow rule by the
rule

1
defy = — (01— u)dp, (14.33)
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constituting a certain counterpart of the Levy—Mises or Prandtl-Reuss law of simi-
larity of deviators. Translatory motion of the neutral surface in the stress space then
remains without change, (14.30), whereas the corresponding plastic strains change.
A similar approach may be found in paper [3.13] by R. A. Arutyunyan and A. A.
Vakulenko. An adaptation of the Ziegler rule to the effective calculation of structures
subject to constant or cyclic loadings was given by H. Armen, G. Isakson and A.
Pifko [3.11], who prepared the relevant computer programs. V. V. Moskvitin and
Zh. 1. Tairova [3.545] mentioned certain simplifications in applying the Melan-
Ishlinsky-Prager hardening rule combined with the Tresca-Guest hypothesis to
the calculation of cyclic loading processes; however, the authors assume no atti-
tude to the critical remarks of Shield, Clavout and Ziegler [3.721, 3.106] concerning
such an approach.

14.5 A triple analogy for kinematic hardening

The term kinematic hardening was introduced by Prager with reference to the kin-
ematic analogy—translatory motion of a rigid frame. On the other hand, in Sec. 13.7
we observed a similar motion of neutral surfaces for a perfectly elastic-plastic ma-
terial in the strain space. Hence—under certain restrictions—a triple analogy between
kinematics, kinematic plastic hardening and perfect plasticity may be stated (M. Zycz-
kowski [3.878]). We are now going to formulate the conditions of validity of three
variants of that analogy, put together in Table 3.

Variant 1

A. Consider the motion of a rigid frame given by the equation F(y;) = F(x;—§&))
=0,i=1,2,...,9, led by a frictionless pin in a nine-dimensional space. Assume
a “forcing” increment of the pin trajectory dx: then the increment of the frame
centre trajectory is d&, in the direction normal to the surface at x (Fig. 63):

d&, = |dx|cospng; = (npdX)ng, (14.34)
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Fig. 63. The Melan-Ishlinsky-Prager kinematic hardening rule
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150 III COMBINED LOADINGS AT LEVEL 2 OF A POINT OF THE BODY

Table 3
Variants of a triple analogy for kinematic hardening

A. Kinematics, translatory B. Plastic hardening, C. Perfect plasticity,
motion stress space strain space

1. Frame led by a frictionless The Melan-Ishlinsky-Prager  Associated flow rule
pin hardening (14.26) with the
associated flow rule

2. Frame led in actual radial  The Ziegler hardening  Similarity of deviators
direction (14.30)

3. Frame led by a glued pin The Melan hardening (14.27) The Leytes stabilization
hypothesis do;; = 0

Corresponding quantities, i = 1,2, ...,9

a. Absolute coordinates “Total” Total
X stresses o, strains &;

b. Base coordinates, locations

of the centre & Residual microstresses «; Plastic strains &}
c. Relative coordinates “Free” stresses Elastic strains
n=xi—6& T = 01—% & = & —ef

where n; denotes the unit vector normal to F at X, and ng; its coordinates. Expressing
these coordinates by formulae of the type (13.22), we obtain for the frame motion

...___aF—_ dx
B ox;—&) ~OF
dé, = OF O x—&) (S
O(x—&) A(x—&)
B. Combining (14.26) with the associated flow rule, we obtain
oF
do;; = ¢y —aTU-. (14.36)

The constant ¢, may be determined from the consistency condition (14.31); hence

oF
Joy 1M oF

iy = s g (14.37)
00 mn 00 mn
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14 SUBSEQUENT NEUTRAL SURFACES DURING PLASTIC HARDENING 151

Finally, in view of 0F/doy = 0F/0(0x— o), we obtain
oF
o ‘5(0'11—“&1) 4ou ) OF -
Y ) oy °
Va(aum—'dmn) a(am_am)

and in the auxiliary nine-dimensional stress space the Prager analogy between (14.35)
and (14.38) is proved.
C. For a perfectly elastic-plastic body with the yield condition F(o;;) = 0, the
associated flow rule gives

def; = id} (14.39)

(14.38)

Multiplication by 61"/66,,- makes it formally possible to eliminate dA (though the
yield condition is not yet used) and to write

oF
oy R oF
dsf_, = aL_al_"_ —0_07,,_' (14.40)
00 mn 0O mn

In order to obtain an analogy with (14.35) and (14.38) we have to introduce differen-
tiation with respect to elastic strains, Table 3. Under the restriction to isotropic
bodies we write a counterpart to (9.4) in the form

Ot

&y = (5u6n l+ buéu) 3G’ (14.41)
hence, expressing F in terms of &f;,

OF  OF Ode 1 OF v 050y OF

doy;  defy do,  2G de;  1+v 2G  Oefy taa)
The analogy will be obtained if the second term in (14.42) vanishes. This occurs
in two cases: (1) if the yield surface is cylindrical, since then &,,0F/def; = 0, and (2)
if » = 0. Under either of those assumptions we may write

oOF 1 OF

ao'u h —Z_G— ﬁef, ’ (14.43)
and the yield condition expressed in terms of &f; gives

OF

e, e deiy = 0. (14.44)

Indeed, substituting into (14.40) the relation (14.43), putting on the right-hand
side def;, = de,, —deg, and making use of (14.44), we obtain

oF il
aﬁu o oF
Po= .
dely =~ 3F5F Get (14.45)

o¢f,, Oef,,
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and the analogy with (14.35) and (14.38) can be seen. We have thus proved the
first variant of the triple analogy, provided that for the perfectly elastic-plastic body
either the yield surface is cylindrical or Poisson’s ratio vanishes.

Variant 2
A. The motion of the rigid frame in a “radial” direction is presented in Fig. 64.
We now have

1 cosp x;—§;
dEi - |dx| cosy Ix__gl . (]4.46)

IXanz

p————— =

N —

0 §I Xy xl.5/ .

Fig. 64. The Ziegler kinematic hardening rule’

The cosines will now be expressed by means of scalar products of vectors

cosQ = %, cosy = nrl(%-;l—) s (14.47)

and finally, in terms of coordinates,

oF dx,
- npdx - o H“_ai)_t{ EI) o .
df( = ‘h’;(‘,“—_’“g)“ (x, &) = aF _5,‘ (x—=&p). (14.48)
a(xk fk)

B. The Ziegler kinematic hardening rule is determined by (14.30) with the substi-
tution of (14.32):

dal] = —_—— (O'U—au)- (14'49)
—'( mn amn)
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Writing this equation in the equivalent form
_F _
(04 — %)
oF
a(amu e amn)

we obtain in the auxiliary nine-dimensional stress space a full analogy with (14.48).

doy

doy; = - (oy—ayy), (14.50)

(Omn—%mn)

C. The law of similarity of deviators for a perfectly elastic-plastic body (Prandtl-
Reuss) may be written as (')

defl = s‘_,dj.. (14.51)

Multiplication of both sides by dF/do;; makes it formally possible to eliminate d
and to write

—de
do kl
def; = —-—a';,---—— ). (14.52)
00, o

The analogy with (14.48) and (14.50) will take place if (14.52) can be reduced to
the form

oF
Oeg dey

def; = ak;r—'" &) (14.53)
0€s, &na

In order to obtain such a form we substitute on the right-hand side of (14.52) def,
= def; = dey —def, and confine our considerations to cylindrical yield surfaces.
In view of (14.43) and (14.44) we arrive at

oF
Deg 4
def; = ;F — Si5- (14.54)
Hooke’s law will now be written in the form
SU = ZGef_, = 26(8:1—6118;), (14.55)

where &;, denotes the mean elastic normal strain. The substitution of (14.55) into
(14.54) does not lead to (14.53) as yet. However, if we assume additionally the
elastic incompressibility, &5, = 0, then (14.54) is reduced to (14.53) and the analogy
is proved. Recapitulating, Variant 2 of the triple analogy takes place if the perfectly
elastic-plastic body under consideration is assumed to be incompressible and de-
scribed by a cylindrical yield surface.

(*) Symbol 2 used here denotes a function slightly different from that used in Sec. 9 (they are interre-
lated by a differentiation).
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Variant 3

This variant of the analogy is quite obvious and requires no additional calculations.
Indeed, if the pin is glued to the frame (for active processes only), then its relative
coordinates are constant, dy; = 0, d§; = dx;. This behaviour corresponds exactly
to the second Melan kinematic hardening hypothesis da;; = do;;. Finally, if we
adopt the Leytes stabilization hypothesis [2.99, 2.100] to any yield condition for
a perfectly elastic-plastic body, then do;; = 0; hence def; = 0, def; = de;; and the
analogy is proved.

We have to stress once more here that the range of application of both the
Melan second kinematic hardening hypothesis and the Leytes stabilization hy-
pothesis is sharply limited to processes close to a simple process.

14.6 Hypotheses of mixed hardening

The classical hypotheses of isotropic plastic hardening do not describe the Bau-
schinger effect, whereas the hypotheses of kinematic hardening correspond to the
ideal Bauschinger effect. Real materials usually exhibit a certain intermediate be-
haviour and hence a more accurate description may be obtained if we combine both
the above hypotheses, assuming simultaneous rigid translation with a proportional
increase of the neutral surface. Such an idea was initiated by W. Prager in 1935 in
the already mentioned paper [3.649]. This hypothesis of plastic hardening will be
called mixed hardening.

Combining the general concept of kinematic hardening (14.23) with isotro-
pic strain-hardening (14.12) leads to the equation

F(U”—d”) =fi (Icp): (14.56)

where the components of the tensor a;; may be determined by any of the formulae
given in Sec. 14.4. Basing ourselves on the HMH hypothesis, we may reduce (14.56)
to the form

(=21 (51— ay) = fi(d ) (14.57)

where aj; denote the deviatoric components of the tensor o;;; usually one may assume
aj; = ay;. If we know the coefficient of the Bauschinger effect (8.17), then both the
function f, and the parameter ¢ in (14.26) should depend on this coefficient; for
B = 0 we have ¢ = 0, and for § = 1 (the ideal Bauschinger effect) f; = const = Z43.
The methods of optimal experimental evaluation of these quantities were proposed
by V.N. Bastun and N.I. Chernyak [3.36] (the method of least squares), E. V.
Bashkirov [3.33], V. N. Bastun and V. Ya. Bash [3.39] (a method based on the
concept of a uniform curve of plastic hardening).

The concept of mixed hardening (14.56), based on the Tresca—Guest hypothesis,
was developed by P. G. Hodge [3.260] and Khuan Ke-Chzhi [3.344]. Equation
(14.59), mentioned in paper [2.80] by Yu.I. Kadashevitch and V. V. Novozhilov,
was developed by G. B. Talypov [2.170, 3.785, 2.171], who additionally takes into
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14 SUBSEQUENT NEUTRAL SURFACES DURING PLASTIC HARDENING 155

account the dependence of the Bauschinger effect on the Lode parameter. K. F.
Kovalov [3.380] proposed to measure the Bauschinger effect by the translation of the
centre of the surface (14.56), i.e. by the quantity 4 = )/ «;«;. R. A. Arutyunyan
[3.14] discussed mixed plastic hardening in the case of plastically compressible
bodies.

An adaptation of the hypothesis of mixed plastic hardening to the analysis of
cyclic loadings was the aim of the paper [3.13] by R. A. Arutyunyan and A. A.
Vakulenko. They stated that for most materials the function f;(Z,,) has a horizontal
asymptote and for a large number of loading cycles (or rather stress-quasi-cycles
shown in Fig. 48) f; = const may be assumed. Further investigations in this line
were carried out by R. G. Vos and W. H. Armstrong [3.837].

14.7 Problem of the formation of plastic corners

The hypotheses of plastic hardening described above transformed subsequent
neutral surface without introducing any qualitative changes; for example, the HMH
circular cylinder is always transformed into a regular surface. However, some physi-
cal considerations, e.g. the slip theory of S. B. Batdorf and B. Budiansky [3.40, 3.41]
and some structural models of plastic hardening (Yu. N. Rabotnov [3.661]) predict
the formation of the so-called plastic corners at the points corresponding to the
given stress state in the course of an active process (Fig. 65). In what follows such

a4
f / .

Fig. 65. Hypothesis of formation of a plastic corner

active process
1 V3 lrajectory

Fig. 66. The Batdorf-Budiansky hardening hypothesis
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points will be called the control points; the term generic stress points is also used.
According to the original Batdorf-Budiansky concept the actual neutral curve in
the stress plane consists of segments of the initial neutral curve, some tangential
segments and some (convex) segments of the process trajectory. (Figure 66 shows
subsequent neutral curves for the control points 4, B, C.) According to that concept
the domain of passive processes would be monotonically non-decreasing, similarly
as predicted by the hypothesis of isotropic hardening, which requires an even more
significant increase of this domain.

Numerous theories describe the formation of the plastic corners. We mention
here the theories based on physical considerations, e.g. those proposed by S.B.
Batdorf and B. Budiansky [3.40], T. H. Lin [3.451], Y. Yoshimura [3.854], H. Payne
[3.621], M. Como and A. Grimaldi [3.108], A. F. Kregers [3.395, 3.396], as well as
some phenomenological theories, suggested by J. L. Sanders [3.694], V. D. Klyushni-
kov [3.358, 3.359], N. Cristescu [3.116]. Some general considerations concerning
formation of the plastic corners may be found in the papers by A. Phillips [3.631]
and W. Olszak [3.602].

The formation of the corners can also be explained by means of certain structural
models of plastic hardening. The Rabotnov model [3.661] compared plastic harden-
ing to the increase of mutually perpendicular bending moments acting on a perfectly
elastic-plastic thin-walled tube (pseudo-oblique bending); the initial neutral curve
in the moment plane is a circle, but subsequent neutral curves exhibit corners.
Further models were given by V.S. Zarubin and A.A. Polyakov [3.861], L. A.
Berezhnoi and V. L. Tseyler [3.51, 3.52].

Subsequent neuvfral . _ ‘
surface for the point A A M plastic inter
action surfoce

inifial neuvtral
surface (elas-

1=

corners
formed

Fig. 67. Formation of plastic corners on subsequent neutral surfaces corresponding to tension
with torsion
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One has to be cautious, however, when analysing such structural models:
some features have no counterparts in the behaviour of real materials. For example,
the Rabotnov model shows corners not only at the control point, but also at two or
four other points. Analysing subsequent neutral surfaces for simultaneous tension
and torsion for a solid circular perfectly elastic-plastic bar, M. Stodulski [3.771]
found no corner at the control point A corresponding to loading by pure torque,
but only at two other points (Fig. 67). This feature is connected with the fact that
secondary plastification in the combined case may start either at the points B or
at the points C of the cross-section (Fig. 68); on the other hand, if we had considered

Fig. 68. Stress distribution in the cross-section of a circular bar under elastic-plastic torsion

this combined case as a model of behaviour of real materials at a point, then no
experiments would have confirmed such a hypothesis. Three plastic corners are
predicted by the slip theory of M. Como, S. D’Agostino [3.107], M. Como and
A. Grimaldi [3.108], but even the verification of corners at the control points is not
quite certain; some experimental results will be described in Sec. 14.11..

14.8 Hypotheses of general anisotropic hardening

The hypotheses of isotropic, kinematic or mixed plastic hardening assume a gradually
decreasing or a constant curvature of subsequent neutral surfaces. On the other
hand, the hypotheses of plastic corners predict infinite increase of that curvature at
the control point. Many experimental results show an intermediate behaviour of
real materials, namely an essentially increasing, but finite curvature of subsequent
neutral surfaces. Such behaviour must be described by more general hypotheses than
that of mixed hardening. Since in most cases of plastic hardening the anisotropy of
the material is also induced, the relevant proposals of analytical description are
called hypotheses of general anisotropic hardening.

Another problem is connected with the proper form of the description of sub-
sequent neutral surfaces. From the thermodynamic point of view, they should be
described by state variables and depend on the history of the process. Theoreti-
cally, plastic strain components cannot be regarded as appropriate state variables,
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since they do not describe the history of the process: the same plastic strains may
determine various neutral surfaces, if those strains are reached along various trajec-
tories (J. Kestin [3.339], T. Lehmann [2.96, 3.423]). One should either employ certain
functionals or introduce new variables, related to plastic strains by means of differen-
tial (rate-type) equations. Both these approaches are to a certain degree equivalent,
but the second is usually more convenient. Such new variables are called internal
state variables (hidden parameters) and are widely used in physics, particularly in
quantum mechanics and chemical physics. Usually they are scalar or tensorial
quantities, but in auxiliary spaces they may also be presented as vectors (or matrices).

Actually, such parameters were introduced in the theory of plasticity in the
early thirties, since one can include here the Odqvist parameter /,, or plastic work
WP (scalars, pseudo-state variables, T. Lehmann [3.423]), and the tensor «;; in the
kinematic hardening hypothesis (14.23). However, a more formal introduction of
internal state variables based on thermodynamic considerations was initiated in
the fifties by P. W. Bridgman [3.77] and consequently performed by A.A. Vak-
ulenko [3.824, 3.825]. Those variables may be introduced either in a purely formal
way without any physical interpretation or with an interpretation based on the
analysis of physical mechanisms of plastic flow (E. Kroner [3.398], P. Perzyna and
W. Wojno [3.625], J. Kratochvil and O. W. Dillon [3.385], J. Kestin and J. R.
Rice [3.340] and others) or with an interpretation based on statistical physics (E.
Kroner [3.399]). An extensive review of papers on the description of plasticity using
internal state variables is given by P. Perzyna [3.628].

Making use of internal state variables, we may describe subsequent neutral
surfaces as

F(o15, tgyij> #m) = 0, (14.58)

where %y, k=1,2,...,k,, and %,, m=1,2,...,m,, are tensorial and scalar
internal state variables, respectively. The differential equations joining aw,i;, %m, &/
and oy; are called the evolution laws and will be discussed briefly in Sec. 15.4. In
order to simplify (14.58), the evolution laws are often assumed, as an approxi-
mation, as finite (holonomic) relations instead of differential ones, i.e. plastic strains
are treated as pseudo-state variables, and then (14.61) may be reduced either to
the form

F(oyy, &fj, %m) =0 (14.59)
or even to a form without scalar parameters x,. Such a form does not show the
invariance of the function F. An invariant form of (14.59) was proposed by D. D.
Ivlev and G. I. Bykovtsev [3.312]:

F(I“,, IZas IJu’ Ilepa IZzp’ I3£p’ l«up1 Iaa:pv Iocpcp, km) = 09 (1460)

where the common invariants of stresses and plastic strains are defined by (5.25).
Ivlev and Bykovtsev regarded k, as constants, but in order to describe a more
general class of materials we have to introduce here at least the above-mentioned
parameters (functionals) x,. Of course, (14.58) may also be presented in an in-
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variant form, but in the case of several tensors a4, such notation may be very lengthy;
in the case of one tensor «, it was used by H. P. Shrivastava and R. N. Dubey
[3.733].

Probably the oldest hypothesis of anisotropic plastic hardening of type (14.59),
more general than those described by mixed hardening, was proposed by F. Edelman
and D. C. Drucker [3.164] in 1951:

F(Iz.ﬂ IJJ) - [P(l‘ln I3S)SII+Q(12S7 IJs)tU] eipj = f, (1461)
where
t‘l = Susk_""%lz_‘éu (14.62)

are the deviatoric components of the stress deviator squared, and f'is a function of
plastic strains to be determined from the simple tension test. Hypothesis (14.61)
belongs to the class (14.60). The authors used a particular form of (14.61) to describe
analytically the experiments carried out by S.I. Liu and G. Sachs [3.462]. The
basic features of (14.61) were described by D. C. Drucker in [3.153].

Though very general, (14.61) has some drawbacks; they were studied by T.
Kurtyka [3.405]. Consider for example linear plastic hardening in the simplest case
where the functions in (14.61) do not depend on 75,. Equation (14.61) takes then
the form

0(0e—00)—E, 5588 = 0; (14.63)
indeed, in the uniaxial case this equation turns into ¢ = +0,+ E, ¢ according to
the assumption and f = 0 in (14.61). In the simplest combined case of two shearing
stress components and two shearing strain components we obtain

V2t 12 (V724 12 — 7o) =B(T2x¥ie+ T2y¥%) = 0, (14.64)

P
» I -;,0.2.5r,/ﬁ subseguent
Jox=097/8 | neutral
_yL-0751, /8| surfaces
/ lpx - a/ B

/
/
] \
! — S S T B T
w\ ars - 0 025 050 075 1’0 125 150 175 20 Tx/%
/
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witial nevtral ™ ~ "X
surface

-125¢

Fig. 69. An example of subsequent neutral curves according to the Edelman-Drucker hardening
rule
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where B = E,/3. Subsequent neutral surfaces for y?, = 0 are shown in Fig. 69.
It turns out that at the control point the curvature of this family of surfaces does
not increase (as expected) whereas at the opposite point (7., < 0, 7., = 0) the
curvature decreases very quickly, for 2, > 0.5 7,/B it is negative and for y?, = 7,/B
a concave singular point is formed. Such phenomena are not confirmed by exper-
iments, and therefore (14.63) is limited to slight plastic hardening. However, in most
cases the ideal Bauschinger effect is described even more accurately by the hypothesis
of kinematic hardening than by (14.63).

Another early proposal of anisotropic hardening is due to I. F. Besseling [3.58].
The material is considered as consisting of subelements gradually joining the plastic
flow; hence the Bauschinger effect is connected with micrononhomogeneity.

More attention will be paid to the hypothesis of A. Baltov and A. Sawczuk
[3.30]. The authors consider a material which is initially described by the HMH
yield surface which—as a result of plastic deformation—turns into a general quad-
ratic Mises surface for an anisotropic body with simultaneous translation

Nija(sy— i) (su—oe) =1 = 0, (14.65)

where N, denotes the fourth-order tensor of the plastic moduli, depending on
the plastic strain tensor and some hardening parameters (functionals). Assuming
Niju = 0 0, f(I,;), we obtain the hypothesis of mixed plastic hardening, and in
more particular cases—isotropic or kinematic hardening. As a result of a detailed
analysis the following more specified form of (14.65) is proposed

S0y 815 — 2815 0+ Aoty O (Si;— o) (St — ) "%Utz) =0, (14.66)

where the tensor components «;; are determined by (14.26). Though the isotropic
hardening component is not taken into account, this hypothesis gives a better de-
scription of the H.J. Ivey experiments [3.300] than that of kinematic hardening.
The main deficiency of (14.66) lies in the symmetry of the second-degree surfaces:
a simultaneous increase of curvature at the control point and a decrease of curva-
ture at the opposite point cannot be described by that equation. A related hypothesis
transforming an isotropic body into an orthotropic one, governed by the Mises-Hill
yield condition, is due to R. Mansurov [3.498], and its further development is given
in [3.499].

Another general concept of combined isotropic and kinematic hardening with
a certain simultaneous change of the shape of subsequent neutral surfaces is due to
G. B. Talypov [3.786], but its effective form was given for simple loading only.

G. 1. Bykovtsev, V. V. Dudukalenko and D. D. Ivlev proposed in [2.14] a certain
alteration of the general form (14.60), namely expressing it in terms of the following
nine invariants:

F((I!' Ejp‘* o, ﬁ’ Y) =0, (14.67)

where o; and &” stand for principal stresses and principal plastic strains respectively,
whereas «, 8, and y denote Euler’s angles between the corresponding principal
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directions. The problem of uniqueness of solutions in this case was considered by
V. V. Dudukalenko [3.160].

An alteration of the Edelman-Drucker hardening hypothesis, belonging directly
to the class (14.60), was suggested by Y. Yoshimura and Y. Takenaka [3.855].
A very general, multiparameter hypothesis of anisotropic hardening was suggested
by J. F. Williams and N. L. Svensson [3.845], but effective evaluation of many aniso-
tropic. moduli seems difficult. A relatively simpler expression of that type, proposed
by M. Tanaka and Y. Miyagawa [3.787], may be written in the form

[(Ou 05+ 04 O ) + Al €5+ €y €5 (515 —ai;) (S —ag) —K = 0, (14.68)

where @;, denote the deviatoric parts of «;;, determined by (14.26) or (14.30), and 4
and K depend on the Odqvist parameter. The general form (14.61) with internal
state variables was investigated by H. P. Shrivastava, Z. Mréz and R. N. Dubey
[3.731, 3.732, 3.733], who proposed also a certain particular expression (quadratic
function of invariants). The problem of analytical treatment of experimental investi-
gations of subsequent neutral surfaces was discussed by H. D. Bui and J. Zarka [3.86].

G. Backhaus [3.22, 3.23, 3.24, 3.25] suggested a different approach to aniso-
tropic hardening. He presented the deviatoric stress increment as the sum of the
following three terms

dsyy = Cs{dI,,+ Bde?;+ As ;?)—‘—-d r (14.69)
J P J Eije

where {7 denote the deviatoric stresses at the beginning of an active process, whereas
A, B and C are certain functions of the Odqvist parameter to be determined exper-
imentally. The first term corresponds to isotropic hardening, the second to kinematic
hardening of the Melan-Ishlinsky—Prager type, and the third to general anisotropic
hardening. Integrating along the trajectory in the plastic strain space, we obtain

sy = s+ (dsy; (14.70)

calculating from this equation s{{” and substituting into the yield condition s{}”s{”

= 20%/3, we obtain the equation of the actual neutral surface. A certain concept
close both to the Baltov—Sawczuk hypothesis (14.65) and to the Backhaus equation
(14.69) was proposed by V. L. Danilov [3.123, 3.124].

P. G. Hodge [3.261] formulated a general theory of anisotropic hardening
based on the Tresca—Guest hypothesis. It is relatively simple if the principal direc-
tions are constant and known; then it is sufficient to discuss the transformation
of the initial regular hexagon in the deviatoric Meldahl plane. Hodge assumed that
plastic hardening results in a parallel translation of all sides of the hexagon. If the
translation forced by the control point is equal to a, then the translation of two
adjacent sides may be described as aa, of the further two sides as fa, finally of the
opposite side—as ya; Fig. 70. An effective formulation of the hardening hypothesis
requires the knowledge of the function @ = a(e?) (determined by the simple tension
test; Hodge considered piece-wise linear hardening) and the choice of the coef-
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Fig. 70. The Hodge hardening hypothesis as applied to the TG yield condition: (a) general case,
(b) the case of independent mechanisms « = f =9 =0

ficients o, # and y. Mixed plastic hardening, discussed in Sec. 14.6, may be obtained
as a particular case of the proposed general hypothesis, namely if the following
relations hold:

f=3a-2, y=4a-3, (14.71)

and the number of “degrees of freedom” is reduced from three to one. Further
specification is connected with the choice of one parameter, say «, only. For o = 1
we have f = y = 1, and this case describes isotropic hardening. Assuming o = 1/2,
we obtain f = —1/2, y = —1, a rigid translation of the hexagon takes place and
we arrive at kinematic hardening in the deviatoric plane.

The type of plastic hardening shown in Fig. 70a may be defined as an inter-
action of individual segments of the neutral surface, corresponding to various
mechanisms of the plastic flow. Sometimes the case of independent mechanisms is
also considered (J. L. Sanders [3.694] P. M. Naghdi [2.119], Fig. 70b); it may be
treated as a particular case of the Hodge theory, obtained if « = f =y = 0.

The further development of piece-wise linear anisotropic plastic hardening is
due to K. Saito, H. Igaki and M. Sugimoto [3.691], A. F. Akhmerov and Yu. B.
Tyurin [3.2]. The interaction of various mechanisms of plastic flow was considered by
J. Mandel [3.493], and H. D. Bui [3.85].

The above-mentioned hypotheses of general anisotropic hardening give a multi-
parameter, often very complicated description of subsequent neutral surfaces. How-
ever, in most cases, in spite of that general and complicated description, the main
goal is not achieved: an increase of the curvature in the vicinity of the control point
with the simultaneously decreasing curvature at the opposite side of the neutral
surface, observed in experiments, is not reflected in the equations.

Further complications are connected with accessory exertion factors, first
of all with variable temperature. Temperature as an independent factor was first
included in the hardening hypothesis (14.59) by W. Prager [3.657], but very few
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effective forms of such a hypothesis were suggested; many papers, based on thermo-
dynamics, end with general theoretical conclusions. An extension of the Melan-
Ishlinsky-Prager kinematic hardening to thermoplasticity was proposed by I. Z.
Palley [3.613] and T. Y. Chang [3.94] and of mixed hardening—by S. Cuomo [3.119]
and S. M. Belevitch [3.45]. T. Inoue and K. Tanaka [3.294] generalize the Yoshimura
anisotropic hardening rule and use it for the description of thermocyclic processes.
An extension of the Baltov-Sawczuk hypothesis to temperature effects is given in
the book by D. Kolarov, A. Baltov and N. Bontcheva [3.366], where a more general
discussion is also included. Time effects at elevated temperatures were studied by
D. C. Drucker [3.156]. A. Phillips with his collaborators J. L. Tang [3.637], R. Kasper
[3.638] and G. Weng [3.642] proposed a description of anisotropic hardening with
possible temperature effects. It was based on numerous experiments and consists
of kinematic hardening close to the second Melan concept (14.27) and of a defor-
mation of the neutral surface.

A general method of constructing of subsequent neutral surfaces in the case of
various accessory exertion factors (influence of various physical fields) was suggested
by I V. Demyanushko and Yu. M. Temis [3.132]. J. A. Konig and W. Olszak
[3.383] proposed a hardening hypothesis additionally taking into account stress and
strain gradients.

14.9 Concept of double neutral surfaces

The classical theory of plastic hardening is based on the concept of a neutral surface
inside which all the processes are passive (elastic, reversible) and outside which at
least the initial part of the process is active (plastic, irreversible). Experiments, in
general, verify this concept if very slight symptoms of irreversibility (very small
changes of plastic strains) may be neglected. The sharper is the definition of a passive
process, the smaller is the corresponding neutral surface and the greater the Bau-
schinger effect. Going further in this direction, we finally arrive at V. D. Klyushni-
kov’s concept of a uniform analytical theory of plasticity, where all processes are
active except simple unloading [1.12]). Hence the classical concept of a neutral
surface (which in the case of relaxed requirements as regards the definition of a passive
process may be called differently, for example the yield surface, as used by many
authors) and Klyushnikov’s concept of almost exclusively active processes constitute
two extremal formulations. The first is practically oriented, whereas the second is
of a rather theoretical character. In many engineering applications a relaxed defi-
nition of a passive process (with very small changes of plastic strains admitted) is
justified, but in some cases (quasi-cyclic processes, stability, etc.) such an approach
may cause too essential errors and a more accurate approach is necessary. A certain
intermediate concept was proposed by A. Phillips and R. L. Sierakowski [3.633]
and will be briefly described here.

Phillips and Sierakowski aimed at the description of the well-known but usually
forgotten fact that the length of passive part of reloading is smaller than that of
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Fig. 71. Unloading and reloading

passive unloading (Fig. 71). This fact, described in detail by J. D. Lubahn and
R. P. Felgar [3.647], contradicts the classical concept of a neutral surface passing
through the point A. Thus they introduced two surfaces: one passing through A
and called the loading surface and the other passing through B and called the yield
surface. To conform to out terminology, we call them the outer neutral surface and
the inner neutral surface, respectively. The control point is in contact with the outer
neutral surface during active processes and during passive processes between A
and B. During such processes the outer neutral surface shrinks in size and coincides
with the inner neutral surface if the control point is inside the latter. Within the
inner neutral surface all the processes are passive without restrictions whereas be-
tween the inner and the outer surface they are also passive if they go inside; since then
the outer neutral surface shrinks in size, any outside direction causes an active

A
Jre=
i ,
! active process
———— intermediale
 louter) neutral
surlece
7/
/.
pOSSIve
process

all processés passive

outer neutral surfoce
inner nevlral surface (loading surface)
(ield surlace)

Fig. 72. Hypothesis of outer and inner neutral surfaces (Phillips-Sierakowski)

&) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



14 SUBSEQUENT NEUTRAL SURFACES DURING PLASTIC HARDENING 165

process (Fig. 72). During active processes both neutral surfaces change (increase,
as a rule), whereas during passive ones the inner surface does not change and the
outer either decreases or coincides with the inner one.

J. W. Justusson and A. Phillips [3.319] investigated material stability in the
Drucker sense in the case of double neutral surfaces. A certain modification of the
Drucker postulate implied the convexity of the outer neutral surface. Quasi-cyclic
processes were investigated by R. L. Sierakowski and A. Phillips [3.740]. Further
development of this theory is due to M. A. Eisenberg and A. Phillips [3.166]; the
authors restricted their considerations to isotropic hardening, but announced further
generalizations in a subsequent paper.

A certain related hypothesis of plastic hardeding was proposed by Z. Mréz
[3.554]; in the stress space his model consists of a sequence of neutral surfaces
corresponding to boundaries of particular regions of piece-wise linear hardening.
In [3.555] this hypothesis was used for the description of quasi-cyclic processes;
further proposals were published in [3.556. 3.557. 3.560. 3.561], partly with C. Goss
and N. C. Lind. ‘

14.10 Neutral surfaces in the strain space

The type of plastic hardening is usually defined by the behaviour of neutral surfaces
in the stress space. However, for certain applications, if the strain components may
be treated as exertion factors (for example, with reference to the construction of
most testing machines and for the description of plastic softening), an analysis of
neutral surfaces in the strain space is also important. This problem is mentioned,
e.g., by W. M. Baldwin [3.29], I. F. Besseling [3.58], D. Trifan [3.816], and A.
Kammerer [3.337].

The behaviour of neutral surfaces in the strain space in the case of perfectly
elastic-plastic bodies was considered in Secs. 9.5, 13.7 and 14.5; an analogy with
kinematic hardening in the stress space can be seen here: the surface is subject to
translation as a rigid body. Similarly, in the case of a body subject to kinematic

o | Iy ¢) 2y

Jzx

Fig. 73. Subsequent neutral surfaces in the strain space corresponding to isotropic hardening
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hardening translation in the strain space takes place, but the motion may be regarded
as slower in comparison with perfect plasticity. The direction of this motion is
determined by the physical law adopted.

The situation changes in the case of isotropic hardening. Let us consider, for
the sake of simplicity, the plane y..—y., as in Sec. 9.5, and confine ourselves to
simple processes (¥, is the only component to increase). Theoretically all the three
cases of behaviour of neutral surfaces shown in Fig. 73 are possible. The boundary
case (b) corresponds to the onset of a reverse active process at a constant value of
strain, i.e. to the stress-strain diagram shown in Fig. 74.

|
[
|

l

Fig. 74. The boundary case of linear isotropic hardening

Taking into account the identity of the segments &, required by the hypothesis
of isotropic hardening, we may easily derive the corresponding equation of the hard-
ening curve,

- %Jr %a; (14.72)
hence we arrive at linear plastic hardening with the modulus E, = E/2. Real ma-
terials show, as a rule, a much smaller hardening modulus, and thus usually the
situation shown in Fig. 73c is observed. Of course, any Bauschinger effect results
in “quicker” translation of surfaces increasing simultaneously in size.

In the case of arbitrary non-simple processes, the hypothesis of isotropic harden-
ing gives simultaneous curvilinear translation and a proportional increase of neutral
surfaces in the strain space, and so we observe a certain analogy to mixed plastic
hardening in the stress space. A similar transformation of neutral surfaces occurs
in the case of mixed plastic hardening, and hence the latter type of hardening is
mapped in the same manner in both spaces. Finally, if a neutral surface in the stress
space changes its shape, a corresponding change is observed in the strain space.

It should be noted that incompressibility of the material reduces the strain space
to a certain subspace, e.g. the three-dimensional space of principal strains to the
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plane &, +¢&,+¢&3 = 0. The cross-section of the HMH cylinder is then a circle with
the radius 0,/G y’g; however, very often we draw the limit curve as an ellipse in the
plane £,&, shown in Fig. 56a. This is not a section of the cylinder by the plane &,¢,
but a projection of the circular section by the plane &, +¢&,+&; = 0 on the plane
£,8,.

Let us also mention an apparently similar concept of the space of plastic strains,
introduced by I. A. Berezhnoi, V. V. Dudukalenko and D. D. Ivlev [3.50]. Actually
there is an essential difference between the total strain space and the plastic strain
space, since in the latter any neutral surface reduces to a point: each motion in that
space corresponds to an active process. Hence the authors used the space of plastic
strains for a different purpose.

14.11 Experimental investigations of neutral surfaces and difficulties in their
interpretation

Hypotheses concerning the transformation of subsequent neutral surfaces are
extremely difficult for experimental verification. Theoretically, such a surface should
correspond to neutral processes, i.e. to boundary processes in the course of which
the change of plastic strains (and the dissipated energy) tends to zero. However,
it is difficult to determine such a process experimentally: usually, if we observe
lack of change of plastic strains, then the process is passive, lying inside the neutral
surface. On the other hand, the onset of a change of plastic strains is stated by the
measurement of a certain conventional value of those strain changes, and hence
we deal with an active process. Practically neutral processes are ivery seldom in-
vestigated, but neutral surfaces are determined by the end-points of passive pro-
cesses, where those end-points correspond to a conventional value of the change of
plastic strains. This value may be expressed, for example, by the intensity of finite
increments of plastic strains, (4¢”), or, in brief notation, Ae?, calculated similarly
to (7.29).

0.036%
0.018%
0.012%
0.006%

T T T

0 1000

Fig. 75. Dependence of the limit curves on the conventional value of plastic strain
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Many authors draw attention to the essential dependence of experimentally
determined neutral surfaces on the adopted value of 4¢2 (Yu. I. Yagn, O. A. Shish-
marev [3.850], W. Szczepinski [2.162, 3.779], O. A. Shishmarev [3.727], I. Hayashi,
K. Kawaguchi, H. Fukuda [3.234], M. Como, S. D’Agostino, A. Grimaldi [3.114]).
Figure 75 shows the dependence of the limit curves for simultaneous tension and
tension of a thin-walled tube, experimentally determined by Yagn and Shishmarev
[3.850], on the conventional value of the change of plastic strains; the nickel tube
was subject to initial tension with &2 = 1.1 per cent (control point). Very sharp
criteria of Ae? result in small domains of passive (elastic) processes, and we could
even speak of an “overideal” Bauschinger effect or “overkinematic” plastic harden-
ing. Usually such sharp criteria are unnecessary, but they may be essential in quasi-
cyclic processes, where even small amounts of dissipated energy quickly cumulate.
In the case of such processes one may obtain a more accurate description by using
the Phillips-Sierakowski concept of double neutral surfaces or similar hypotheses.

Thus, a comparison of the results of various authors and drawing more general
conclusions presents certain difficulties. The same experiments may be interpreted
as a verification of isotropic hardening (if we adopt a larger value 4¢?) or as a veri-
fication of kinematic hardening (for smaller 4¢?). In the limiting case A& — 0 we
may arrive at the Klyushnikov concept of almost exclusive active processes (the
domain of passive processes reduced to a segment), [1.12]. A certain standardiz-
ation of A¢? may be useful for comparing the results of various experiments; J. Mia-
stkowski [3.523] proposed to assume it equal to the intensity of the accompanying
elastic strains €¢. L. M. Kachanov [3.320, 3.321] gave an extrapolation method of
determining the theoretical neutral surface corresponding to Ae? = 0. However,
G. B. Talypov [3.786] raised some arguments against too small allowances Ae? and
advised to go no further than half of the width of the hysteresis loop. Further diffi-
culties are connected with the time effects, since many materials exhibit slightly
viscoplastic instead of purely plastic properties—these effects were discussed by
D. C. Drucker [3.156], who remarked that primary creep and plastic deformations
are practically indistinguishable, and introduced the concept of a rate-of-strain
surface; further research is due to J. Rogan and A. Shelton [3.677, 3.678].

Only a few older papers verified the hypothesis of isotropic hardening: D. M.
Cunningham, E. G. Thomsen, J. E. Dorn [3.118] J. Parker, M. B. Bassett [3.617].
Many investigators regarded the hypothesis of mixed plastic hardening as suf-
ficiently accurate, but with a varying share of the two components: under relatively
small plastic strains it was rather close to kinematic hardening, whereas larger
plastic strains produced a remarkable isotropic component (W. Szczepinski [2.162],
J. Miastkowski and W. Szczepiniski [3.521], J. Miastkowski [3.522, 3.523, 3.524]
V.M. Bastun, N.I. Chernyak [3.34], A. M. Koreneva and G. A. Doshtchinsky
[3.372], K. Turski [3.821]). In a series of experiments [3.139, 3.140, 3.141, 3.481],
G. A. Doshtchinsky, V. I. Maksak and A. M. Koreneva found an increase of strain
intensity in the course of the process o, = const; this fact testified to the share of
kinematic hardening, since under isotropic hardening the process o, = const should
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be neutral and, similarly to perfect plasticity (Secs. 9.5-9.7), the total strain intensity
should decrease. They also proposed an analytical description of subsequent neutral
surfaces based on the assumption of a constant angle between the stress vector
and the plastic strain rate vector during the circumferential stress trajectory, [3.142].
On the other hand, in earlier investigations of the processes g, = const, J. Marin
and L. W. Hu [3.504, 3.506] noted first an increase and later a decrease of ¢,; probably
their experiments covered a larger range of variability of strains.

Many investigators treated even the hypothesis of mixed plastic hardening
as insufficiently accurate and verified various hypotheses of general anisotropic
hardening. For example, W. M. Mair and H. Pugh [3.476], J. Miastkowski and
W. Szczepiniski [3.523], E. Shiratori, K. Ikegami and H. Okano [3.722] M. L. Gorb,
D. M. Karpinos and A. A. Ostrovsky [3.206] observed a certain rotation of the
neutral surface which can be explained on the basis of general anisotropic hardening
only. K. Turski [3.822] verified the Baltov-Sawczuk hardening hypothesis. N. G.
Sverdlova [3.777] verified the symmetry of the initially symmetrical (circular) sub-
sequent neutral surface with respect to the loading path (under simple loading).
The influence of the non-radial loading path on subsequent neutral surfaces was
investigated by W. Szczepinski and J. Miastkowski [3.780], A. Phillips and J. L.
Tang [3.637)], K. R. Johnson and O. M. Sidebottom [3.316], E. Shiratori, K. Ikegami
and K. Kaneko [3.726]; in most cases the initial symmetry of the neutral surface
disappeared. An impressive picture of subsequent neutral surfaces showing at first
symmetry (simple loading) and then loss of symmetry is quoted after A. Phillips
and J. L. Tang [3.637], Fig. 76.
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Fig. 76. Subsequent neutral curves determined experimentally (Phillips-Tang)
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An important feature of particular hypotheses of plastic hardening is connected
with the so-called “cross effects”, i.e. the behaviour of subsequent yield surfaces in
the direction perpendicular to the (straight) loading path.

It should be noted that the term “cross effects” may cause some misunderstand-
ings, since one may be interested either in transversal dimensions of the neutral
surface along the initial transversal axis, or in maximal transversal dimensions.
According to the isotropic hardening hypothesis, the dimensions of subsequent
yield surfaces in transverse direction should always increase, but according to kin-
ematic hardening the maximal transversal dimensions remain constant, whereas the
dimensions measured along the original orthogonal axis decrease in most cases.
The slip theories predict as a rule no cross effects, and the hypotheses of mixed and
general anisotropic hardening admit all the possibilities. In fact, experimental inves-
tigations show either an increase of the transversal dimensions of subsequent neutral
surfaces (P.S. Theocaris, C. R. Hazell [3.799], R. A. Arutyunyan [3.12], J. Mias-
tkowski [3.523] A.I. Chistyakov [3.97]—with several stress-quasi-cycles applied)
or no cross effects (P. M. Naghdi, F. Essenburg, W. Koff [3.568] along the initial
orthogonal axis; H. J. Ivey [3.300], A. Phillips, G. Weng [3.642], if maximal width
is considered), or a decrease of transversal dimensions (L. W. Hu, J. F. Bratt [3.275],
J. Miastkowski, W. Szczepiniski [3.521] N. G. Suturina [3.775], M. J. Michno,
W. N. Findley [3.527]). A. B. Ibragimov and I. D. Mashkov [3.283] proposed to
describe cross-effects and induced anisotropy by two parameters. Of course, all the
above-mentioned experimental results depend on the material, on the plastic strains
determining the particular neutral surfaces and on the assumed value Ae?, Fig. 75.

Experimental verification of the hypothesis of the existence of plastic corners
(pointed vertices) presents a problem in itself. Practically, it is almost impossible
to verify such a hypothesis in an experimental way. Many investigators determined
the increments of plastic strain near the control point and ascribed the larger differ-
ences in the direction of those increments for various stress increments to the exist-
ence of a corner. However, such an approach tacitly assumed tensorial linearity of
constitutive equations (cf. Sec. 15.3) and the validity of the Drucker postulate;
neither is generally valid and is just subject to experimental verification, and hence
the conclusions are questionable. The existence of the corners was claimed by P. M.
Naghdi, J. C. Rowley and C. W. Beadle [3.567], P. M. Naghdi, F. Essenburg and
W. Koff [3.568], A. Phillips and G. A. Gray [3.632], H. J. Ivey [3.300], B. K. Bertsch
and W. N. Findley [3.57], P. S. Theocaris and C. R. Hazell [3.799], E. Shiratori
and K. Ikegami [3.723], M. J. Michno and W. N. Findley [3.525]. On the other
hand, many special experiments denied the existence of plastic corners, e.g. A. M.
Zhukov [3.867], Yu. I. Yagn, O. A. Shishmarev [3.850], B. Paul, W. Chen, L. C.
Lee [3.619], W. Szczepiniski [2.162], G. B. Talypov, V. V. Kamentsev [3.783, 3.784],
A. 1. Chistyakov [3.96], V. N. Bastun, N. I. Chernyak [3.34]. S. S. Hecker [3.238]
investigated the problem of plastic corners with reference to the Phillips-Sierakowski
concept of double neutral surfaces; he concluded that the outer neutral surface may
exhibit a vertex whereas the inner one is always regular. The dependence of con-
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clusions as regards the existence of corners on the assumed criterion 4e? determining
the neutral surface was discussed by V. D. Klyushnikov [3.360].

The most probable, compromising hypothesis predicts an essential increase
of curvature of the neutral surface at the control point with a simultaneous decrease
of curvature at the opposite side. Such a behaviour was observed and discussed by
A. Phillips [3.630, 3.631], W. M. Mair [3.477], E. Shiratori, K. Ikegami, K. Kaneko
[3.725], M. J. Michno and W. N. Findley [3.526, 3.527]. In the case of a general,
non-simple loading, H. D. Bui [3.83, 3.84] observed the maximal curvature of the
neutral surface at a certain point different from the control point; such a behaviour
may easily be explained by the cumulation of curvature at current changing control
points.

A particularly sharp verification of the plastic hardening hypotheses is furnished
by cyclic or quasi-cyclic tests, since small effects are then subject to cumulation.
According to the hypotheses of kinematic or mixed plastic hardening with holonomic
relations between «;; and &f;, the induced anisotropy should vanish after a full
cycle, when o, &; and &f; are simultaneously reduced to zero; however, the rel-
evant tests did not confirm this conclusion (R. A. Arutyunyan [3.12]); hence more
general hypotheses with internal state variables are here necessary. Similarly, the
experiments carried out by K. R. Kenk [3.338] in cyclic torsion showed essential
discrepancies with regard to the hypotheses of mixed hardening; on the other hand,
experimental investigations of cyclic torsion superimposed on a constant normal
force, carried out by A. M. Freudenthal [3.184], could be interpreted in the light
of the concept of mixed plastic hardening.

A. Phillips and R.L. Sierakowski verified their concept of double neutral
surfaces in the case of variable repeated loading in [3.740]. R. Marjanovi¢ and W.
Szczepinski [3.509)] evaluated experimentally subsequent neutral curves after sev-
eral non-simple stress-quasi-cycles; the results were close to the predictions of the
kinematic hardening hypothesis.

Numerous experiments on plastic hardening with taking account of tempera-
ture effects were performed by A. Phillips, partly with C.S. Liu, J. W. Justusson,
J. L. Tang and M. Ricciuti [3.635, 3.636, 3.637, 3.639, 3.640]; some typical results
are shown in Fig. 76. These cross-sections are convex, but the perpendicular cross-
sections show concavities, [3.641]. Experimental tests on quasi-cyclic processes at
elevated temperatures were carried out by T. Inoue, K. Tanaka and T. Ishizaki
[3.293, 3.294].

An alternative method of description of plastic hardening was proposed by
W. Szczepiniski and K. Turski [3.781]. They prestrained tubular brass specimens
along various simple loading paths up to a certain constant value of stress inten-
sity, then evaluated a conventional yield point in uniaxial tension and plotted the
measured values along the radius of prestraining. Such “lines of influence” may
be useful in calculating coldworking processes. In general, the results were in agree-
ment with the kinematic hardening hypothesis.
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15 Constitutive equations of plastic hardening

15.1 General remarks

Equations of subsequent neutral surfaces discussed in Sec. 14, may be treated in
two ways. First, they are doubtlessly physical equations, depending on the material
considered. Secondly, they simultaneously describe the limit surfaces separating
the ranges of applicability of the basic physical equations, namely constitutive equa-
tions, valid for plastically active processes and valid for plastically passive ones.
Further, they are very closely connected with the equation of active processes: an
unknown function appearing in those equations should be evaluated from the
equation of the actual neutral surface, and if we additionally assume the associated
flow rule, then the constitutive equations of active processes are fully determined.

A more detailed discussion of constitutive equations joining stresses and strains
will be given in the present section. Some of them do not formally differ from the
classical equations of perfect plasticity, e.g. (9.28), (9.51), or (9.60); the differences
only appear after the elimination of ¢ or 4. However, those differences are of quali-
tative character: stress increments, as a rule, determine here strain increments in
a unique manner, whereas in the case of perfect plasticity strain increments are
determined with the accuracy of a constant factor. Certain physical equations are
adjusted to the adopted hypothesis of plastic hardening; they will be discussed in
detail and possible generalizations will also be mentioned.

15.2 . Total (deformation, holonomic) theories of plasticity

H. Hencky [2.53] proposed his equations (9.29) in principle for perfectly plastic
materials, but their adjustment to the description of plastic hardening presents no
difficulties (A. Nadai [2.118], A. A. Ilyushin [2.67]). Since those equations may
describe only simple processes (or, approximately, processes close to simple ones),
the hypothesis of hardening (isotropic, kinematic, etc.) is almost meaningless—it
merely determines the range of application of the equations of passive processes.
It is sufficient to adopt the hypothesis of a uniform curve of plastic hardening (14.2);
one obtains then '

e, _ 3e,
? = Z0. = (e’ L

and after substitution into (9.28)

3e,
e“’-—' —z‘mbu. (152)

Inverting Eq. (14.2), we may express strains in terms of stresses alone; instead of
o, the invariant I,, = 202/3 is often introduced here, namely

e, = fiIz)si). (15.2»
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The criterion of the active process is here of the form de, > 0, which is equivalent
to da, > 0 or dI,, > 0 if plastic softening and perfect plasticity are excluded; as
we stated in Sec. 14.2, this criterion is not quite general, but sufficient in the case
of simple processes described on the basis of the HMH hypothesis.

A generalization of the law (15.3) was proposed by W. Prager [3.651]. Assuming
that the stress-strains curve in uniaxial tension may be described by the following
power series

e=c s+cys+ess+ . (15.4)

(even powers disappear for isosensitive materials), replacing e by e;; and s by s
and eliminating higher powers of the deviators by using the Cayley-Hamilton
theorem, he obtained an equation of the type

ey = filas, I3)) s, +f2(I2s, I3) 1 35(5u Sk —‘;‘Iz: Oyy)- \ (15.5)

The functions f; and f, should be chosen in such a way as to obtain the ratios of
principal strains depending on the ratios of principal stresses only (the ratio f,/f>
should be a homogeneous function of the fourth degree of the stress components).
Instead of /5, we may introduce into (15.5) the invariant w, or the Lode parameter u,.

A particular form of (15.5) was used by D. C. Drucker [3.145], but increasing
accuracy is connected here with complicated formulas. J. Christoffersen [3.101]
pointed out that (15.5) may also be written in the form

e,_,dou = “lz'fl(IZ:’ Igl)d12l+ ";‘fZ(Iz.n Igs)dllh (1 5‘6)

and that the differential on the right-hand side is, in general, not an exact differential,
and hence such a theory is not identical with non-linear elasticity. Further general
considerations are due to V. V. Novozhilov [3.580], K. F. Chernykh [3.95] and
M. S. Sarkisyan [2.148], whereas an effective form based on experiments on mild
steal was proposed by Y. Ohashi, M. Tokuda and S. Mizuno [3.592]. Equations
of type (15.5) make it possible to describe practically any relation of the Lode par-
ameters p, = f(u,), whereas the Hencky-Ilyushin law (15.2) results in u, = §,;
however, G. A. Doshtchinsky [3.143] stated that for many materials the law u, = ,,
expressing similarity of deviators, is sufficiently accurate and that the observed
deviations are often connected with an improper interpretation of experimental
results.

Theories of type (15.5) relate total strains to total stresses, and hence they are
often called total theories of plasticity. They are much simpler than the incremental
theories (of plastic flow), but the essential problem is connected with their range of
application, which, unfortunately, is rather narrow. The problem is how to determine
such a class of processes for which the results of total theory are still sufficiently
accurate. This question was studied from the positions of more accurate theories
by A. A. Ilyushin [2.67], B. Budiansky [3.80], D. D. Ivlev [3.311, 2.73], V. D. Klyu-
shnikov [3.359], B. A. Rytchkov and N. Yu. Shvayko [3.690], K. S. Havner [3.229],
M. Como and A. Grimaldi [3.112], Ya. I. Rudayev [3.684]. Z. Mréz [3.552] deter-
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mined a class of processes for which uniqueness of solutions is ensured. A.S. Kray-
tchuk [3.389] determined such a program of loading of a thick-walled tube under
tension, torsion and internal pressure which realizes simple processes at any point
of the tube in the case of linear plastic hardening (in general such a program does
not exist for schematizations other than the power hardening law, D.D. Iviev
[2.70]). Some other related papers were mentioned in Secs. 9.8 and 9.9. After a suit-
able modification the total (deformation) theory of plasticity may also describe
reverse and quasi-repeated simple processes. Such a modification was introduced by
V. V. Moskvitin [3.541, 3.542, 3.546]. Assume that a passive process due to un-
loading starts at 4 (Fig. 77); in the uniaxial case it may be described by the equation

1

de = EAO', (157)
G
!
5 ~
sEat—————!
Z / }
I
LI
0 Bf
a6

Fig. 77. Reverse active processes in the deformation theory

where Ae and 4o may be regarded as coordinates in the new system. A new reverse
active process starts at B; the ideal Bauschinger effect predicts Aoy = 20,, whereas
usually 4oz > 20,. Moskvitin proposed to describe this process in the coordinates
Ae, Ao similarly as the first, original active process was described in the coordinates
¢, 0. Hence for a three-dimensional case we may write the equations

/]eu = ¢AS'.” (15-8)
which must be completed by the relation

(o). = fl(4e).], (15.9)

obtained from experiments. According to the Masing hypothesis, described in Sec.
8.6, such a relation is readily determined by the simple tension test, but in many cases
Eq. (8.23) is not sufficiently accurate.

The modification described above served as a basis for extensive monographs
by V. V. Moskvitin [2.113] and R. M. Shneyderovitch [1.17]). Conditions ensuring
simple processes in the case under consideration were investigated by V. V. Moskvitin
[3.543] and by the same author and E. Palne [3.544].
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15.3 Incremental (flow, anholonomic) theories of plasticity

A general, logically sound description of arbitrary processes of plastic hardening
in the case of combined loadings at a point of the body may be provided only by
theories generalizing the theories of perfectly plastic flow, (9.51) or (9.60). They
relate stress and strain increments and are called incremental theories; L. Finzi
[3.177] proposed here the appropriate term “anholonomic theories™ (total theories
may then be called “holonomic”), but these terms are not yet in common use. On
the other hand, the commonly used term “theories of plastic flow” seems inadequate
in the case of plastic hardening, since under “plastic flow” we understand an increase
of strains under constant stresses, which, in general, is not the case here (some
exceptional cases were investigated by R. Hill [3.253]).

The basic postulates of classical incremental theories of the plastic hardening
were summarized by W. Prager [3.653] in the following four points:

(1) continuous description of neutral processes (the same description by the equa-
tions of active and of passive processes, the continuity condition);

(2) during active processes the control point remains on the subsequent neutral
surfaces (the consistency condition);

(3) positiveness of the expression ;ef; during any active process (the wuniqueness
condition, conforming to the Drucker postulate);

(4) non-negativeness of the increment of plastic work, o;;def; > 0 (the irreversibility
condition).

An additional postulate (5) assumes linear relations between stress rates and
strain rates,

:‘:fj - Auubu’ (15-10)

where A;;, do not depend on stress rates. Such an assumption is sufficient but not
necessary to eliminate the time factor; if the time factor cannot be eliminated, then
the materials are said to be viscoplastic, but such materials will not be considered
in the present book. :

Almost all these postulates were discussed by various authors and either partially
relaxed or strengthened. In particular, the consistency condition (2) was strengthened
in the already mentioned papers by A. Phillips, R. L. Sierakowski and M. A. Eisen-
berg [3.663, 3.166], so as to hold during certain passive processes as well. The uni-
queness condition (3) leads to associated incremental laws (with some exceptions,
discussed in Sec. 13); it is too restrictive for many materials and will be used only
in part of this section. The discussion of postulate (4) will be given below. Further,
(15.10) gives a sufficient but non-necessary condition of elimination of time, and
linear functions are sometimes replaced by more general homogeneous functions
of the first degree.

Discussion of the basic postulates may be found e.g. in the papers by R. Hill
[3.250], A. A. Tlyushin [3.289], A. C. Pipkin and R. S. Rivlin [2.129], K. C. Valanis
[3.830], B. Nayroles [3.572].
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Incremental theories of the plastic hardening have been connected from the
very beginning with the concept of the plastic potential introduced by R. Mises
[3.531] for perfect plasticity. Assume the equation of subsequent neutral surfaces in
a particular form of (14.62), namely

F(oy,8l5,1,,) = 0, (15.11)

where the sign of F is chosen in such a way as to give F(0, 0, 0) < 0. Hypothesis
(15.11) is not quite general but comprises most particular hypotheses described
in Sec. 14. Denote by d, F the quasi-total differential of the function F, temporarily
regarded as a function of stresses only, at fixed plastic strains:

d,F = do,,. (15.12)

doy;

Any process d,F = 0 is, by definition, a neutral one and should not result in any
change of plastic strains; to satisfy this requirement and to obtain a correct tensorial
form of the physical law, we replace (13.7) by

1 09g(0yy, £y, Lp)
C doy;

where g(ay;, £f;, I,,) denotes the plastic potential, and C a scalar function of in-
variants, characterizing plastic hardening. The case C.— 0 corresponds to the tran-

sition to perfect plasticity (though in many particular cases such a transition may
involve various difficulties, cf. R. Hill [3.248]); then simultaneously d,F — 0 and

defy = d,F (15.13)

lim d.F = Jdt. (15.14)
c-0 C
The incremental law (15.13) was proposed for the first time probably by W. Pra-
ger and H. Geiringer in 1934 (cf. E. Melan [3.516]). R. Hill [2.56] with reference to
Melan introduced slightly different notation

og dg OF
def; = hTud"F =k B0y Doy
In the limiting case of perfect plasticity the function # = 1/C increases infinitely;
however, in his later papers, e.g. [3.247, 3.248], Hill uses the notation # = C instead
of h = 1/C as in (15.15).

The law (15.13) or (15.15) is valid only in the case of an active process, if d,F > 0;
in the case of a passive process, if d,F < 0, we obviously have def; = 0. Both cases
may be described jointly in the following manner (P. G. Hodge, W. Prager [3.258],
D. C. Drucker [2.28]):

1
2
In what follows, however, our considerations will be limited to the description of

active processes. Increments of total strains may be determined by the addition of
elastic strain increments de{ ;» calculated from Hooke’s law.

doy,. (15.15)

def) = n-28_ (@ Fi1d,F). (15.16)
doy;
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If we assume, as usual, that plastic strains do not result in any volume change,
then the plastic potential g must satisfy the relation

%8 _ . (15.17)

this means that the surface g = 0 must be a cylindrical surface equally inclined in
the principal stress space. Making no restriction to associated incremental laws
(associated flow rules), we may at the same time consider the equations of neutral
surfaces depending on o,, in the system of invariants g, 0., ®

The “consistency condition” (2), makes it possible to determine the scalar
function h. We are now going to derive such a formula for a more general case
(15.11). The condition of remaining of the control point on subsequent neutral
surfaces means that the total differential of the function F, treated as a function
of all its arguments, must vanish. Making use of the definition of the Odqvist par-
ameter (14.13), we may write

d,F+ ~6—F'-de" + °or

ae{i ij —aT‘; ]/'def,db‘fj = 0. (15.18)
In view of (15.15) we obtain
oF . og OF ag 0g
d,F+—=—h—>-d,F+ ——hd,F = 15.19
oef; " doyy oI, dayy Doy (1519
and after cancelling d,F
h= — —m— ! . (15.20)

OF 0g 5 OF dg dg

oefy 0oy 0l 0ay; 00y
The substitution of (15.20) into (15.15) leads to physical equations in their final
form

dg OF

dolj = = LT (15.21)

OF 6g . OF ]/ g _ag_

0€ly 00mn aol,, 00 O mn

In general, this formula is still a “quasi-explicit” one, since the derivatives depend
on plastic strains &f; and direct integration is not possible.

A similar formula for the case of the Odqvist parameter 7,, in (15.11) being
replaced by plastic work W? was derived by W. Prager [3.657]. However, such an
approach, almost identical in the case of isotropic hardening, may result in essential
qualitative differences in the case of a large Bauschinger effect. In fact, J,, is always
a non-decreasing function of plastic strains, whereas W? defined by (14.16) may
decrease if o;;def; < 0, i.e. if the origin of the reference frame in the stress space

is not embraced by a subsequent neutral surface. Prager assumed o;;def; > 0 as
a postulate, (4), and H. Ziegler [3.872] showed that under certain assumptions this
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inequality even may be proved. However, certain experiments did not confirm this
postulate (H. J. Ivey [3.300]); A. Phillips and M. Eisenberg [3.634] showed that
thermodynamic considerations lead to a weaker inequality and o;;def; > 0 is not
necessarily valid. A deviation from oy;def; > 0 is shown in Fig. 32 based on the
model of kinematic hardening, Fig. 29.

The uniqueness condition (3), or the Drucker postulate, leads to associated
incremental laws, g = F,

oF OF OF
defy = h_ Jd oF =g g dou: (1522)

E. Melan [3.516] used such a law in connection with his concepts of kinematic
hardening as early as 1938, more than ten years before the Drucker postulate was
published.

The assumption of isotropic hardening combined with the Huber-Mises-Hencky
hypothesis (independent of the Lode parameter u,) is a counterpart of the Levy-
Mises or the Prandtl-Reuss equations, namely, it results in the following particular
form of (15.22):

def; = def; = h(I5)s;;5dSu, (15.23)

where all the numerical coefficients are included in the function /. Equation (15.23)
was proposed in 1938 by W. Prager [2.131], and in 1943 by J. H. Laning [3.410].
It may be regarded as the classical incremental constitutive law of isotropic harden-
ing. If we write (14.12) in the form

F =g = 3s85;—fUe) =0, (15.24)
and introduce consistently deviatoric stresses and strains in (15.21), then this equation
yields

- SijSkt SijSkt
KR TR e TR
The function f(Z,,) is determined by one basic test, for example the simple tension
test. Using this test, we present experimental results in the form

%0.2 —f(ylg—sp) =0 (15.26)
hence the function f may be regarded as known. Equation (15.25) takes then the
form

ds,. (15.25)

def; = 3 syda,

’
2 o.0,

(15.27)

(R. Hill [2.56], A. Mendelson [3.519]), but one has to be cautious when using (15.27):
the symbol o, denotes here the derivative with respect to ¢” not for the argument &?
but for the argument /2 1,, (and these values only coincide for simple loading).
Equations (15.27) are sometimes called the Reuss equations (S. D. Klyatchko [3.355],
A. Mendelson [3.519]), but Reuss applied his equations to perfect plasticity only;
it is thus more justified to connect them with the names of Prager and Laning.
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For some theoretical considerations, but also for some [applications, it is con-
venient to present physical relations in vectorial notation. Introduce an auxiliary
vector space satisfying the requirements discussed in Sec. 10.1. It may be the nine-
dimensional Prager space, or, if we restrict our considerations to deviators, the
five-dimensional Ilyushin space; as a matter of fact, in the case of deviators even
the nine-dimensional space is reduced to a certain five-dimensional subspace, since
the following four relations hold: 7., = Tyx, Tyz = Tay, Tox = Txzy Sxx+ Sy +52: = 0.
We introduce such spaces for stresses, strains and plastic strains.

Introducing the unit normal vector by formula (13.22), we may write (15.15)
in the form

de? = h(ngdo)n,, (15.28)
where the scalar product of vectors is bracketed and

= OF OF 0g o0g

hee h]/c?a,, 004 00, 00, a3

is a certain function of invariants. Notation (15.28) is used, for example, by Z. Mréz
[3.553, 2.114], and in the case of an associated incremental law, with g = F, ng
= n; = n, by R. Hill [3.248, 3.250]. Expressing the scalar product by vector lengths
and the angle, and bearing in mind that |n| = 1, we obtain in the latter case

de? = hn|de|cos(n,de) if cos(n,de) > 0. (15.30)

Notation (15.30) obviously describes also the Prager-Laning law (15.23),
but it is possible to present this law without introduction of the vector n. Namely,
Eq. (15.23) assumes, in vectorial notation, the form

de? = h(sds)s = hs|s||ds|cos(s, ds) = ﬁscos(s,ds)]dsl, (15.31)
the invariant |s| being included in the function . In order to eliminate A, i.e. to use
form (15.27), we first notice that

o.=V3lsl, e =V3lel, (15.32)
and finally
sd|s| le|’
= = ———sd|s|, 15.33
isisl — Jsy Sl e

where the derivative |s|’ = d|s|/d|e| determined from the tension test should be
taken for the argument /,, and not for |e?|. The law (15.33), based on the hypothesis
of isotropic hardening, holds if d|s| > 0.

Let us return once more to the general notation (15.28). The increments of
total strains may be obtained by adding the increments of elastic strains:

de = A‘do+h(ngdo)n,, (15.34)

where A¢ denotes the matrix of elastic moduli (with the dimensions cm?/kG). For-
mally, this law may be inverted so as to express do. Namely, denote by E¢ the matrix
of elastic moduli with the dimensions kG/cm?, inverse with respect to A°; hence

do = E°[de —h(npdo)ny). (15.35)
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To eliminate the scalar product ngde, which is unknown here, we multiply both
sides of (15.35) scalarly by ng, so as to obtain (Z. Mréz [2.114])

npdo = ny(E‘de) —h(nzdo)ny(En,); (15.36)
hence
_ ng(E°de)
e hlngEny) R
and finally
do = E‘{ds—- f[—“M} N {E’— h(Ene) ® (E'ny) }de . (1539
1 +h[np(E*ng)] 1+h[np(Eng)]

The symbol ® denotes here a dyadic product of two vectors (such notation is used,
for example, by C. Truesdell), and hence the second bracketed term [in the second
form of notation of (15.38)] is also a matrix. In the case of the isotropic body under
consideration, the matrix E¢ is determined by formulae (9.2). The law (15.38) is
valid in the case of active processes, ngde > 0, and in view of (15.37)

nz(E‘de) > 0; (15.39)

in the opposite case a passive process takes place and we have do = Efde.

Formula (15.38) becomes effective only after expressing the hardening function /4
and the coordinates of the vectors n in terms of strains, and such an expression may
cause difficulties. This problem was considered in detail by D. Trifan [3.816], who
derived very general formulae of type (15.38) and by Yu. I. Kadashevitch [3.323]
in relation to the theory of residual microstresses. Formula (15.38) cannot be directly
used in the limiting case of a rigid-plastic body, since then some of the components
of E¢ tend to infinity; this limiting case was discussed by R. N. Dubey and Z. Mréz
[3.158].

The Prager-Laning equations (15.23) were experimentally tested by various
investigators: J. L. Morrison, W. M. Shepherd [3.540], H. D. Bui, J. Mandel
(cf. [3.494)), S. D. Klyatchko [3.355], O. A. Shishmarev [3.729]; on the one hand,
they confirmed the better accuracy of the incremental theories as compared with
the total theories (contrary to the earlier experiments of K. Hohenemser [3.262],
who, however, neglected plastic hardening in calculations), but, on the other hand,
those experiments showed also 'some deviations, ‘connected probably with the hy-
pothesis of isotropic hardening, included in (15.23) and not confirmed for most ma-
terials.

Effective forms of constitutive equations associated with subsequent neutral
surfaces corresponding to the hypotheses of kinematic or mixed plastic hardening
were derived and investigated by Yu. I. Kadashevitch and V. V. Novozhilov [2.80],
M. A. Eisenberg and A. Phillips [3.126], G. B. Talypov [2.168], Jand M. Tanaka
[3.788].

Finally, let us quote two important general forms of incremental laws, (15.15)
or (15.28). Assuming isotropic hardening in connection with the HMH hypothesis,
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G. H. Handelman, C. C. Lin and W. Prager [3.223] formulated in 1947 the follow-
ing non-associated incremental law:

defy = [P(I, I3g) 515+ QI 2, 133)(slkskj_;'2s oipldl s, (15.40)
where the condition of an active process (and of the applicability of that law) is
dl,, > 0. For any initial yield condition and isotropic hardening we may write,
instead of (15.40),

defy = %[P(I;,, I3) s+ QU 2s, 13,)(s,,‘su—§lh 0:1)1(doF +|doF1), (15.41)

describing in this way both active and passive processes. The law (15.41) was sug-
gested by P. G. Hodge and W. Prager [3.258].

The laws (15.40) and (15.41) are tensorially non-linear with respect to 7, (though
still linear in 7). Such laws introduce the so-called second-order effects, such as
e.g. the Poynting effect (change in length of a bar subject to torsion). Those effects
were studied in detail by A. M. Freudenthal with M. Ronay [3.183] and with P. F.
Gou [3.185], and by T. Lehmann [3.424].

15.4 Generalizations of incremental theories

Generalizations of the basic incremental law of plastic hardening (15.23) are so
varied that it is even difficult to classify them. Nevertheless, several principal direc-
tions may be distinguished.

The first direction involves more general linear deviatoric laws. Following the
idea of K. Hohenemser and W. Prager [3.263], A. A. Ilyushin [1.8] proposed in
1949 the following general law:

L,[D,] = L,[D.], (15.42)

where the linear integro-differential operator L, is of the form
t
L,[D,) = A,D,+B,D;+ | C, D dr+ ..., (15.43)
0
the operator L, is analogical, and the coefficients 4, B, C, ... are certain functions
of invariants. The law (15.42) includes all the classical theories of plasticity, but it
does not contain tensorially non-linear laws, such as (15.5) or (15.40). This law
was studied in detail by D. D. Ivlev [3.301]; Yu. I. Kadashevitch [3.324] stated
that in the case of plastic hardening the orders of the two operators L, and L,
should be equal, whereas for perfectly plastic bodies the order of L, should be higher
by one than the order of L,. Further related proposals were made by C. Hartung
and T. Lehmann [3.226], Yu. I. Kadashevitch [3.329] (higher-order derivatives)
and V. M. Panferow, R. Kh. Ismagilov, L. M. Ilyin, E. Z. Korol and V. F. Tyurin
[3.616] (for constant principal directions only).
The second direction of the generalization of incremental laws, initiated by
W. T. Koiter [3.363], is connected with the concept of plastic corners or the forma-
tion of such corners in the course of plastic hardening. If we assume that the plastic
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potential function has such a corner, then the normal is not unique in it and its
direction may lie inside a certain cone (a certain angle in the two-dimensional case).
Then the associated incremental law (15.22) may be replaced by

= J0F, OF,
def; = azha a0, 00n ———doy, (15.44)
where
h, >0 for F do, =0
0oy
(15.45)
JF,
ha =0 fOl' —aa do'“ <0

Such a law in the case of » = 6 terms was studied in detail by W. H. Warner and
G. H. Handelman [3.840]. Linear functions F,(o;;) were investigated by W. Prager
[3.654], J. L. Sanders [3.694], P. G. Hodge [3.259, 3.260, 3.261]. Further proposals
are due to J. Mandel [3.493] (dependent mechanisms of plastic flow), J. Christoffersen
[3.100, 3.102] and M. J. Sewell [3.710].

Tensorially non-linear laws (with respect to the tensors 7; and 7%) will be classified
in the third group of generalizations. Discussing the basic assumptions of the incre-
mental theories of plasticity in Sec. 15.3, we noticed that linear relations between
&f; and 45, (5), are sufficient to eliminate the time factor, but they are not necessary:
linear functions may be replaced by more general homogeneous functions of the
first degree. Such a possibility was pointed out by R. Hill [3.250] and W. T. Koiter
[3.365], but a detailed discussion is due to Z. Mréz [3.553, 2.114]. Assuming that
the increment def; depends only on the increment ds;; and on the direction of the
normal n to the actual (regular) neutral surface, Mro6z derived the following seven-
parameter law

def; = (atynyj+ oz Npeds,, +
NpadSpq
'/dsuudsuv

+ [oadsyy+ da(nydsg; +ng dsy) + as(nyngds+ ngnydsy)]

NpadSp,
+ [ogdsyds,;+ a7(ds,kdsk,n,,+ds,‘,ds,,n,,‘)]d e (15.46)

where the coefficients «,, ..., @; may depend on common invariants of the tensors
n;j, 8ij and ds;;, homogeneous of degree zero with respect to ds;;. This law may be
regarded as a generalization of (15.28) which is obtained if only «, = A is different
from zero. Paper [2.114] analyses in detail the case of two non-vanishing coefficients,
®; and «3. A certain essential difference with respect to tensorially linear laws is
seen: vector de” (in an auxiliary vector space) may change its direction depending
on vector ds, whereas in the case of linear laws the direction of de? was constant;
namely, it coincided with the normal n,. Certain other proposals, e.g. that of V. D.
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Klyushnikov [3.356] and R. A. Vasin [3.833] also belong to the type under discussion;
tensorially non-linear laws of A. A. Ilyushin will be described in Sec. 15.5. Such an
approach may be interpreted as the introduction of ds;; into the plastic potential g,
(15.13); indeed, g may be a homogeneous function of the zeroth degree of ds;;.

The fourth type of generalizations may be called semi-empirical. Since simple
(radial) deformation processes are described, as a rule, with a sufficiently high
accuracy, one attempts to describe experimental results concerning orthogonal
(circumferential) processes more accurately than by (15.23); usually the influence of
the third invariant, w,, is also taken into account. Such proposals are due to S. A.
Elsufyev [3.169], I. M. Korovin [3.376}, S. A. Khristyanovitch and E. I. Shemyakin
[3.342], S. Smith and B. O. Almroth [3.746], and V. I. Maksak [3.482). For example,
Elsufyev [3.169] used (15.23) with the stress deviator replaced by a certain other
coaxial deviator, determined by the general formulae of V. V. Novozhilov [3.580],
where two functions joining the invariants of both deviators are to be determined.

Theories consistently using the internal state variables (besides I,, and W?)
will be classified in the fifth group. We mentioned in Sec. 14.8 that in this case the
basic constitutive equations must be completed by the evolution laws determining
%uyi; and z%,. Retaining (15.15) with the plastic potential g depending on o,;; and
%, We may write the simplest evolution laws in the tensorially linear form

Aot = Awiinathlys

o . 15.47
K = B(m)lqerqs ( )

where A, and B,,,, depend on stress components and internal state variables. How-
ever, even one of the oldest evolution laws, that for the Odqvist parameter, namely

I, =Vehe (15.48)
does not conform to (15.47), and it turns out that the linear expressions on the
right-hand side of (15.47) should be replaced by more general homogeneous functions
of the first degree (such homogeneity is necessary to eliminate the time factor). Let
us mention here the papers bv Q. S. Nguyen and H. D. Bui [3.576, 3.577] and by
Z. Mréz [3.559]; other papers on this subject concern finite strains and will be
discussed in Sec. 15.9.

The sixth type is an alteration (rather than generalization) of (15.23) consisting
in introduction of maximal shearing stresses and of maximal shearing strains into
constitutive equations. It is claimed by S. A. Khristyanovitch [3.343], J. Gouzou
and R. D’Haeyer [3.208] that such an approach describes experimental results
better than the Prager-Laning equations do.

The “analytical” proposal of V. D. Klyushnikov [1.12], mentioned several
times in the preceding sections, may also be treated as a generalization of the Prager—
Laning law (15.23). Namely, the law (15.23) may be written in the form

de? = hs|ds|f(a), (15.49)
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where a« denotes the angle between the vectors s and ds; further

cosa if 0<a<in,
f(a)— 0 lf 1

37!< AR

In fact, as Klyushnikov remarks, an active process takes place for obtuse angles
as well, but then the changes of plastic strains are very small. Abandoning the distinc-
tion of passive processes, i.e. assuming that each process is to certain degree active,
we may describe the function f(«) in a uniform analytical manner instead of (15.50);
Klyushnikov proposes, for example,

w 20
f(@) = (H%‘f) = (cos%) (15.51)

with the recommendation of @ = 2 as a good description of experimental data.
A comparison of (15.50) and (15.49) for @ = 2 is shown in Fig. 78. Though the

(15.50)

Aoy
a simple process
typical "piastic corner” hypothesis

Klyushnikov (15.51)

angle defermining the corner

active processes
0 o
noplastic” / (15.50) IT infinitely
corner 2 passive processes Sharp corner

Fig. 78. A comparison of the Prager-Laning and the Klyushnikov hardening rules

Prager-Laning function (15.50) cannot be regarded as a particular Jcase of (15.51),
nevertheless one can choose such a family of differentiable functions as to obtain
the non-differentiable function (15.50) as their limit. A typical “plastic corner”
hypothesis is also shown in Fig. 78. The Klyushnikov proposal (15.51) may be called
the “hypothesis of an infinitely sharp plastic corner”.

Let us also mention several related papers. H. Ziegler [3.871] 'investigated the
problem of coincidence of principal axes of stresses and strain rates in the case of
anisotropic hardening. W. Olszak and P. Perzyna [3.601] discussed neutral surfaces
depending on time as a parameter; such a situation may take place, for example,
as a result of changing temperature or humidity of the body. V. V. Moskvitin [3.547,
3.548] analysed the influence of microcracks on the constitutive equations of plas-
ticity. G. Brinkmann [3.78] considered second-order constitutive laws, expressing
plastic strain increments in terms of stresses and total strains. R. J. Green [3.216]
derived constitutive equations for porous solids. J. Bahuaud and M. Boivin [3.27]
discussed the influence of plastic compressibility on variously defined coefficients
of transversal deformation. P. Mazilu [3.513, 3.514) combined (15.23) with a non-
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linear description of elastic deformations. The results of calculations based on
various constitutive equations were compared by K. Sh. Babamuradov and Zh.
Kultursynov [3.20] on the example of a thin-walled tube subject to combined loadings,
Many proposals of constitutive equations were discussed in survey papers by T.
Lehmann and K. Thermann [3.422], A. A. Vakulenko and L. M. Kachanov [3.829].

15.5 The Ilyushin geometrical theory of plasticity

A distinct phenomenological approach to the basic concepts of the theory of plas-
ticity was suggested in 1954 by A. A. Ilyushin [1.10]. He introduced auxiliary five-
dimensional vector spaces, described by us in Sec. 10.3, and made use of them in a much
more essential manner than had been done with similar spaces before; namely,
he made use of geometrical invariants of trajectories in such spaces. Therefore we
call his (second) theory the geometrical theory of plasticity. The main postulates
and basic equations of this theory were presented in papers [1.10, 3.287, 3.288,
3.289, 1.11, 3.292].

Consider a process prescribed in strains. Ilyushin assumed that &, has no in-
fluence on the process, and hence the five independent coordinates of the strain
deviator may be regarded as the exertion factors. Instead of those “non-symmetrical”
quantities, five “symmetrical” components e; of the vector e may be introduced
by formulae of type (10.3). This symmetrization procedure is an essential point
of the theory, since only then the geometrical invariants of the trajectory are also
invariant to rotation of the physical reference frame.

The functions e; = ¢;(¢), i = 1, 2, 3, 4, 5, considered as known, determine the
trajectory in the auxiliary five-dimensional strain space. This trajectory is characteriz-
ed by five independent geometrical invariants, for example

dn+ 1 e
1
dsi*

where s, denotes the current length of the strain trajectory

le] =y ee = l/eueu» Hp =

, n=1,2,3,4, (15.52)

t e
o / de‘ de‘
Se = S a?z?d't. (15.53)

This quantity is close to the Odqvist parameter, (14.13), but plastic strains are
replaced here by total strains. Further, |e| is proportional to the strain intensity,
and #, determines the curvature of the trajectory. It may be proved that the following
five unit vectors

de 1 d?e 1 dde
p; = ds.’ P2 = gy pPs = e A% (15.54)

are mutually orthogonal and may be assumed as a local reference frame in the
five-dimensional strain space. In the case of a three-dimensional space the relevant
directions would coincide with the directions of the tangent, the normal and the
binormal, respectively.
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Denote now by s the auxiliary five-dimensional vector in the stress space,
corresponding to e; it represents the dependent quantities (the sixth quantity o,
either may be found from the law of volume change, or, in the case of incompress-
ibility, must be regarded as known). Formally, each vector s may be decomposed
in the reference frame (15.54) as follows:

s =S,p,. (15.55)

Now, the central idea of the Ilyushin geometrical theory is called by him the postulate
of isotropy. This postulate may be expressed as follows [3.431]: for a deformation
of an originally quasi-isotropic solid from its virgin state (e = 0), the image in
the stress space is invariant with respect to the transformations of the strain trajectory
by means of rotation or reflection. In other words, the functions S, in (15.55) depend
only on the intrinsic geometry of the strain trajectory and not on its position (initial
direction) in the strain space. The constitutive equations of plasticity become effective
if we evaluate (experimentally, as a rule) the functions S,,.

The postulate of isotropy may be considered as consisting of two parts. First,
if we change (rotate) the physical reference frame, then the deviatoric components
e,; change, the auxiliary vector components e; also change, and so does the trajectory
e¢;(t). However, Ilyushin proved that such a change corresponds to a rigid rotation
of the five-dimensional reference frame, and hence the geometrical invariants (15.52)
remain unchanged. Conversely, the second aspect of the postulate of isotropy cannot
be proved mathematically, but only verified experimentally, since rotations and
reflections of the trajectory in the five-dimensional space describe a much wider
class of processes than the identical processes described in the rotated physical
reference frame. Whereas the first aspect of the postulate of isotropy holds for any
material (isotropic or anisotropic), the second aspect is in the Ilyushin space limited
not only to isotropy but to a restricted class of isotropic bodies. For example, this

40Ty 2
Subsequent neutral
surface (a)
trajectory (a)
trafectory(l b)/— initial nevtral surface
4 5/ =8x l’g =6x 6_
trajectory (c)
subsequent nevtral (
surface (6) Subsequent nevlral
surface (¢)

Fig. 79. The Ilyushin postulate of isotropy
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postulate requires first plastification to be determined only by the length of the
straight trajectory, and hence the material must be governed by the Huber-Mises—
Hencky initial yield condition (mapped by a hypersphere). Further, this postulate
implies for rotated trajectories an appropriate rigid rotation of subsequent neutral
surfaces (the same deformation of those surfaces at the corresponding points of the
trajectories), Fig. 79.

Assuming, for example, S, = S§; = S, = S5 = 0, we obtain

de
S = Slp‘ = S]“as—e, ) (15-56)
and, after contraction and evaluation of S, ,
/ = :
/ d
de; = E d?;l s Sij- (15.57)

Equation (15.57) is reminiscent of the incremental theory, and for simple loading
coincides with the Hencky-Ilyushin total strain theory; the important difference
consists in the fact that plastic strain increments are replaced in it by total strain
increments. If we retain S,, n > 2, in (15.55), then higher-order derivatives with
respect to time are introduced into the constitutive equations. The invariant functions
S, should be determined experimentally.

The law (15.55) is effective at regular points of the trajectory; at singular points
(corners of the trajectory), the quantities x, increase infinitely. For such cases Ilyushin
[3.289] derives the constitutive equation

de = lﬁd5+%ggsls, (15.58)
where N = 2G in the virgin state, but may also depend on the actual deformation
(change of elastic constants resulting from plastic deformation). This law may be
regarded as a direct generalization of the Prager-Laning law in the form (15.31);
the only difference is that / in (15.31) does not depend on ds, whereas Ilyushin
assumes that P in (15.58) depends on ds, being a homogeneous function of the zero
order of that increment (the tensorially non-linear law).

The first experimental verification of the postulate of isotropy was performed
by V. S.-Lensky [3.429, 3.430, 3.286, 3.431, 3.433]. Some results for copper speci-
mens subject to a combined tension-torsion test [3.431], are encouraging indeed:
the vectors show stresses at subsequent points of the strain trajectories and the
differences for a reflected trajectory are of the order of 10 per cent, Fig. 80. Of
course, for the materials not governed by the HMH hypothesis the postulate of
isotropy has no chances (without appropriate generalizations); hence its name is
too broad and does not correspond to general isotropy. Probably the term postulate
of I-isotropy (where I, is understood as /,. or /,;) would be more adequate. This
lack of generality and some other features of the theory were criticized by D. D. Ivlev
[3.306, 3.307], followed by a longer discussion between V. S. Lensky [3.434], A. A.
Ilyushin [3.290, 3.291] and V. V. Novozhilov [3.581, 3.582]. The replacement of
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Fig. 80. Lensky’s verification of the postulate of isotropy

the Odqvist parameter by (15.53) seems also inconvenient for the effective formulation
of the constitutive equations.

Many further series of experiments confirmed the postulate of isotropy for
various materials and various types of loading. This postulate, originally formulated
for the strain space, may also be applied to the trajectories in the stress space. Such
a formulation was experimentally verified by L. S. Andreyev for steel 40 [3.5, 3.7,
3.8] and for brass L68 [3.6], by B. D. Annin and B. P. Rusov [3.9] for copper, by
0. A. Shishmarev [3.728] for mild steel. Yu. N. Shevtchenko and R. G. Terekhov
confirmed the postulate of isotropy for various types of tests [3.716] (tension with
internal pressure was compared to tension with torsion) and for changing principal
directions [3.795]. The experiments of T. Ota, A. Shindo and H. Fukuoka [3.607]
on mild steel tubes subject to tension and torsion may—to a certain degree—serve
as a verification of the postulate of isotropy as well (symmetry of subsequent neutral
surfaces). It may be concluded that if the material obeys the HMH hypothesis, it
obeys also the postulate of isotropy (with the accuracy of the order of 10 per cent).

The differences may become larger in the case of variable repeated loading.
Y. Ohashi, M. Tokuda and H. Yamashita [3.591, 3.593] verified in this case the
postulate of isotropy for mild steel, found the influence of the third deviatoric in-
variant more essential and proposed a method of eliminating that influence.
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A certain simplified variant of the geometrical theory of plasticity, called the
hypothesis of local determinacy was introduced by V. S. Lensky [3.429, 3.435, 3.436].
Instead of (15.55) he writes the constitutive equations in the form

oo
a =SB0, B2y B850, (15.59)
where
SP;
= 15.60
Cosv; ISI ( )

and p; are defined by (15.54). In the simplest case (15.59) may be reduced to (15.58).
Experimental verification of (15.59), besides of Lensky, was performed by Z. B. Dao
[3.125). Other simplified variants of the geometrical theory were given by V. L.
Malyi [3.491, 3.492] (developments in power series of a small parameter) and by
R. A. Vasin [3.834). A general survey paper on the basic assumptions, simplified
variants and experimental verifications of the Ilyushin geometrical theory of plasticity
was published by P. M. Ogibalov [3.590].

Let us also mention another direction of the theory of plasticity, essentially
based on geometrical considerations and proposed by K. Kondo [3.367, 3.368,
3.369, 3.370]. He introduced a non-holonomic six-dimensional space of averaged
coordinates of individual particles and of their fluctuations, and presented plastic
deformations as a transformation of a three-dimensional subspace of that space
into a non-Riemannian one.

15.6 'Theories based on the concept of slip

The constitutive equations of plastic hardening described above are typically phenom-
enological, convenient for engineering applications but with a rather weak. physical
background. Physically, plastic deformations in metals may be presented as resulting
from slips in single crystals. Hence, side by side with the purely phenomenological
theories, the theories based on the concept of slip were also developed.

The first proposals of the description of slips in single crystals are due to G. L.
Taylor and C. F. Elam [3.790, 3.792], and to E. Schmid [3.702]. Schmid established
the law of critical shear stress, stating that slip takes place when the resolved shear
stress reaches a critical value and that this value is unaffected by the magnitude
of the normal stress on the slip plane.

S. B. Batdorf and B. Budiansky [3.40, 3.41] extended the slip concept to real
metals treated as polycrystalline aggregates. The aggregate is considered as composed
of randomly oriented crystals and after an averaging process the assumptions of
homogeneity and isotropy in macroscale are justified. Further, it is assumed that
each crystal in the aggregate has only one slip system and there is no interaction
of individual crystals.

Consider an elementary cross-sectional area d@ in a plane with the normal &.
Slip in the direction % in this plane takes place if the shearing stress 7, exceeds
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Fig. 81. The Batdorf-Budiansky theory of slip

the corresponding yield-point stress 7,, Fig. 81. The resulting plastic shearing strain
¥k, is assumed to be a function of 7, only; namely, y%, = F(7g,), where the function
F determines plastic hardening and should be evaluated experimentally, from the
simple tension test. This part of the theory is of phenomenological character. Bat-
dorf and Budiansky propose to assume the function F in the form of the following
series or of the polynomial

if Te,) < To,

0
¥8 = F(zy,) = Zb"(& _1)" it 7> 7o (15.61)
To

Any strain component &f; in the Cartesian system xyz corresponding to the defor-
mation of a single crystal may be calculated from the transformation formulae in
which only £, is retained:

su = %—(a,ea_,,,+a‘,,a_,e)‘y5,,. (15.62)

This formula is of course understood without summation over & and 7. Now we
have to take into account various crystal orientations and various slip planes. To
this end, (15.62) is integrated over all directions 8 in the slip plane and over all
planes passing through the point under consideration (over the unit hemisphere Q
shown in Fig. 81):
n)2
e =3 (dQ ( (apa,+ai,a,)F(re,)dp. (15.63)
2 —n/2
The integration over 2 may be performed in spherical coordinates o, ¢; the relevant
formulae for the cosines a;, a;,, a,¢, a;, are given in [3.40]; namely,
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aye = sinacos@, @, = cosasinf —sinacospfsing,
Ay = COSACOSQP, @y, = —sinasinf—cosacosPsing, (15.64)
a, = sing, a,, = cosfising.

A further development of the above theory is due to P. Cicala [3.104, 3.105], B.
Budiansky, Z. Hashin and J. L. Sanders [3.81]. J. F. W. Bishop and R. Hill [3.63,
3.64] praved the normality of the plastic strain increment vector to the neutral
surface for a rigid-plastic polycrystalline aggregate; the proof was based on the
principle of maximal plastic work. W. T. Koiter [3.363] noticed that the slip theory
may be regarded as an incremental theory with infinitely many intersecting segments
of neutral surfaces.

Although certain experiments indicated the superiority of the slip theory, e.g.
over the hypothesis of isotropic hardening (F. D. Stockton [3.770], J. Marin and
L. W. Hu [3.506]), nevertheless essential deviations from experimental results were
observed as well, and some theoretical deficiencies were also pointed out. Y. Yoshi-
mura [3.854] remarked that F(7,) in (15.63) cannot be regarded as a material
function, but, in general, depends on the type of the stress state. According to I.
Knets [3.361] these critical remarks were based merely on approximation errors
of empirical curves, but I. D. Rogozin [3.679, 3.680] supported Yoshimura’s attitude,
and stated that the function F depends essentially on the Lode parameter u,. Hence
many alterations of the slip theories were proposed.

T. H. Lin [3.451, 3.452, 3.453] proposed a slip theory taking into account the
possibility of three slip directions instead of one. He assumes that the resolved
shearing stress depends on the sum of the three slips on the crystal plane, 7 = f(y, +
+9,+73). A further development of this concept is due to H. Payne [3.621]. T. H.
Lin and M. Ito [3.454, 3.455] proposed a method of calculating subsequent neutral
surfaces and deriving constitutive equations for an aggregate from the single-crystal
characteristics, but the final formulae are lengthy and not convenient for engineering
applications. These investigations were summarized in the book [3.465] and in the
survey paper [3.457), whereas the paper by T. H. Lin, Y. M. Ito and C. L. Yu [3.459]
presents a new, more accurate variant of the slip theory of plasticity.

Another variant of the slip theory, proposed by A. K. Malmeyster [3.484,
3.485, 3.486, 3.487, 3.489], was called the theory of locality of deformations. Shearing
strains along any local plane of slip or twinning were regarded as mechanisms of
plastic deformation. Making use of N. N. Afanasyev’s averaging process, [3.1],
Malmeyster derived the formula

1
efj = '8?SF(Teq)(aleaj”‘l'a‘,‘aJe)d-Q (15.65)
Q

where y?, = F(t.,) denotes shearing strain in the local plane, and 2 the surface
of the unit sphere. Comparing this with the Batdorf-Budiansky proposal (15.63),
we find no integration over #, which is unjustified in Malmeyster’s opinion. A further
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development of the theory of locality of deformations is due to A. F. Zilauts [3.876]
(derivation based on tensor analysis), A. F. Kregers [3.391, 3.394] (application to
tension with torsion, plastic compressibility), G. A. Teters [3.797, 3.798] (a new,
generalized variant and its application to the shell theory), and V. Ya. Sausin [3.695,
3.696] (theory of locality analysed in the Ilyushin space). A detailed discussion of
many variants of the theory of locality of plastic deformations may be found in the
surveys by I. V. Knets [3.361, 3.362].

M. Ya. Leonov and N. Yu. Shvayko [3.440, 3.441] proposed another theory
based on the concept of slips, called the “theory of anisotropically hardening plane-
plastic medium”. The “plane-plastic medium” is understood as a coincidence of
plane stress with plane strain, which is typical for pure shear states. This theory,
which may be regarded as a generalization of the Batdorf-Budiansky concept,
was extensively developed, mainly in Frunze. Let us mention the papers by M. Ya.
Leonov [3.442, 3.443, 3.444, 3.445, 3.448], the same author with E. I. Blinov [3.446],
with V. Ya. Molotnikov and B. A. Rytchkov [3.447, 3.449], with B. Bayterekov
[3.42]; K. N. Rusinko [3.685, 3.686]; Rusinko with E. I. Blinov [3.687, 3.68], with
V. I. Kuneyev [3.688, 3.403], with A. E. Kalatinets and S, S. Dreval [3.689]; N. Yu.
Shvayko [3.736], Shvayko with Yu. V. Klyshevitch [3.734], with Ya. I. Rudayev
[3.735], with L. B. Zagovaylov [3.856]; Ya. I. Rudayev [3.683], N. N. Kudryashov
and B. A. Rytchkov [3.401], E. I. Blinov [3.69, 3.70], A. E. Kalatinets [2.81], and
V. I. Kuneyev [3.404]." Particular attention was paid to trajectories with corners,
to the description of the Bauschinger effect and to the deviations from the Ilyushin
postulate of isotropy.

M. Como and S. D’Agostino [3.108] introduced the Bauschinger effect into
the Batdorf-Budiansky theory and presented the stress-strain relations in incremental
form. A paper [3.110] by M. Como and A. Grimaldi introduces the “plane body
plastic model”, to a certain degree similar to that of Leonov and Shvayko. These
concepts were developed in [3.109, 3.111, 3.113].

E. Kréner [3.397] proposed a model of a polycrystalline metal which took grain
interactions into account and was limited to small plastic strains. B. Budiansky and
T. T. Wu [3.82] and J. Hutchinson [3.280] used this model for calculating the overall
stress-strain behaviour of the polycrystal. A similar model proposed by R. Hill
[3.251, 3.252] used another method for calculating the stresses and strains in indi-
vidual grains; a further development of this concept is due to J. Hutchinson [3.281],
and to K. S. Havner [3.230, 3.231]. A statistical approach to the description of
grain interactions was suggested by A. G. Kostyuk [3.379]. Y. Hara [3.225] combined
the Batdorf-Budiansky concept with the HMH yield condition. J. Cerny [3.120]
suggested a model taking account of normal stresses and strains in the slip plane as
well.

As we mentioned in Sec. 14.7, the slip theories predict the formation of a corner
at the control point in the stress space. This problem was discussed in detail by
V. D. Klyushnikov [3.357, 3.358, 3.359], who compared the results of various theories
and models.
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15.7 Plastic deformations at variable temperature

In Sec. 1.6 we classified temperature as an accessory exertion factor; indeed, in
many cases it may be regarded as a certain fixed parameter. However, if in the
course of a process essential changes of temperature take place, then we have to
regard temperature as a new independent variable, i.e. to increase the number of
dimensions of the space of exertion factors. The influence of temperature changes
may be significant: for example, a proportional decrease of the stress components
may cause an active process, if it is combined with a simultaneous sufficient increase
of temperature.

Though several simple thermoplastic problems were solved as early as the
forties, the first general description of anisothermal plastic deformations—with
reference to the incremental theory—is due to W. Prager [3.657], 1958. He assumed
the equation of subsequent neutral surfaces in the form

F(Uu, sfl, Wp, n = 0. (15.66)

This equation may be regarded as a certain generalization of (15.11) to the case of
variable temperature with the simultaneous replacement of the Odqvist parameter
by plastic work W?. A neutral process, separating active and passive processes, is
here defined as follows: plastic work W? and plastic strains &f; do not change, but
the equation F = 0 should hold as before; hence

oF oF
2a dou+ 4T = 0. (15.67)

In the case of plastic hardening a positive value of the left-hand side of (15.67)
determines an active process, whereas a negative value determines a passive process. -
Thus the generalization of the incremental law (15.15) satisfying the requirement
of a continuous description of neutral processes may be written in the form

dst, = h-28 og ( oF oF

o e T) (15.68)

(Prager applied the associated incremental law, assuming g = F).

Consider a plastically active process. Following the way described in Sec. 15.3,
we write

oF OF ypp OF g o OF
a o dO'“ ade'f- —as—fjd 6W’ O'Udé’u = 0. ‘ (15.69)

substituting (15.68) and cancelling by the expression in the bracket, we obtain

1+(3F OF o 1528 =), (15.70)

dep T awv"“)" 90,
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Calculating the function & and substituting it into (15.66), we may write the final
equations of the incremental theory in the form
og | OF oF )
30,_, ao'“ da“+ —ﬁdT

og [ OF oF -
OO \ 0€2,  OWP ™

defy = — (15.71)

This notation, general (but without a consistent use of internal state variables),
comprises most hypotheses of plastic hardening described in Sec. 14. Various particu-
lar cases were investigated by B. A. Boley and J. H. Weiner [3.71], P. M. Naghdi
[2.119], . Z. Palley and E. A. Konyayev [3.613, 3.371, 3.614] (generalization of the
Kadashevitch-Novozhilov theory of residual microstresses), A. A. Vakulenko and
I. Z. Palley [3.827] (effect of strain rate on the deformation process), I. A. Birger and
I. V. Demyanushko [3.60, 3.62], Yu. G. Korotkikh and S. M. Belevitch [3.373,
3.374) (dynamical problems), A. G. Ugodchikov and Yu. G. Korotkikh [3.823].
T. Y. Chang [3.94] and T. Tokuoka [3.806] presented constitutive equations in
a form solved with respect to stress rate components. A general theory of thermo-
plasticity based on extensive experimental investigations was proposed by by A.
Phillips and R. Kasper [3.638].

The total (deformation) theory of plasticity was also generalized to the case of
anisothermal processes, even earlier than the incremental theory. The key problem
is here the definition of a simple process, and, consequently, the ranges of applic-
ability of the theory. This problem was first discussed in 1950 by P. M. Ogibalov
[3.588] (material constants not depending on temperature), then by A. G. Zhuravlev
[3.869], 1. A. Birger [3.61], V. N. Churakov [3.103], V. V. Moskvitin [3.549], Yu. N.
Shevtchenko [3.713, 3.714], V. S. Lensky and V. A. Lomakin [3.437] (constants
depending on temperature). Yu. N. Shevtchenko proved in [3.711] two theorems
concerning passive processes and reverse active processes, and in [3.712] discussed
changes of elastic moduli resulting from thermoplastic deformations. A theory of
passive processes with elastic moduli depending on temperature was developed
by V. L. Rozenblyum [3.682]. Yu. N. Shevtchenko with R. G. Terekhov [3.718,
3.796] postulated the existence of a thermomechanical surface & = f(o, T), any
anisothermal deformation process being presented by a line on that surface, and
verified this postulate experimentally. I. A. Birger and I. V. Demyanuskho [3.62]
derived the equations of a deformation theory of thermoplasticity in incremental
form.

Theories of thermoplasticity using internal state variables were initiated in
the papers by A. A. Vakulenko [3.824, 3.825, 3.826]. Cyclic thermoplastic processes
were described in this way by Z. Mréz [3.559]. The basic equations of coupled
thermoplasticity (taking account of the thermal effects of plastic deformations)
were derived and applied by B. Raniecki and A. Sawczuk [3.665]; they used one
scalar internal state variable. The papers dealing with finite thermoplastic strains
will be listed in Sec. 15.9.
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D. C. Drucker in paper [3.152] extended his stability postulate to anisothermal
processes; however, the class of stable materials is very narrow in this case, since
the stability postulate requires, as a rule, that the yield-point stress should increase
with temperature, which contradicts most experimental results.

Finally let us mention several related papers. V. S. Zarubin and A. A. Polyakov
[3.858, 3.859, 3.860, 3.861] developed a theory of thermoplasticity based on the
concept of slip. V. P. Demutsky and R. V. Polovin [3.131] derived the fundamental
equations of magnetoplasticity based on thermodynamic considerations. The prob-
lems of quenching and phase transitions were considered by T. Mura [3.563], V. A.
Lomakin [3.464], P. Perzyna and A. Sawczuk [3.627], T. Inoue and K. Tanaka
[3.295]. The basic equations of plasticity of irradiated materials were derived by
V. S. Lensky [3.432] (total theory), T. Y. Thomas [3.803], Yu. N. Shevtchenko
[3.715] (incremental theory) and P. Perzyna [3.626] (internal state variables theory).
W. L. Greenstreet and A. Phillips [2.44] described thermoplastic processes in arti-
ficial graphite.

15.8 Theories of plastic softening

Certain peculiarities appear in the description of plastic softening, observed, for
example, between the upper and the lower yield points in the case of steel specimens.
For other materials this phenomenon may be even more important; it corresponds
to material instability, since the Drucker definition of stability does not hold at the
stage of a falling stress-strain curve. Investigations of plastic softening are also
essential for the construction of a more general uniform theory valid for the levels &
and # as well, where material instability may be complemented or replaced by
structural instability.

The first investigations are due here to G. Maier and D. C. Drucker [3.471],
1966. Further papers were written by the same authors with A. C. Palmer [3.615],
and by G. Maier [3.472, 3.473, 3.474, 3.475]. The authors found that neutral surfaces
for plastically softening bodies may be concave and examined the magnitude of
that concavity. The case of cyclic work-softening was discussed by W. R. Powell
[3.648].

Stress components treated as exertion factors given in the case of plastic soften-
ing no unique description of the process, since, for example, decreasing stresses
may correspond either to a passive or to an active process. On the other hand, uni-
queness is obtained if we prescribe the process in strains (total strains). Such an
approach will be presented here after V. A. Ibragimov [3.284] with slight modi-
fications.

Our considerations will be restricted to deviators, and hence we rewrite the
equation of a subsequent neutral surface (15.11) in the form

F(syy, efy, I,) = 0. (15.72)
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Eliminating stress components by using Hooke’s law for an isotropic body, we may
write

F[2G(ei;—ef)), efj, I,) = 0. (15.73)
It can be seen that at constant plastic strains 0F/de;; = 2G0F/ds,;;, and hence (15.14)
takes the form

h 6g JoF

del; = 36 “Oe;; Oey
where g denotes the plastic potential (Ibragimov assumed g = F). The solution of
(15.74) with respect to def; presents some difficulties, and we may postulate another,
but related law

(dey, —defy) (15.74)

dg OF
ae‘ j aeu
which also satisfies the requirement of a continuous description of a neutral process.
Hence

def; = =2 dey, (15.75)

ds,; = 2Gdef; = 2Gde;;— 2Gh—o— ——dey,. (15.76)

This constitutive equation describes plastic softening if the values of the function A
are sufficiently large. Namely, multiplying both sides of (15.76) by 6?/6@,, we
obtain

=20 a1 ).
and for a sufficiently large 7 we obtain the inequalities (0F/de;)ds; < 0 at
(0F|de;;)de;; > 0, typical for plastic softening.

Q. S. Nguyen and H. D. Bui [3.577] proposed another method of description
of plastic softening, using the space o xa, where «; are internal state parameters.
V. A. Ibragimov and V. D. Klyushnikov [3.282] investigated types of differential
equations appearing in the theory of plastically softening bodies.

15.9 Theories of finite plastic strains

Finite-strain theories are, in principle, beyond the scope of this book, nevertheless
we quote here several basic references. The following differences, mainly compli-
cating, arise here in comparison to small-strain theories: (1) influence of geometry
changes of the element, resulting in differences between true stresses and nominal
stresses; (2) classical measure of strain is inadequate and often should be replaced
by logarithmic strain (cf. Sec. 7.7); (3) Eulerian and Lagrangian coordinates are
clearly distinguished; (4) decomposition of finite strains into their elastic and plastic
parts presents difficulties (cf. Sec. 8.8); (5) finite rotations of the element if present,
result in even more serious complications than finite strains.

In the case of constant principal directions, where the problem of rotations is
practically eliminated, the simplest theory of finite plastic strains, proposed in 1937
by A. Nadai and E. A. Davis [2.118, 3.128, 3.129, 3.566], may be useful. They pos-
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tulated a simple extension of the law of similarity of deviators to true principal
stresses g, (related to the actual cross-sectional area) and to logarithmic plastic
strain increments def ; namely, for constant material coordinates X;,

def! = s,d®, J=1,2,3. (15.78)
The function @ is given by
deff 3 dJs
4D — 1/ dejdej _ . /3 dlyp (15.79)
Sk Sk 2 o,

and should be determined by one test, for example the simple tension test; dIf
stands here for the increment of the Odqvist parameter for logarithmic (Hencky)
strains, and o, denotes the intensity of true stresses. If the ratios of principal stresses
are kept constant during the process, then (15.78) may be integrated, and we obtain
an even simpler form of the relations

3 &
e",’ = ¢SJ == -—2- fo;" Sz (15'80)

resembling the Hencky-Ilyushin equations (9.28) and (15.2). Of course, the range
of application of (15.78), and particularly of (15.80) is sharply restricted, nevertheless
these equations describe the two main features of finite strains: (1) influence of
geometry changes, i.e. resignation from the principle of rigidification, (2) correct
correlation (roughly speaking) between the results of tension and compression tests,
where the logarithmic strain measure gives much more adequate results than the
conventional one. Further investigations in this direction are due to G. A. Smirnov—
Alyayev and V. M. Rozenberg [3.742, 3.743], F. Korber and A. Eichinger [3.384],
J. E. Dorn and A. J. Latter [2.27], and V. A. Lomakin [3.463].

In some problems principal directions are materially fixed, being variable in
spatial coordinates (e.g. in rotationally symmetric shells); in these cases Eq. (15.78)
may also lead to satisfactory results. On the other hand, the problem of applicability
of integration of (15.78) to the form (15.80) is much more difficult than in the case
of small strains: L. I. Sedov [2.150] showed that the Ilyushin theorem on simple
loading is no longer valid here and that one cannot find a type of loading for which
(15.78) can be simultaneously integrated at each point of the body (except the trivial
cases of homogeneous stress). B. E. Pobedrya [3.645] introduced for finite strains
the notion of “simple loading in a broader sense”, which takes place if

&,(t) = A(t)By+pu(t)Cyy, (15.81)
where ¢, stands for a characteristic tensor, for example the Langrangian strain
tensor &5, (7.8). This notion may be useful in considering the ranges of applicability
of (15.78) and (15.80). This problem was also discussed and experimentally veri-
fied by R. K. Mittal [3.535], Yu. N. Shevtchenko, V. G. Savtchenko, R. G. Terekhov
and A. L. Borisyuk [3.717].

Theories accounting for finite strains and finite rotations were initiated in the
fifties and were at first connected with general rheology (J. G. Oldroyd [3.594])
or hypo-elasticity (C. Truesdell [3.819], A. E. Green [3.211]). A related proposal
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is due to R. Hill [3.249, 3.250], and further results in this direction were obtained
by T. Tokuoka [3.805, 3.807].

Another direction of development of the theory consists in straight generaliz-
ations of the existing geometrically linearized theories of plasticity; in most cases,
however, elastic strains are assumed here to remain small or even are neglected.
It was T. Y. Thomas [3.801, 3.802, 2.171], who first generalized the Levy-Mises
and the Prandtl-Reuss equations for a perfectly plastic body. These equations are
discussed and compared to those based on hypo-elasticity by A. C. Eringen [2.31],
W. Olszak, Z. Mréz and P. Perzyna [3.600]. Constitutive equations describing
isotropic plastic hardening were extended to finite strains by T. Tokuoka [3.804]
and N. Fox [3.181], and those describing anisotropic hardening by T. Lehmann
[3.419, 3.420, 3.423, 3.424], L. H. N. Lee and J. T. Horng [3.418]. Generalizations
of the slip theory were given for monocrystals by J. Christoffersen [3.99)], and for
polycrystalline aggregates by J. R. Rice [3.674], and K. S. Havner [3.232, 3.233].

In the case of finite strains and finite rotations, particularly analysed in spatial
coordinates, the notion of an increment of a tensorial quantity is not unique, and
instead of increments various forms of material derivatives are employed (W. Prager
[2.135], L. I. Sedov [3.705], R. Hill [3.254], A. J. M. Spencer and J. E. Ferrier [3.763],
cf. also Secs. 6.4 and 7.6); hence it is more adequate to use the term rate type theories
for generalizations of the relevant “incremental” ones. That term was introduced
by A. E. Green and P. M. Naghdi [2.41] in order to distinguish such theories from
an alternative, functional approach to constitutive equations.

Theories considering both elastic and plastic strains as finite ones (cf. Sec. 8.8)
belong to the third group of papers. Though in most applications elastic strains are
small, such theories have the virtue of being general and uniform and may be used
in some exceptional cases, e.g. if the body is subject to explosive or impact loadings.
The first proposal is due here to M. E. Backman [3.26], and a general theory was
given by A. E. Green and P. M. Naghdi in the above-mentioned paper [2.41], 1965,
and in [3.213]; their equations describe the initial anisotropy of the material and
also anisothermal processes. An independent, more specific approach was proposed
almost simultaneously by E. H. Lee and D. T. Liu [3.415, 3.416, 2.94]; the relations
between these theories and some controversial points were discussed by Green and
Naghdi [3.214, 3.215], K. A. Holsapple [3.266], F. Sidoroff [3.738], E. H. Lee and
P. Germain [3.417]. Further proposals of rate-type constitutive equations for finite
elastic and plastic strains are due to L. B. Freund [3.186], J. B. Haddow and T. M.
Hrudey [3.220], H. Kitagawa and Y. Tomita [3.346], H. T. Hahn and W. Jaunzemis
[3.221, 3.222], J. R. Osias and J. L. Swedlow [3.606], T. Lehmann [3.426], M. Kleiber
[3.347] (perfect plasticity), P. M. Naghdi and J. A. Trapp [3.569, 3.570, 3.571].
Let us also mention here some related papers: T. Lehmann [2.96], Yu. G. Korotkikh
[3.375], T. Lehmann and G. Zander [3.427] analysed in detail large thermoplastic
strains, and O. Bruhns [2.11, 2.12] quasi-cyclic processes.

The functional theories of finite plastic strains explicitly introduce the history
of the process into the constitutive equations. This direction was initiated by A. C.
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Pipkin and R. S. Rivlin [2.129], who treated elastic-plastic materials as a particular
case of rate-independent materials with memory. P. Perzyna [3.624] and K. A. Hols-
apple [3.265] considered elastic-plastic materials as a particular case of simple
materials, defined in general rheology. Further related concepts are due to D. R.
Owen [3.609, 3.611], K. C. Valanis [3.831, 3.832], and J. Lubliner [3.468, 3.469].

An alternative method of taking the history of the process into account is
based on the consistent introduction of internal state variables. Such an approach
for finite strains, mentioned by L. I. Sedovand M. E. Eglit [3.706, 2.151], was devel-
oped by P. Perzyna and W. Wojno [3.625], who extended the theory of B. D. Coleman
and M. E. Gurtin [3.107] to plasticity and considered elastic-plastic material as
a particular case of a visco-plastic one. As internal variables they assumed the
components of a certain tensor, called the “inelastic deformation tensor” and deter-
mined by the solution of the initial-value problem for an ordinary first-order differen-
tial equation. Further proposals are due to J. Kratochvil and O. W. Dillon [3.385,
3.135, 3.387], C. Teodosiu and E. Kroner [3.794, 3.400], J. R. Rice [3.674] (internal
variables identified with local shearing strains or with dislocation glides), R. Hill
and J. R. Rice [3.257], Y. S. Wang [3.838], J. Mandel [3.495, 3.496], F. Fardshisheh
and E. T. Onat [3.173], F. Sidoroff [3.739]. The above-mentioned paper by Valanis
[3.831] also made use of internal state variables. The conditions of equivalence of
descriptions of materials by means of functionals and with the aid of internal state
variables were investigated by W. Kosiriski and W. Wojno [3.378].

Let us also mention the approach of M. L. Estrin [3.172], who applied operators
of the Lie algebra to the derivation of constitutive equations of plasticity.

A difficult problem is the fitting of a general constitutive equation to experimen-
tal data available for the material under consideration. A certain “inverse” method
was suggested here by J. Kratochvil and N. Zarubova [3.388] in connection with
the finite-strain, internal-variable constitutive equations of thermoplasticity pro-
posed by J. Kratochvil [3.386].

There exist states of finite deformation which can be realized for any constitu-
tive equations describing a certain class of materials. J. L. Ericksen [3.170, 3.171]
proved that for an elastic material those states must be homogeneous, but A. Pa-
glietti [3.612] noticed that in thermoplasticity the class of such finite (“universal”)
deformations is much broader.

16 Constitutive equations of the theory of plastically anisotropic
materials

16.1 Flow rules for perfectly plastic anisotropic bodies

The theory of perfect plasticity of anisotropic bodies was initiated in 1928 by R.
Mises [3.531]. Assuming the hypothesis of the plastic potential identified with the
left-hand side of the yield condition (12.1), namely

g(oyy) = 31130010 (16.1)
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(where the coefficient ; was introduced for the convenience of notation: it has no
influence on the ﬁnal form of constitutive equations), he proposed the flow rule

Ay i (16.2)

a“u

The number of independent moduli /7;;, in (16.1) equals 21, as we mentioned in
Sec. 12.1, and the additional assumption of the independence of yielding on the
mean stress o, reduces this number to 15. In the latter case Eqs. (16.2) in expanded
engineering notation take the form

& = A[K;2(0x—0,)+K;3,(0x—02) = (K24 +K34) Ty: + K 5 T2x+ K16 Ty],

--------------------------------------------------------

in = A[=K34(0,—0,) —K34(0:—0.) + Ky Ty:+Kys Tox+ Koy Txy],

We used here a notation close to that applied by W. Olszak and W. Urbanowski
[3.595, 3.596], who generalized (16.1) to the case of non-homogeneity and curvi-
linear anisotropy; paper [3.596] gives the relations between the moduli K;; and 1T},
(denoted by Hjjy).

The case of orthotropy was investigated in detai! by E. V. Makhover [3.480]
and R. Hill [3.244]. We have then K,;, = K3, = K35 = K;5 = K4 = K, = Kys
= Ks¢ = Kg4 = 0 and in Eqgs. (16.3) only six independent moduli remain. An
experimental verification of (16.3) in this case was carried out by L. A. Tolokonnikov,
V. V. Shevelev and S. P. Yakovlev [3.808]; they obtained fairly good agreement for
five materials investigated.

A certain distinct approach to the case of general anisotropy was suggested by
Z. Sobotka [3.747, 3.748, 3.753]. He introduced the tensor of transformed stresses

Wy = Auudu (16-4)

with the principal directions different, in general, from the principal directions of
0;;, and proposed the law of similarity of deviators of strain rates and transformed
stresses:

&)= O em = My —0y0m). (16.5)
In [3.759] this concept was generalized to anisosensitive materials.

The above-mentioned constitutive equations are connected with the generaliz-
ation of the HMH yield condition to anisotropic bodies. However, the concept of
associated flow rules (16.2) may formally be extended also to other yield conditions
for anisotropic bodies. I. I. Goldenblat and V. A. Kopnov [3.204, 3.205] applied it
to (12.14) and derived the equations

I 1kt Okt
& = A+ ——=

N [ N zl/HmaUno'n ] (166)
The case of orthotropy was discussed in detail in [3.204, 3.205] and in the papers by
T. C. Hsu [3.269], Yu. M. Aryshensky, I. I. Kaluzhsky and V. V. Uvarov (3.15].
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The flow rules associated with the generalized Tresca-Guest yield condition, e.g.
(12.10), were derived by L. W. Hu [3.274] and A. Sawczuk [3.697]. L. A. Tolokonni-
kov, S. P. Yakovlev and V. M. Lyalin [3.809, 3.810] derived the flow rule associated
with their yield condition (12.12), taking into account the invariant w,. Experimental
data concerning flow rules in the case of yield conditions more general than (12.2)
are very scarce and practically the associated flow rules are not sufficiently confirmed,
and effective non-associated flow rules are not suggested, either.

In cases of structural anisotropy (e.g. reinforcement), associated flow rules
are also the most frequently used (A. J. M. Spencer [3.762]).

16.2 Hypothesis of a uniform curve of plastic hardening in the case of anisotropy

In Sec. 14.1 we discussed the difficulties connected with the introduction of the
concept of a uniform curve of plastic hardening for isotropic bodies. In the case of
anisotropy further complications occur—in the postulated relation of type (14.1)
the stress and strain invariants must be replaced by certain common invariants of
any of those tensors and of the tensor of moduli of anisotropy. Nevertheless, the
hypotheses of existence of a certain uniform curve of plastic hardening are proposed
as the simplest method of description of hardening of anisotropic materials.

A certain general approach is due to V. O. Geogdzhayev [3.197]. For the case
of general anisotropy he introduced generalized stress intensity and generalized
strain intensity by the formulae

Oy = (K*by jyy — 03 %) 015 O » (16.7)

E
8ha = (—% = ﬂuﬂu) Eij€x (16.8)

and postulated the existence of a uniform relation 6,4 = f(&;cq), at least for simple
loadings. In those formulas E;; stands for the tensor of elastic moduli as in (9.1),
byji; for the tensor of the moduli in the inverse relation, o;; and f;; for the dimension-
less tensors of plastic anisotropy which are to be determined experimentally, and
finally K* for the generalized bulk modulus:

K* = E““aua“. (16.9)

In the simpler case of an orthotropic body the concept of a uniform curve
of plastic hardening was developed in the years 1948-1950 by L. J. Klinger and
G. Sachs [3.353], L. R. Jackson, K. F. Smith, W. T. Lankford [3.314], J. E. Dorn
[3.136] and R. Hill [2.56). Generalizing his yields condition (12.3), Hill derived at
first the following formula for the reduced stress (generalized stress intensity):

3
- PN ) —0.)? —0,)2+.
Oted 2(F0+GO+H0) [Fo(or 0',) +GO(62 Ux) =
+Ho(0,—0,)2+2 Ly 13 +2Mo 12,4+ 2No 72,], (16.10)
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where f,, Go, ... denote the moduli (12.3) in the initial yield condition. Further,
the generalized plastic strain intensity &k, was defined in such a way as to obtain
for plastic work

AdW?P = 0,eqdeleq. (16.11)
Finally

dé'nd = '/2(Fo+Go+Ho) =(FOGO+GOH°+HO )2 [Fo(GodEP Hodep)z

+ Go(Hodep —Fodsx)z +H0(Fod€p —Godeg)zl'*'

@ | W) (vt
* [ Lo Mo TN, ]} ’ ()

and the hypothesis of a uniform curve may be written in the form o4 = f(&fea).
Particular forms of this dependence were studied by K. A. Reckling [2.141, 3.668],
whereas F. J. Fava [3.174] proposed a certain alteration of that hypothesis.
Experimental verifications of the hypothesis of a uniform curve for anisotropic
bodies are very scarce. H. W. Babel, D. A. Eitman and R. W. Mclver [3.21] verified
the Hill hypothesis, obtaining good results for textured titanium; K. A. Reckling
[3.668] obtained good results for sheets of aluminium alloy AIMg 3, whereas for
steel sheets larger deviations were observed. R. M. W. Frederking and O. M. Side-
bottom [3.182] described the simple-loading experiments on steel SAE 1020, copper
alloy 360 and aluminium alloy 2024-T351 by means of the Hill hypothesis and by
the appropriate generalization of the Ota-Shindo-Fukuoka yield condition [3.608]
to the case of hardening, finding the latter more accurate, but also more compli-
cated. A. N. Bramley and P. B. Mellor [3.75] verified the Hill hypothesis by means
of a series of uniaxial tests, using specimens cut in various directions. Another
description of similar tests was used by V. N. Bastun [3.35], who employed the for-
mulae for stress and strain intensity as defined for isotropic materials and investi*
gated the dependence of the secant modulus E; = ¢./¢, on the direction of defor-

mation.

16.3 Subsequent neutral surfaces for anisotropic bodies

The generalization of the hypothesis of isotropic plastic hardening to anisotropic
bodies presents formally no difficulties. For example, making use of the Hill ex-
pression (16.12) and integrating it along the trajectory, we may write

ored =f( Sdefed) (l6l3)
or, in alternative form,
Orea = f(W?), (16.14)

regarding these equations as describing subsequent neutral surfaces. In both cases
the surfaces expand proportionally, and the term proportional hardening seems more
justified here than “isotropic hardening”. Equation (16.14), describing work-harden-
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ing, was proposed in the above-mentioned papers [3.314, 3.136]; R. Hill [2.56]
proved that the strain-hardening concept (16.13) in the case of his quadratic yield
condition is equivalent to (16.14). For real materials, however, the hypotheses
(16.13) and (16.14) give various accuracies of the description of experimental data:
J. A. Chakrabarty [3.93] found (16.13) more accurate than (16.14).

It should be noted that the hypothesis of proportional plastic hardening has
even smaller chances for anisotropic materials than in the case of isotropy. Indeed,
plastic anisotropy is very often due to preceding plastic deformations, and then it
can hardly be expected that such anisotropy will not change during the process
under consideration. Hence various hypotheses of non-proportional plastic harden-
ing were also proposed. -

The first hypothesis of non-proportional hardening of an anisotropic material
is due to F. Edelman and D. C. Drucker [3.164] and to N. L. Svensson [3.776];
it may be regarded as a counterpart to the Baltov-Sawczuk equation (14.68). Namely,
the authors postulated the following equation of subsequent neutral surfaces

Nija(si;—mel;) (s —mef) —1 = 0, (16.15)

N, being anisotropic from the beginning of the process. Svensson applied this
equation to cold-rolled aluminium (acquired anisotropy); further experimental
evidence was presented by E. Shiratori and K. Ikegami [3.724, 3.285]. A similar
hardening hypothesis was proposed by R. N. Dubey and M. J. Hillier [3.157].
I. I. Goldenblat and V. 1. Kopnov [3.204, 3.205] extended the Melan-Ishlinsky—
Prager hypothesis of kinematic hardening to their yield condition (12.14) and deter-
mined subsequent neutral surfaces by the equation

I (01— )+ V/”uu(ﬂu . 0!4})(0'*1 = “uj -1=0, (16.16)

where the tensor «;; is proportional to &f;. The authors mention also some other
variants of the hardening hypothesis. T. Lehmann [3.425] noticed that an ortho-
tropic body loses its orthotropy in the course of a general plastic deformation process
and becomes generally anisotropic; an adequate mathematical description of this
phenomenon was given. Further investigations are due to V. N. Bastun [3.37],
T. Kishi and T. Tanabe [2.82].

16.4 Total (deformation) theories of anisotropic plasticity

The first formulation of a deformation theory of anisotropic plasticity, generalizing
the Hencky-Ilyushin theory for isotropic bodies, is due to P. P. Petrishtchev [3.629];
further generalizations were given by I. I. Goldenblat [3.201], V. O. Geogdzhayev
[3.197] and V. A. Lomakin [3.465). Petrishtchev assumed that the law of volume
change for an isotropic body o, = K¢, remains also valid in the case of aniso-
tropy; Geogdzhayev noticed that such an assumption is, in general, not justified,
and proposed the following more general law:

%01y = U Eqjpa € (16.17)

éﬁ) BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



204 III COMBINED LOADINGS AT LEVEL & OF A POINT OF THE BODY

where the symbols were explained in Sec. 16.2. Further, integrating the Mises flow
rule for a simple deformation process, Geogdzhayev derived the remaining consti-
tutive equations

*
51‘_‘; = 0, —Bi%0u, € = & %;Putu- (16.18)
where the “anisotropic™ deviatoric components are given by

Ored

sii = K*e,oq Eijeir, (16.19)

and 0,.q, &cq and K* are defined by (16.7)+(16.9). Equations (16.18) give only 5
independent equations; they are complemented by (16.15) and the hypothesis of
a uniform hardening curve 0.4 = f(&rea)-

In contradistinction to isotropic bodies, where the deformation theory is very
simple, particularly in the case of incompressibility, the Geogdzhayev theory is
much more complicated and its application involves many difficulties.

16.5 Incremental theories of anisotropic plasticity

Similarly to the case of perfect anisotropic plasticity, most incremental constitutive
equations of plastic hardening are assumed to be associated with the equations of
subsequent neutral surfaces, usually without sufficient experimental verification.
The first equations of this type, connected with the hypothesis of proportional
hardening, were derived for orthotropic materials by R. Hill [2.56], and analysed in
detail by V. Diaconita [3.133] and N. N. Malinin [3.483]. A generalization to general
anisotropy is due to V. A. Lomakin [3.466]. Also the hypotheses of non-pro-
portional hardening were combined, as a rule, with associated incremental laws
(I. I. Goldenblat, V. A. Kopnov [3.204, 3.205]).

The possible forms of the plastic potential for anisotropic bodies were discussed
by H. Neuber [3.575]. G. Augusti, J. B. Martin and W. Prager [3.18] analysed the
~cases of rigid-plastic anisotropic bodies which may be described by constitutive
equations written separately for deviators and separately for axiators. A certain
very general non-associated incremental law was proposed by T. Lehmann [3.421]:
he assumed the equation of initial neutral surface in the form (12.13), and to the
associated law added a certain term depending on the loading history. The Mal-
meyster theory of locality of deformations was generalized to orthotropic bodies
by A. F. Kregers [3.393].

A distinct approach to constitutive equations of hardening anisotropic bodies
is due to I. Berman and P. G. Hodge [3.55]. They developed a general theory of
linear anisotropic hardening of materials described by piece-wise linear subsequent
neutral surfaces; the linearity was assumed in the space of principal stresses and
principal strains and the coincidence of principal directions for stresses and strains
was assumed. Generalizations of the Tresca-Guest yield condition were considered
as a particular case. A related theory was proposed by M. Sugimoto, H. Igaki and
K. Saito [3.774].
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A description of finite €lastic-plastic strains in anisotropic bodies was included
in the general theory of A: E. Green and P. M. Naghdi [2.41], who also discussed
non-isothermal processes. More extensive investigations of anisotropic thermo-
plasticity are due to Z. Gabryszewski [3.192], F. C. Weiler [3.842], and T. Tokuoka
[3.806].

Once more it should be observed that experimental verification of the above-
mentioned constitutive equations is very scarce and most of them are of a purely
formal character.
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CHAPTER IV

Transition from the local level P
to the integral levels -5 and )3

17 Limit carrying capacity

17.1 Concept of the limit carrying capacity(')
The traditional estimation of the load-carrying capacity of a structure under static
loading was based on the “local” condition

SUP Opeq = O, (17.1)

x.y.z

where 0,4 denotes a certain reduced stress according to the assumed failure hy-
pothesis, calculated as for a perfectly elastic body, and & a certain material constant.

Such an approach may be justified as a first approximation for elastic-brittie
bodies, but in most cases it gives no adequate estimation for ductile ones, capable
of significant plastic deformations. Replacing ¢ by ¢,, we may determine by (17.1)
merely the elastic carrying capacity of a structure or of a cross-section (cf. Sec.
3.2).

More realistic approaches must take plastic deformation into account. The
simplest estimation of the load-carrying capacity is furnished by the concept of the
limit carrying capacity. Though the related ideas date back to the 18th century
(cf. A. A. Gvozdev [4.196], W. Prager [4.472]), it was G. Kazinczy in Hungary
[4.275] who first calculated in 1914 the limit carrying capacity of a clamped beam
and verified his theory experimentally; in 1917 N. C. Kist introduced this concept
independently in his inaugural lecture at the Technical University of Delft [4.281,
4.282]. Limit analysis of plates was initiated several years later by A. Ingerslev
[4.244].

The limit carrying capacity may be defined in two ways. As the first approach
we consider the definition used by R. Hill [4.211, 4.212]: the limit load or limit
carrying capacity is identified with the yield-point load for a rigid-plastic-hardening

() Abbreviation of the term “limit load-carrying capacity”.
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structure, i.e. a load (system of loadings) which causes an infinitesimal deformation
of that structure (or cross-section). In Hill’s definition plastic hardening is in-
essential, the limit carrying capacity is determined by the stress initiating plastic
deformation, which may be denoted by ¢,. Since up to the plastic deformation
the structure remains rigid, there are no geometry changes at the limit state and the
principle of rigidification is automatically satisfied.

The second, even older approach pertains to a quite different, namely perfectly
elastic-plastic schematization of the material. The limit carrying capacity is defined
as a system of loadings which results in uncontained plastic flow, i.e. in an increase
of deformations at constant values of those loadings, under the additional assump-
tion of the principle of rigidification. This definition is used by W. Prager [4.466,
4.467] and his collaborators, side by side with a “compromising” definition based
on the schematization of a rigid-perfectly-plastic body; the latter may be regarded
as the most “classical” one, but it is often ineffective if used without appropriate
limiting procedures, cf. Sec. 18.

Denote by Qy, i = 1,2, ..., n, the generalized forces: the generalized external
forces for the body as a whole, %, or generalized internal forces (generalized stresses)
for the cross-section, % . Further, denote by ¢; the corresponding generalized plastic
strain rates, defined in such a way that the rate of dissipated work, D = we, equals

D =Wr=Q,4q,. 17.2)
Sometimes this definition is used with a certain coefficient on the right, for example
to have the quantities Q; and ¢; non-dimensionalized (P. G. Hodge [4.221]). For
external forces Prager [4.468] uses distinct notations, P, and p,, but it is our aim
to unify the approach.

In both approaches the limit carrying capacity may be described by the
equation

f(Ql?QZ""’Qu) = 0. (173)
In Prager’s approach we have moreover
dg, =0, i=1,2,...,n, (17.4)

for at least one combination ¢;q; > 0, which determines the relevant “mechanism
of plastic collapse”; in Hill’s approach Eqs. (17.4) are, in general, not satisfied,
unless a rigid-hardening material is replaced by a perfectly rigid-plastic one. The
surface (17.3) is one of the most important limit surfaces at the levels & and # and
was called in Sec. 3.2 the plastic interaction surface or the yield surface.

An essential problem is connected with the equivalence of the definitions given
above. Hill’s definition is more consistent, but makes use of a very rough schematiza-
tion of the stress-strain diagram (rigid-plastic). Prager’s definition is closer to the
real behaviour of the materials, since elastic strains do exist, but it makes use of the
principle of rigidification, which in a more rigorous treatment is a contradiction
in itself; though this principle is widely used in the classical strength of materials
and theory of elasticity, its consequences in the theory of limit analysis may be
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much more significant, since the displacements are here larger or even infinite.
In most cases both definitions lead to coinciding results (17.3), but there appear
also some differences. They were discussed by D. C. Drucker, H. J. Greenberg,
E. H. Lee and W. Prager [4.118, 4.119, 4.120], E. H. Lee [4.321], R. Hill [4.213,
3.246] and J. F. W. Bishop [4.40]. Although W. Prager [4.468] states that those
differences are insignificant, and P. S. Symonds [4.564] treats the two approaches
as identical, it will be shown in Sec. 18 that in some cases the differences are remark-
able and even of qualitative character (the limiting procedure may lead to different
results).

Rejecting the contradiction in Prager’s approach and considering the geometry
changes preceding uncontained flow—which is the most desirable—we often arrive
at a quite different formulation of the problem, which will be discussed in Sec. 17.3.

In the simplest case of the material which is neutrally stable in the sense of
Drucker, and of geometry changes neglected, W. Prager [4.466, 4.467] showed that
at the level & the surface (17.3) is convex and that the generalized plastic strain
rates are governed by the association flow rules, as at the level 2, namely

: of
(the normality rule). A. A. Gvozdev [4.195, 4.196] proved these theorems for a system
of elements, and P. G. Hodge and C. K. Sun [4.225] for the general case at the
level 4.

In cases of uniaxial stress throughout a perfectly elastic-plastic body the Drucker
postulate is automatically satisfied and the deviations from convexity may be connec-
ted with geometry changes only; such changes are particularly significant at the
level %, but may take place at the level & as well (thin-walled bars with a deform-
able cross-section, sandwich shells with a soft core not preserving the distance
between the carrying layers, etc.).

The important problem of uniqueness of the plastic interaction surface (17.3)
may be considered in at least four aspects: (1) uniqueness of solution for the given
loading program, (2) dependence of the plastic interaction surface on the trajectory
in the space of exertion factors, (3) dependence on the geometric gradients, (4)
dependence on the static gradients (a fifth aspect will be discussed additionally in
Secs. 17.2 and 18). Uniqueness for the given loading program (simple loading,
as a rule) was proved by R. Hill [4.211], D. C. Drucker, W. Prager and H. J. Green-
berg [4.120] for bounded regions under the assumption of an associated flow rule,
but for unbounded regions these theorems, in general, do not hold (E. M. Shoemaker,
W. F. Chen [4.535]). Uniqueness in the sense of the plastic interaction surface at
the level & being independent of the trajectory was proved by W. Prager [4.466,
4.467)], but this does not mean that the actual carrying capacity of a body or of
a cross-section is path-independent, even if perfect plasticity is assumed ; for example,
alternating loads may lead to a low-cycle fatigue before reaching the plastic inter-
action surface at any instant. The further two above-mentioned aspects concern the
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level % only. Theoretically, the gradients introduce non-uniqueness of the plastic
interaction surface: in fact, this surface may slightly differ for the cross-section
of a prismatic bar, and for the same cross-section of a non-prismatic bar; for a straight
bar and for a curved bar; for a plate and for a shell (particularly if the curvatures are
not very small). Similarly, plastic interaction surfaces may be influenced by the
gradients of the generalized internal forces, e.g. in the case of bending with shear,
where the gradient of the bending moment practically cannot vanish. In most cases,
however, those effects are insignificant, and plastic interaction surfaces calculated
for the simplest cases constitute a useful tool of further analysis even under more
complicated conditions.

The number of papers devoted to problems of the limit carrying capacity of
various structures, mainly beams, frames and plates, is enormous. Let us mention
here just the monographs written by K. W. Johansen [4.263], J. A. Van den Broek
[4.592], A. A. Gvozdev [4.196], A. R. Rzhanitsyn [4.492], Z. Sobotka [4.544, 4.545]
B. G. Neal [4.413], J. F. Baker, M. R. Horne and J. Heyman [4.17], L. S. Beedle
[4.25], J. Heyman [4.205], R. H. Wood [4.609], H. Haase [4.198], D. Niepostyn
[4.420, 4.421], A. Sawczuk and T. Jaeger [4.513], P. G. Hodge [4.223], A. Sawczuk
[4.514], M. Janas [4.257]), M. A. Save and C. E. Massonnet [4.508], L. Dietrich,
J. Miastkowski and W. Szczepiriski [4.113, 4.567). A statistical approach to limit
analysis in the case of random non-homogeneity of the material has been applied
by G. Sacchi [4.497].

A fundamental problem is posed by the relation of the limit carrying capacity
defined above to the real carrying capacity of engineering structures. We are
going to discuss the influence of the following three factors: elastic strains, ge-
ometry changes, and plastic hardening. The fourth factor, namely the limited ductility
of the material, will be discussed in Sec. 18.

17.2 Influence of elastic strains

As was mentioned above, the influence of elastic strains on the limit carrying ca-
pacity is usually assumed to be inessential if the geometry changes are not taken into
account. Typical diagrams: generalized force Q versus generalized displacement ¢
for a perfectly elastic-plastic material are shown in Figs. 82 and 83. In the case
shown in Fig. 82 we observe an elastic range limited by the parameters of the elastic
carrying capacity O and g, then an elastic-plastic range, 0 < Q@ < Q, ¢ < ¢ <79,

a1
. || Fme———
q

ar g
Fig. 82. Limit carrying capacity reached at a finite generalized strain
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and finally a purely plastic range in which Eq. (17.4) is satisfied for the loading
parameter Q = Q. An example is provided here by the torsion of a bar with an
annular cross-section: the generalized displacement ¢ is then understood as the unit
angle of twist (or the total angle of twist) and the generalized force as the torque.
A thick-walled tube under internal pressure serves as another example.

o »
B asymplote
R e fh g
é.__.

|

l -

\ g
VT rg

Fig. 83. Limit carrying capacity reached at an infinitely large generalized strain

In the case shown in Fig. 83, Eq. (17.4) is satisfied for infinitely large ¢ only;
the generalized force Q tends to Q just in the limit, and this fact explains to a certain
degree the terms “limit carrying capacity” and “limit analysis”. Pure torsion of
a solid bar or pure bending may serve as examples of such behaviour. In both cases
under consideration the limit carrying capacity is the same for perfectly rigid-plastic
and for perfectly elastic-plastic bodies.

As a rule, the same values of the limit carrying capacity are also obtained if we
consider asymptotically perfect plasticity (cf. Sec. 8.4), but then Q — O may occur
only in the limiting case ¢ — co. J. Betten [4.31] analysed several examples, making
use of the stress-strain relation

Ee
o = ['“—‘]—87—-7..
()]
0o
(the particular case n = 2 was suggested earlier by H. Neuber [4.417]) and found
that in all cases the limit carrying capacity coincided with that for a perfectly plastic
body. Hence a new aspect of the uniqueness of the limit load may be formulated:
uniqueness understood as the independence of that load of the assumed stress-strain
diagram belonging to the class of asymptotically perfect plasticity. Such indepen-
dence may be observed in many cases, but there are also some exceptions; they will
be discussed in Sec. 18.

(17.6)

17.3 Influence of geometry changes (abandonment of the principle of rigidification)

Changes of geometry of a structure may introduce essential differences in the be-
haviour of that structure and in the concept of the limit carrying capacity. The effect
of geometry changes may be stabilizing (geometric hardening) or destabilizing (geo-
metric softening). Assume, at first, the schematization of a perfectly rigid-plastic
material ; typical cases of the geometric effects are shown in Figs 84-86.
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Fig. 84. Destabilizing geometric effects in a rigid-plastic structure
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In the case of a truss shown in Fig. 84 (the Mises truss [4.393]) the force 0
calculated by using the principle of rigidification is, simultaneously, the maximal
force for the structure under consideration (the range after the “jump” of the truss
is not considered). A condition of type (17.4) is not satisfied at any point of the
diagram Q = f(g) (which would take place for ¢ = 0 under the simplifying assumption
of the principle of rigidification); nevertheless, the force Q may be called the limit
carrying capacity in the Hill sense. However, the geometrical effects, which are
destabilizing here, necessitate a cautious application of 0 in engineering calculations;

M
A \\V/ .

i asymptote

=, effect of

0 ............. ey d/ Sp /ﬂcemeﬂ ’S
\\ elfect o
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principle of rigidification

displacements

0

Fig. 85. Stabilizing geometric effects in a rigid-plastic structure
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in case of compressed bars buckling might occur and result in a further lowering
of the characteristic diagram.

A quite opposite behaviour is shown by the truss in Fig. 85. In this case the
effect of displacement is stabilizing, and if we consider only this effect combined
with the strains governed by the principle of rigidification (constant cross-sec-
tional area during the process; such an approach may be justified in the case of very
slender bars), then the characteristic diagram Q = f(g) has a horizontal asymptote
Q = Q'. A more accurate and consistent approach rejects the principle of rigid-
ification also for strains and takes into account the changes of the cross-sectional
area. The latter effect is destabilizing and the resulting curve has a local maximum
Q" at a finite displacement ¢g. Any of the loads Q’, Q" satisfying the characteristic
condition (17.4), may be called the limit carrying capacity of the second kind, but
various other terms are used for these loads; they will be listed below.

=

ou

3 9

Fig. 86. Infinitely large maximal carrying capacity

In the extreme case of a short bar subject to compression (Fig. 86) the /imit
carrying capacity of the second kind increases infinitely. Indeed, if we assume an
infinite diagram ¢ = f(¢) with the yield condition ¢ = ¢, written for true stresses,
and take into consideration the increase of the cross-sectional area, then the diagram
O = f(q) has a vertical asymptote.

priaciple of rigiditicalion
/

Gt
Vi L effect of displacements
Vi3 and strains
effect of
displocements
0 q

Fig. 87. Destabilizing geometric effects in an elastic-plastic structure
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The problem is more complicated if we take into account both elastic strains
and geometry changes. Two typical diagrams Q = f(g) in this case are shown in
Figs 87 and 88; they correspond to Figs 84 and 85, respectively, if elastic strains are
accounted for. In these cases the relation of the diagram to the classical limit carrying

?4
=, asymplole
G\ _aympoe
- effect o,
o:' ______ z displacement.
g F-2=4 effect of displace
ments and stroims

principle of rigidificaion

0 g
Fig. 88. Stabilizing geometric effects in an elastic-plastic structure

capacity 5 is no longer clear: particularly, in the case shown in Fig. 87 the maximal
force may be much lower than 0. Hence, in cases of a significant influence of ge-
ometry changes the evaluation or estimation of the maximal values of O may be of
considerable interest.

The first investigations of maximal load for an elastic-plastic structure account-
ing for geometry changes concerned eccentrically compressed columns. Various
approximate approaches for strain-hardening materials have been proposed since the
beginning of the twentieth century (cf. Sec. 17.4), but it was K. JeZek [4.261, 4.262]
who gave in 1934 the first analytical solutions for perfectly elastic-plastic columns
and determined the maximal compressive forces. He called such forces the “load-
carrying capacity” (7ragfahigkeit) or the “critical forces”; indeed, any maximal
value of the force is supposed to separate the stable from the unstable behaviour
of a structure. S. D. Leytes [4.329, 4.330] and A. A. Pikovsky [4.458], who have
extended JeZek’s theory, use for columns a more precise term “critical force of the
second kind”; such precision is particularly important in cases of central compression
of straight columns (or, in general, of certain perfect structures), where a well-known
critical force of the first kind exists which determines equilibrium branching. Consider-
ing beam-column effects in shells, B. Paul and P. G. Hodge [4.447] used the terms
“elastic-plastic carrying capacity” in parallel with “collapse load”; other common
terms are the “maximum carrying capacity”, and the “ultimate load” (L. S. Beedle
[4.25]), the “failure load” (M. R. Horne [4.237]), or the “ultimate strength” (P. B.
Mellor [4.382]). In what follows we shall use the term maximal carrying capacity.

The first experimental investigations of the load-carrying capacity of circular
arches, carried out by C. Dyrbye and P. Lange Hansen [4.134], indicated significant
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effects of geometry changes: the maximal carrying capacity was much larger in
the case of the force going radially outwards (geometric hardening) than in the case
of its going inwards (geometric softening). Similar effects of geometric hardening
were observed by R. M. Cooper and G. A. Shifrin [4.91], J. Foulkes and E. T.
Onat [4.143], and by R. Hooke [4.233], who found substantial influences of membrane
forces due to geometry changes in circular plates; though the materials used were
very close to being perfectly plastic, no “platform™ dQ = 0 occurred.

The evaluation of the maximal carrying capacity is connected with the analysis
of the stability of the structure and of the uniqueness of the solution; these aspects
were discussed by R. Hill [3.249], E. T. Onat [4.434] and B. Stordkers [4.553]. Ge-
ometry changes may resultin new types of mechanisms of the plastic collapse; L. M.
Belenky [4.26] analysed this problem for frames. An iterative procedure for the
evaluation of the maximal carrying capacity for a structure with a finite number of
degrees of freedom was proposed by A. M. Protsenko [4.475], whereas J. Heyman
[4.207] proposed a simple engineering method of estimation of geometric effects.

In many complicated cases, where the theoretical evaluation of the maximal
carrying capacity would be very difficult, a certain estimation of the behaviour of
the structure is furnished by a number of terms of the power series expansion or by
the initial slope of the curve Q = f(q) for a rigid-plastic structure (initial post-yield
behaviour, determining the stability). Such an approach was used, for example, by
E. T. Onat and R. M. Haythornthwaite [4.431, 4.432, 4.201], Yu. R. Lepik [4.326,
4.327], A. Sawczuk [4.515, 4.516] and M. Duszek [4.129, 4.130, 4.132].

The influence of geometry changes is also significant in the case of rotating
structural elements, since radial displacement of an element of the body results in
increasing centrifugal force. This problem has been analysed by M. H. Lee Wu
[4.613] (rotating disks) and by W. Szczepinski [4.565] (rotating cylinders).

17.4 Influence of plastic hardening

The classical concept of the limit carrying capacity was introduced in Sec. 17.1
in two ways: first, for a perfectly elastic-plastic material, and then it determined
also the maximal carrying capacity if geometry changes could be neglected; second,
it was introduced for rigid-plastic materials with arbitrary hardening, and in this
case it determined the initiation of motion of the structure. For an elastic-plastic-
hardening structure the concept of the limit carrying capacity may also be useful
if hardening is preceded by a perfectly plastic behaviour and if the non-homogeneity
of the stress state is not too strong: than a “platform™ or at least a point of inflection
of the curve Q = f(q) at the levels & or # may be observed (P. G. Hodge [4.222]).
In opposite cases this concept may be almost useless: the curve Q = f(q) has neither
a “platform” nor an inflection point and may well exceed the classical limit carrying
capacity calculated for a conventional yield-point stress.

In contradistinction to perfect plasticity, the maximal carrying capacity for

&/\, BIBLIOTEKA CYFROWA POLITECHNIKI KRAKOWSKIEJ



17 LIMIT CARRYING CAPACITY 215

a structure made of a plastic hardening material does not exist, unless (1) geometry
changes are taken into account, or (2) the diagram o = f{(¢) has a horizontal asymptote
or plastic hardening is followed by plastic softening, or (3) the diagram is limited
by a certain criterion of decohesion. Conditions (1) and (2) may be insufficient
(cf. Fig. 86), but in most practical cases a certain maximal carrying capacity can be
determined. A horizontal asymptote (second yield point) was discussed by P. V.
Mc Laughlin [4.377] and D. I. Shakhnovsky [4.525], and the maximal carrying
capacity for a beam cross-section in the case of plastic softening was analysed by
V. A. Ibragimov and V. D. Klyushnikov [3.282], S. V. Gavrilenkov and S. Kerimba-
yev [4.157), G. Maier, A. Zavelani and J. C. Dotreppe [4.353]. Criteria of decohesion
will be discussed in Sec. 18.

If geometry changes are taken into account, then the maximal carrying capacity
may exist not only in the case of plastic hardening but also for perfectly elastic
structures. The Mises truss (Fig. 84) may serve here as a good example: maximal
force causes the “jump” of the truss. Hence if geometry changes are taken into
account, then the basic differences between perfect plasticity and plastic hardening
disappear, and, as a rule, the maximal carrying capacity may be determined in both
cases.

The earliest investigations of the maximal carrying capacity of plastic hardening
structures concern eccentrically loaded columns. T. Karman [4.272] considered
in 1910 the maximal carrying capacity of columns under the simplifying assumption
of small eccentricity. Further approximate solutions are due to R. Krohn [4.309],
M. Ro% and J. Brunner [4.486], but it was E. Chwalla [4.77, 4.78] who was the first
to give, in 1928, an exact solution in closed integral form. Let us also mention here
the related problems of slender structures, e.g. the bending of straight thin-walled
tubes (L. G. Afendik, M. F. Kolesnitchenko [4.2, 4.3]), or curved tubes (R. M.
Mello, D. S. Griffin [4.381], C. R. Calladine [4.58]), where the existence of the
maximal carrying capacity is due to the ovalization of the cross-section. In some
cases several local maxima of loading may exist; such a phenomenon was observed
by J. Ledziniski and Z. Waszczyszyn [4.319], who investigated the Mises truss made
of a material exhibiting piece-wise linear plastic hardening. A general theory of sub-
sequent neutral surfaces for structures with geometry changes taken into account
was given by G. Maier and D. C. Drucker [4.354]. On the other hand, the theory
of limit surfaces describing the maximal carrying capacity of structures has hardly
been studied at all as yet.

Geometry changes are very important in the case of pressure vessels, particularly
those made of highly ductile materials: an increase of dimensions results here in an
increase of the resultant force with a simultaneous decrease of wall thickness. A thick-
walled circular cylinder was considered under these assumptions by E. T. Onat
[4.433), and multilayer initially expanded cylinders by M. Zyczkowski and M.
Galos [4.634, 4.152). A general finite-deflection, finite-strain membrane theory of
rotationally symmetrical pressure vessels, proposed by A. S. Grigorev [4.186, 4.187,
4.188], was developed by J. Orkisz [4.435, 4.436, 4.437].
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17.5 Maximal carrying capacity resulting in necking or bulging

The part of the diagram Q = f(g) beyond the maximal carrying capacity corresponds,
as a rule, to various forms of instability. In the case of compressed elements this
instability is due to increasing displacements (deflections), whereas in the case of
tension to increasing strains (necking) or strains and displacements (bulging of
pressure vessels).

Though necking of a bar in tension was classified as a form of instability as
early as 1909 by P. Ludwik [2.107], more accurate theories of necking were developed
in the forties (A. Yu. Ishlinsky [4.249], P. W. Bridgman [4.51], E. Siebel [4.538],
N. N. Davidenkov, N. I. Spiridonova [4.103], G. Sachs, J. D. Lubahn [4.499],
A. M. Zhukov [4.621], A. Nadai [3.566], W. Truszkowski [4.587]). These theories
of engineering type assumed simply dP = 0 as the criterion of necking. Writing
P = Ao = Vo/l, where V denotes the volume of the bar, we easily derive for an
incompressible material (V' = const) the condition

do
E, = —(ﬂ =0 (l7.7)
where ¢ = & denotes the logarithmic strain and o the true stress. If the (elastic)
compressibility of the material is taken into account, then (17.7) takes the form

(W. Johnson, P. B. Mellor [2.76], J. Mandel [3.494])

do o

E=d = 1¥opx

(17.8)
Further research in this direction is due to N. N. Malinin and Zh. L. Petrosyan
[4.359] (distribution of stresses in the smallest cross-section), P. F. Thomason
[4.584], M. A. Kaplan [4.270] (parabolic profile of the neck), H. J. Kleemola and
M. A. Nieminen [4.284] (various schematizations of plastic hardening). Non-iso-
thermal and rate-dependent necking problems were analysed by E. W. Hart [4.200]
and J. Klepaczko [4.289, 4.290].

In the case of a pressure vessel (straight or curved tube, etc.), instability beyond
the maximal carrying capacity results in bulging: the diameter locally increases
whereas in the remaining part of the tube passive processes take place (due to de-
creasing pressure) and the strain energy is there returned. This problem was in-
vestigated by G. Espey in 1946 [4.137]; further papers consider simultaneous pressure
with axial force (W. T. Lankford, E. Saibel [4.316], H. W. Swift [4.560], Z. Mar-
ciniak [4.366], P. B. Mellor [4.383], M. J. Hillier [4.215, 4.216], G. Sines [4.539],
V. I. Maksak, V. I. Chernomortchenko [4.358], N. N. Malinin [4.360], V. N. Bastun
[4.22)). B. Storikers [4.550] took into account the additional effect of torsion.
Necking in sheets under plane stress conditions was investigated by P. P. Bijlaard
[4.32] R. Hill [3.244], Z. Marciniak [4.368], M. L. Gorb, A. A. Ostrovsky and N. L.
Chernyak [4.179]. A. M. Vinogradova [4.595, 4.596] considered necking in cylindri-
cal shells subject to axial tension (both theoretically and experimentally), while
V. O. Vakorin and A. S. Fedorov [4.590] dealt with necking in the case of pure
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bending of beams. Numerous experiments were reported by I. N. Izotov and A. G.
Mityukov [4.255].

More exact analyses of necking, bulging and related phenomena are based on
the general criterion of uniqueness and stability formulated by R. Hill: for rigid-plas-
tic solids in [3.248, 4.214], and for elastic-plastic solids in [3.249]. In both cases
geometry changes were taken into account. Though in the simplest case of uniaxial
tension of an incompressible specimen this criterion results in (17.7), nevertheless
it has permitted a proper formulation of more complicated problems. G. R. Cowper
and E. T. Onat [4.96] studied necking in rectangular bars in plane strain conditions,
while R. N. Dubey and S. T. Ariaratnam [4.125, 4.126] in plane stress conditions.
J. P. Miles [4.387], J. Hutchinson and J. P. Miles [4.239] showed that Hill’s sufficient
condition for uniqueness provides a lower bound for the necking problem, and
gave for cylindrical bars a necking solution using the Bessel functions. A close but
much simpler solution was obtained by J. Christoffersen [4.76]. A. Needleman
[4.415] suggested a numerical method, using finite elements, suitable for the analysis
of necking problems based on Hill’s criterion; other procedures are due to S. Tang
[4.576], and W. H. Chen [4.68] (the Kantorovitch method). J. P. Miles [4.388]
investigated the influence of the fluid pressure on necking of a cylindrical bar in
tension. More details may be found in the survey papers by M. J. Sewell [4.524]
and B. Stordkers [4.552, 4.553].

Hill’s criterion has also been used in certain more complicated cases, e.g. for
the stability analysis of thick-walled pressure vessels. B. Storakers [4.551] found
that plastic instability of a cylindrical tube may result in non-symmetrical collapse
modes, determined earlier by J. Skrzypek and M. Zyczkowski [4.542). A similar
analysis for thick-walled spherical vessels was given by H. Strifors and B. Stordkers
[4.556].

17.6 Limit carrying capacity and full plastification of the body

It is well known that the limit carrying capacity of a perfectly plastic body may be
exhausted without full plastification of that body: the collapse mechanism of a pris-
matic cantilever beam loaded by a concentrated force at the free end may serve
as a good example. On the contrary, full plastification in the limit state may be
regarded rather as an exception. Of course, the material in the zones remaining
rigid or elastic at collapse it not fully utilized and the first step towards optimal
design in the plastic range is to eliminate such zones, if possible. In some cases this
criterion is sufficient to determine the corresponding shapes of the structural elements
(Z. Kordas [4.297, 4.298, 4.299], partly with M. Zyczkowski and W. Skraba).

On the other hand, it is very often assumed that fall plastification of the body
furnishes a sufficient condition of exhaustion of the limit carrying capacity of that
body. In fact, in most cases such coincidence does take place, but certain exceptions
also appear: the limit carrying capacity is not exhausted before a certain collapse
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mechanism is formed (possible increments of generalized strains without increments
of generalized stresses), hence the above statement cannot be regarded as general.

We are now going to present a simple example of full plastification of a body
which does not result in the exhaustion of its limit carrying capacity.(*) Consider
a thin-walled circular cylinder the wall of which is made of two different materials
permanently joined to each other (Fig. 89). The elastic properties of both materials

P

are assumed, for the sake of simplicity, to be identical (incompressible materials,
E = 3G), whereas the yield-point stress of the first material oo, is smaller than that
of the second material o,,; the ratio 0,,/0,; will be fixed effectively later, in order
to simplify the calculations.

The cross-sectional areas of the two constituents are the same and equal A4;
we assume that the wall is so thin that the radius r may be regarded as the mean
radius for both constituents. The problem of wall stability is not considered.

At the first stage the cylinder is subject to the axial force P equal to P = 304, 4;
if we assume 0,, > 20y, , then the stresses are o, = 0y, (plastic), o, = 20,, (elastic).
At the second stage the cylinder is subject to additional torsion under the constant
axial force P. Then in the first cylinder constituent an active process will take place,
and we describe it by the Prandtl-Reuss equations, whereas in the second constituent
there will be a passive process described by Hooke’s law. The HMH yield condition
for the first cylinder will be parametrized as follows:

0, = 00,CO89;, T, = d°§'_ siny, . (17.9)

The Prandtl-Reuss equations may be written as

de—do,[3G _ o,
dy—dt, |G ~ 31,

(17.10)

(!) The central idea of this example is due to Z. Mrbz.
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(the increments de and dy are without indices since the strains in both cylinders
are assumed to be equal), and on substituting (17.9) we obtain

. t
de+ ‘;‘3 siny, dy, = (dy—-a/? cosy, dy, C(:/;p‘ : (17.11)
Hooke’s law for the second cylinder gives
. do'z o dal o dtz
de = '—3? = "Eﬂ d‘}’ = G '’ (17]2)

since the assumption of constant axial force yields do, +do, = 0. Substitution
and simple rearrangements result in the following differential equation of the first
order:

20 dy o
dr, = —2 Lo % cosy,dy,. 17.13
2 '/3 cos V3 Y4y, ( )

Integrating and making use of the initial condition 7,(0) = 0, we obtain

T, = = ;‘ lntan( - ——) oL smfpl (17.14)

The imposed condition of constant axial force determines o, :
0, = 309, —0, = 309, —0(,COSY, (17.15)

and Egs. (17.9), (17.14) and (17.15) describe the second stage of the process by
means of the functions of the parameter y, .

The termination of the second stage and the beginning of full plastification is
determined by the yield condition being satisfied by o, and 7,:

2
(300; — o cOS9,)* + [ZUO,lntan(—';—' + %) —ao,sin%] = a3,. (17.16)

This is a transcendental equation with respect to the parameter u,. To simplify
the calculations, however, we have not yet fixed o,,; following an inverse procedure,
we now assume for example y, = w/6 = 30°, and evaluate the relevant value of

Go2:

Joz _ ]/10-3 Y/3-In3+In?3 = 2.216. (17.17)

0oy

Hence, at the end of the second stage the stresses are: o, = 0.866 0,,, 7; = 0.289 0y,
g, = 2.134 04, = 0.963 0,,, 7, = 0.346 0,, = 0.156 0,,. A parametrization
of the yield condition for the second constituent cylinder, analogous to (17.9),
results in the following value of y,, corresponding to the initiation of full plasti-
fication: y, = arctan, 1/3_/0'2 = 0.273 = 15°38’.

The above stresses result in full plastification of the cylinder as a whole, but
its limit carrying capacity is not yet exhausted. Indeed, for the constant force P
= 30, A and for the constant torque M, = (7, +7,)Ar = 0.635 0, Ar the possibility
of increase of ¥ and & does not exist, i.e. no mechanism of plastic collapse can be
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found. Any further increase of y results in an increase of the torque. This third
stage of the deformation process will be described by the Prandtl-Reuss equations
for both constituent cylinders. Introducing a parametrization of type (17.9) for
both cylindets, we obtain after simple rearrangements the system of equations

. 1 a,
sing,de — ——-cosy,dy = — “%Ldy,,
Y1 '/3 yay G Y1
y (17.18)
siny,de — ——cosyp,dy = — 292dy,,
Y2 l/3 ya2ay G Y2
which together with the condition of the constant axial force
G01CO8Y; +0p2COSYP, = % = 30, (17.19)

determines all the three unknown functions, e.g. ¥, = ¥;(»), ¥, = y,(¥) and
e = &(y).

The integration of the above system presents some difficulties, but the deter-
mination of the limit carrying capacity of the cylinder is much simpler. Regard
Egs. (17.18) as a system with unknowns de and dy; the principal determinant of
the system equals

4= —"'7%5"1(% —15) (17.20)
and vanishes for p, = v, (other roots are of no interest). If y, = y, = const,
then dy, = dy, = 0 and the system (17.18) becomes indeterminate; in this case
de and dy may increase without a simultaneous increase of generalized forces.
Hence u, = ¥, = const determines a certain collapse mechanism and the limit
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Fig. 90. Trajectories in the stress space for a tube shown in Fig. 89
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carrying capacity of the cylinder is exhausted. The auxiliary angle p, = ¢, = p
may be evaluated from Eq. (17.19):
30

21 =0.9328, vy =0.369 =21°07"; (17.21)

Cosy =
* 001+ 002

it takes a certain intermediate value between y, and y, at the beginning of the third
stage of the process. The relevant torque equals

"V':—? (00, +093) Arsiny = 0.676 04, Ar (17.22)
and is by 7 per cent higher than that at the beginning of full plastification.

The course of the particular stages (I, II, IIT) of the process is illustrated by
the diagram o— 7/ 3 in Fig. 90. The limit carrying capacity of the cylinder as a whole
is not exhausted before the points representing stress states in the two constituent
cylinders reach a common radius.

18 Decohesive carrying capacity

18.1 Cases of non-existence of solutions in perfect plasticity and the concept of
decohesive carrying capacity

In real materials the process of plastic deformations, if continued, usually leads to
decohesion. Decohesion is a physical phenomenon governed by separate equations;
some of them were mentioned in Sec. 11.6, and more attention will be devoted to
this problem in Secs. 18.7 and 18.8. However, even if we assume an infinitely long
stress-strain diagram without any particular physical criterion of decohesion (e.g.
in perfect plasticity), then in some cases of non-homogeneities (of stresses or strains
or of the material) the continuous solution ceases to exist, inadmissible discontinuities
appear, and the diagram Q = f(q) cannot be extended to infinity but ends at a certain
point. The corresponding loading parameter was called by K. Szuwalski and M. Zycz-
kowski [1.18] the decohesive carrying capacity. This “mathematical” criterion of
decohesion, connected with the formation of inadmissible discontinuities, may be re-
garded as an upper bound for all physical criteria of decohesion.

The classical theory of plastic limit analysis assumes that there exists at least
one mechanism of plastic collapse (infinitesimal motion at a constant loading par-
ameter), and that if it exists for a rigid-plastic body, then it may be attained by an
elastie-perfectly plastic structure as well (coincidence of the two definitions of limit
carrying capacity, given in Sec. 17.1). In many cases both these assumptions are
justified; however, some exceptions prove that they are not quite obvious. In general,
no mechanism of plastic collapse may exist, or, if it exists for a rigid-plastic body,
it may be unreachable by an elastic-plastic structure without violating the required
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continuity conditions. The existence theorem for elastic-perfectly plastic bodies
fails (G. Del Piero [4.110]), and the papers by K. Szuwalski and M. Zyczkowski
[1.18, 4.570] show several examples of the non-existence of any mechanism of plastic
collapse: earlier, in the elastic-plastic range, inadmissible discontinuities appear
and the decohesive carrying capacity is exhausted.

Indeed, there is no mathematical or physical reason to assume that a limit
state of an elastic-plastic structure, defined as in Sec. 17.1, always exists. On the
contrary, the concept of decohesive carrying capacity makes it possible to clarify
many paradoxes observed in the theory of perfect plasticity. Such paradoxes were
pointed out as early as 1935 by F. Stiissi and C. F. Kollbrunner [4.557], and in
1955 by H. Craemer [4.97]. A solution for a notched bar in tension, involving partial
decohesion, was given in 1952 by E. H. Lee [4.322]. Cases of the non-existence
of the limit carrying capacity for certain slabs (plates) were shown by R. H. Wood
[4.610). The problem of a half-plane loaded by a semi-infinite uniform normal
pressure in plane strain conditions was discussed by S. S. Golushkevitch [4.178]
and V. O. Geogdzhayev [4.162]; they evaluated the decohesive carrying capacity,
but called it the “limit carrying capacity”. Numerous problems of the non-existence
of solutions and of inadmissible discontinuities were discussed by E. M. Shoemaker
[4.533, 4.534, 4.536, 4.537]. The concept of decohesive carrying capacity is also
useful in thermoplasticity, since under purely thermal loadings usually no mechanism
of plastic collapse can be found, whereas a certain decohesive carrying capacity does
exist, [4.642].

The admissibility of discontinuities is a problem requiring subtle discussion.
In classical continuum mechanics any discontinuity of stresses, displacements or
velocities normal to the discontinuity surface (line) is inadmissible. On the other
hand, in the engineering approach to limit analysis the strains or strain rates are
often assumed in the form of a distribution (generalized function, e.g. of the Dirac
type); then the displacements or velocities are discontinuous as the Heaviside func-
tions. An attempt to form the theoretical background for such an approach was
made by R. Hill [2.57), who proposed a “relaxed” treatment of discontinuities,
regarding jumps in normal velocities in plane stress problems as admissible, leading
to necking. In fact, such jumps might be treated as admissible at the end of the
process, but if the process is to be continued, then they lead to inadmissible dis-
continuities in displacements, at least within the framework of the small-strain
theory. However, since the strains increase infinitely, a more rigorous treatment
requires here the application of a finite-strain theory. Then in most cases it turns
out that the jumps due to positive normal strains remain inadmissible and result
in a certain decohesive carrying capacity, whereas the jumps due to negative strains
disappear in view of the increasing cross-sectional area, and in the latter case the
process may be continued.

In a statically determinate problem decohesion always results in a full collapse,
but in the case of statical indeterminacy a structure may work even after partial
decohesion; the relevant discussion is given in [1.18, 4.569, 4.570].
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The present chapter gives several examples of decohesive carrying capacity,
mainly based on the small-strain theory, but some comparisons with the finite-strain
theory will also be given.

18.2 Bars and bar systems

Consider first the influence of non-homogeneities on the behaviour of a simple
bar in tension. Assume an asymptotically perfectly plastic material characterized
by the function

og=fle) or e£=g(0), 0<e<w, 0<0<oao,.

If the bar is homogeneous and prismatic, no body forces are present, and the small-
strain theory is applied, then the “integral” diagram Q = f(q) is (in an appropriate
scale) identical to o = f(&); by the generalized force Q we understand here the force
P, and by the generalized displacement g the elongation A41.

Pighl

=]

‘\

A

v

Fig. 91. A bar under non-homogeneous tension
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P

Introduce now a certain non-homogeneity, for example due to an arbitrarily
small own weight of the bar (Fig. 91). The elongation of the bar equals in this case

! o(l) @) 1 a(l)
— Al — - 8\a e L5
q=A41 Ssdx S dolix do - S g(o)do, (18.1)
0 a(0) a(0)
since
P
o _A‘_H’x’ (18.2)

where y stands for the specific weight of the material of the bar; the symbols o(0)
and o(/) denote the stresses at x = 0 and x = /, respectively. The maximal elongation
q is reached for o(/) = o,; hence

o

: S g(0)do. (18.3)
a(0)

Siodied
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The integral (18.3) is improper, since for asymptotically perfect plasticity g(o,) — 0 ,
and may be convergent or divergent. In the flrst case the maximal elongation g is
finite and the decohesive carrying capacity Q is then reached (Fig. 92, (a), whereas
in the second case § increases infinitely and we may speak of the limit carrying

B 5 ot L o i e i

Nl o s )
|

g
Fig. 92. Decohesive carrying capacity (a) and limit carrying capacity (b)

capacity Q, Fig. 92, (b) (in this case Q0 = é, but in general such coincidence does
not take place).

The integral (18.3) has a simple physical interpretation: it is proportional
to a part of the complementary specific energy, Fig. 93. Hence decohesion takes

i $29(6)d5

y é

Fig. 93. Interpretation of the improper integral (18.3)

place if that complementary energy is finite. For example, if we consider the most
frequently used laws of asymptotically perfect plasticity, that of A. Ylinen (8.11)
or that of W. Prager (8.12), then the integral (18.3) is convergent, decohesion occurs
and the “integral” behaviour of the bar is quite-brittle. Of course, this statement
also holds for a perfectly elastic-plastic material.

To avoid decohesion we have to consider the stress-strain curves approaching
the yield stress o, less rapidly. For example, analysing the functions of the type

a

* 7O  E =l

we find that for » > 1 the integral (18.3) is divergent, the elongations may increase

infinitely, and there is no qualitative difference between the diagrams ¢ = f(¢) and
0 = f(q).

The above analysis was based on the small-strain theory; however, the assumed

criterion of decohesion & = dufdx — oo is inconsistent with this theory and a re-

(18.4)
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examination of results, based on a finite-strain theory, is required. Of course, various
degrees of accuracy of such theories are possible. Here we use a relatively simple
theory, using true stresses and logarithmic strains, but preserving the simplifying
assumption of a uniaxial stress state; the material is regarded as incompressible.

Using the Lagrangian coordinate X, 0 < X < /,, we may write now instead
of (18.2)

oL, ¥XAo
A AX)
where o stands for the true stress, A, for the initial cross-sectional area, A(X) for

the actual cross-sectional area, /, for the initial length gf the bar. Making use of the
incompressibility condition, we find

A = Age™", (18.6)

(18.5)

o

where ¢ denotes logarithmic axial strain, and hence

g = (—i +yX)e‘ = f(¢&). (18.7)
Ao

The function f(¢), describing the material, is assumed to be known; thus (18.7)
may be regarded as a relation between ¢ and X. The maximal o is reached for X

= [,

supo = (Ai +)”o) e = fle(ly)], (18.8)
0
and hence the force P may be expressed as the following function of the logarithmic
strain &(/,):
P = Aoe=*® f[e(lo)] —yAols. (18.9)

The maximal value of the force is determined by dP/d[e(l,)] = O; this condition
leads to

letio) = e, (18.10)

and this condition is identical with the condition of necking for a homogeneous
case, (17.7). In the non-homogeneous case under consideration, (18.10) ends the
process: indeed, a decreasing force would result in passive processes at any point
except X = [,, and an active process at X = /, cannot result in any elongation of
the whole bar. The maximal length of the bar at decohesion /is given by

I, e(ly)

- Se‘dX - ﬂ [f'(e) —f(e)] de (18.11)

0 «(0)
with substituted (18.10), since the function X = X(¢) is determined by (18.7).

e
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It should be noted that in the above finite-strain approach the former criterion
of decohesion du/dx — oo is replaced by do/dX — co. In fact,

do _ dojde
dX — dX|de

and the denominator of (18.12) vanishes at X = /; in view of (18.7) and (18.10).
Further, d4/dX — o at X = [,, and hence in a more rigorous treatment a triaxial
state of stress should be taken into account. Such an analysis will not be given here,
but probably in most cases the qualitative result will be retained: a limited elon-
gation of the bar as a whole, resulting in decohesion.

We now return to the simpler small-strain theory, but consider statically indeter-
minate bar systems instead of single bars: the systems are more interesting, since
the differences between the limit carrying capacity and the decohesive carrying
capacity are then much more evident.

(18.12)

) R/ RI RJ
‘ g=rA J g-TA ‘ g=rA
: ‘ ‘ { ‘de/armable
i } }
[ t t
Bk Yrigid
2a e, a

Fig. 94. Decohesive carrying capacity and limit carrying capacity of a bar system

Consider the system shown in Fig. 94 and assume a perfectly elastic-plastic
material of the bars. In the elastic range the reactive forces are qual to

R, = 5 P+yAl, R,=1P+yAl, R, = P+yAl, (18.13)

if the weight of the rigid horizontal beam is disregarded; this would introduce no
change to the discussion. The largest stress occurs at the fixed cross-section under
the reactive force R; and equals R;/A4. Thus the equation

7 P

124
describes the elastic carrying capacity of the system (we assume no collapse under
its own weight alone, y/ < 0,).

The further behaviour of the system depends on y. If y = 0, then (18.14)
determines the onset of plastification of the whole bar “3”. Under the assumption
of perfect plasticity a redistribution of stresses takes place until the bar “2” becomes
plastic. Then a mechanism of plastic collapse is formed (infinitesimal rotation about
a hinge at the lower end the bar “1”) and the corresponding limit carrying capacity
equals P = 24a,.

+yl = o, (18.14)
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If the weight of the bar is taken into account, y # 0, the force
P=P="12A(co—7) (18.15)

determines simultaneously the elastic carrying capacity and the decohesive carrying
capacity of the system. Indeed, the force carried by the bar “3” under the assumption
of perfect plasticity cannot increase; on the other hand, for the force (18.15) the
whole bar “3” remains elastic except its upper cross-section, and its further elon-
gation, resulting in a redistribution of stresses, is impossible. Hence the force (18.15)
cannot be exceeded, and the dccohesive carrying capacity is exhausted. In the limit-
ing case y = 0 we obtain P12 .2 Ao, but in this case the necessity of decohesion
disappears, and a much larger hmnt carrying capacity P= 240, holds; thus for
y — 0 we observe a discontinuity of solution.

To obtain an even more conspicuous and suggestive picture let us replace
perfect plasticity by asymptotically perfect plasticity. Assume the Ylinen law (8.11);
it is convenient for limiting procedures, since for ¢ — 1 the material becomes perfectly
elastic-plastic. Substituting (8.11) into (18.1), we determine the elongation of the
bar with its own weight taken into account by the formula

1 | co? o

a4l = B2 +(1=c) 6o(0o—0) [ln(l - —) - 1]:

The maximal elongation /J?, (18.3), is reached for a(/) = g,, and for y # 0 it is
finite; a simple limiting procedure leads to the result

(18.16)

'(0)

Al = -é-[(ao—%l-)c+(l —c)cro( 1-=In v )] (18.17)

TJo

Apply now (18.16) and (18.17) to the bar system shown in Fig. 94. To shorten
the notation introduce dimensionless loading, dimensionless reactive forces and
elongations

P R, Al

p= Aao s = Aao ’ 1= T, i = 1,2, 3, (18.18)
and the dimensionless parameters
el pmis, (18.19)

g, E
The basic equations of statics and geometry take the form
ry+ry+r3—=3u—p =0,
3ry+ry—r;—3u =0, (18.20)
A+243-22, =0,

and together with (18.16) describe the functions r; = r,(p). To determine the de-
cohesive carrying capacity of the system we put r; = 1 (then & — oo at the upper
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cross-section of the bar “3”), and use for this bar (18.17) instead of (18.16). From
the first two equations (18.20) we find p,

I; =2-2r

and the third Eq. (18.20) may be reduced to a transcendental equation with respect
to the reactive force r,:

pltp—rn)  1-n, 1 -

(1+6p—Try)c+|in Gr =20 B =

-6 i'—;!i In 33_("{%] (1—¢)=0. (18.21)

This equation can easily be solved with respect to the material constant ¢, and such
an inverse procedure makes it possible to present p as a function of two parameters:
# (influence of own weight of the bars), and # = 1—¢ (deviations from a perfectly
elastic-plastic material), Fig. 95.
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i 7 /
A A A S
e | Z 1 7 /
15
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Fig. 95. Decohesive carrying capacity of a bar system in the case of asymptotically perfect plasticity

A

The point u = & = 0 (weightless, perfectly elastic-plastic system) is a singular
point, and the value of p at this point depends on the limiting procedure. Indeed,
if we assume at first # = 0, then for any ¢ the limit carrying capacity p = p = 2
is reached. Conversely, if we assume at first # = 0, then for any y the decohesive
carrying capacity is given by (18.15), and for y — 0 we obtain p — 12/7.
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To investigate the singularity, let us derive power series expansions of (18.21)
in the vicinity of # = 0 and in the vicinity of # = 0. The first expansion may be
presented in the form of an ordinary power series of #; we finally obtain [4.569],

_ 1+6u Tu(6+p) | 6(1—p) 6+u {
n= T*"T['" G+ap? T Pagran 1%

1, 6(l—w | 6 3(1-p|,, }
+[1+7#ln e +7”1 v 4 ..f.  (1822)

To obtain the second expansion, we must assume a generalized power series of u
the first term of which is proportional toy ,u; longer calculations lead to

-2
r,—(—exp P );/ [ T lsa)cxp100]y+... (18.23)

Putting # = 0 in (18.22), we obtain r, = 3(1+6u), and hence p = 2(1—p),
whereas putting z = 0 in (18.23), we obtain r, = 0, p = 2; however, for small u
series (18.22) becomes divergent, and for small # series (18.23) becomes divergent.
Such divergencies are typical in the vicinity of a singular point.

K. Szuwalski investigated in [4.569] also another type of non-homogeneity
of the stress state, connected with a slight change of the cross-section of the bars.
The results of his investigations do not differ from those given above: the point of
vanishing deviations from the constant cross-section and of vanishing deviations
from perfect plasticity is a singular point similar to that shown in Fig. 95.

18.3 The Stiissi-Kollbrunner paradox

F. Stiissi and C. F. Kollbrunner [4.557] analysed in 1935 the limit carrying capacity
of statically indeterminate beams and in the case of the beam shown in Fig. 96
pointed out the following paradox: the limit load P equals P = 8M/l, (where M

o o ) 2y
l°_"1'" ’4""2_'4'— Ly i

Fig. 96. The Stiissi-Kollbrunner paradox

is the limit bending moment for the cross-section) and is independent of the ratio
of the span lengths /,//,. However, for /; = oo the middle span is practically un-
affected by the outer spans and we shoul dobtain P=4M /1, as for a simply supported
beam. Hence the case /;, — oo leads to a certain discontinuity of the result, which is
not justified from the physical point of view.

The experimental tests carried out by Stiissi and Kollbrunner [4.557], and also
by H. Maier-Leibnitz [4.357], do not agree with the classical limit analysis: the

4BPK
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real carrying capacity depends on the ratio /,//,. A. M. Freudenthal [4.146] no-
ticed that these results lie between the elastic and the limit carrying capacities, P
and P respectively, and proposed to assume—quite arbitrarily—the arithmetic mean
of P and P as the real carrying capacity of the beam.

Several attempts have been made to clarify the Stiissi-Kollbrunner paradox,
P. S. Symonds and B. G. Neal [4.563] calculated the deflections by assuming an
ideal I-section and found that the central deflection increases infinitely in the limiting
case I, —» oo. Their calculations were extended by K. A. Reckling [2.141], who
tried to introduce a “distributed plastic hinge” with the length 0.1 /,. However,
those calculations admitted a finite jump of the rotation angle « under the force,
which contradicts the continuity requirements. It turns out that the paradox under
discussion disappears if we consistently adopt the assumptions of a continuous
medium and perform the calculations only until the formation of the first inadmissible
discontinuity.

Such a discontinuity is introduced by the plastic hinge, if it is achieved at finite
deflection of the beam; according to A. R. Rzhanitsyn [4.492] this case occurs if
the bending moment reaches its strong maximum with a simultaneous jump in its
derivative, under concentrated force. Indeed, the plastic hinge may be understood
as corresponding to the limit carrying capacity of the cross-section: an infinitesimal
rotation at a constant bending moment. For a rigid-plastic multi-span beam three
such infinitesimal rotations describe a certain mechanism of plastic collapse (Fig.
96), but, in general, this mechanism will not be reached by an elastic-plastic beam,
since the formation of the first hinge under the concentrated force will terminate
the process and the decohesive carrying capacity is reached. Namely, any finite
rotation angle « in the hinge is impossible, since it cannot be described by a displace-
ment field which is continuous or contains admissible discontinuities. It leads to
vacancies on the tensile side and to overlapping of the material on the compressive
side of the beam, Fig. 97.

overlapping

Fig. 97. Inadmissible discontinuities in a plastic hinge with a finite angle of mutual rotation

Following the paper [4.586] by Tran-le Binh and M. Zyczkowski, we calculate
the decohesive carrying capacity of the Stiissi—-Kollbrunner beam. This quantity
depends continuously on the length of the outer span /,, and in this statement of
the problem no paradox occurs.
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Because of the symmetry of the beam, consider only its right-hand side, Fig. 96.
The bending moment under the force will be equal to the limit carrying capacity
of the cross-section, M. Hence, assuming no rotation angle at this point, we deter-
mine the decohesive carrying capacity, whereas admitting rotation and assuming
the subsequent maximal moment |M,| equal to M, we estimate the inadmissible
discontinuity determined by the magnitude of « under the force, corresponding to
the classical mechanism of plastic collapse.

For a beam of a rectangular cross-section bx h we introduce a dimensionless
force p, a dimensionless coordinate &, and a dimensionless deflection v:

41,

|
P= " e
X X
E= = B (18.24)
L
T 30,2

where w denotes physical deflection. The geometry of the beam will be characterized
by the ratio

l A

k =

The dimensionless bending moments in the inner span, m,;, and in the outer span,
my,, equal

M _,_ P
ml Gl - 3l l 4k 6’ 0 S 5 s kv (18.26)
My o
my == = 4(1 (I =8, k<ég<l. (18.27)

Integrating the corresponding differential equation of bending within the elastic
range (without the assumption m(0) = 1), we easily determine the elastic carrying
capacity of the beam:

16 1+2k
5 Sak (18.28)

In the elastic-plastic range the number of intervals for integration equals three
and may increase to five if at the support C the elastic carrying capacity of the cross-
section is exceeded, |m(k)| > 2/3. Substituting m(k) = —2/3 into (18.26) or (18.27),
we find p = 20/3 as the boundary value of the force, separating the range of three
intervals for integration from the range of five intervals (in the state of decohesive
carrying capacity or of limit carrying capacity).

In the case of five intervals the differential equations of bending are

p=
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v5(§) = - WE—, 0<é<é,,
3V3VpE
oi®) = 25— E<E<E,
o 4vk
EpEe. ) A S E, <&k, 18.29
v3(8) 3|/3)/8k—p5 2<§ ( )
4y I-k
a(¢) = —= , k<&gi
“O=35 l/(P-4)£+8—4k-—p o
where the boundary coordinates are
4k 20k 3p+8k—20
§ = 3. & = "g» &y = 3(p—4) (18.30)
The general integrals of (18.29) are
16/ k&>
= ———— +A,E+A4,,
21(8) 9|/3P 2
62
vz(é) 24k 2 +BIE+BZ’
16 V k(8k —p&)?
os(8) = —'/—9:/3—”5) +CE+Cs, (15.51)
/ 4k 3
ve®) = Sk VIG—DE+E—tk—pl , py .\
9y/3 (p—4)?
o p~4 & z) ,
vs(§) = W(T—E +E,(+E;.

The boundary conditions ©(k) = 0, and v(1) = 0, the eight continuity conditions,
and the additional condition (symmetry) ;(0) = 0, make it possible to determine
ten integration constants and the load parameter, i.e. the decohesive carrying ca-
pacity p. The final equation takes the form

3|/3(8-ﬁ) [(142k)p?+ (4 —28k)p +48k] —80(1 —k)p = 0. (18.32)
It determines p in the range of five intervals under consideration, p > 20/3. Substitut-
ing this boundary value into (18.32), we find the corresponding boundary value
of k, namely k = 5/11, and hence (18.32) is valid if 5/11 < k< 1. For k=1
(clamped beam) we obtain p = 8, and here p = p .
If 0 < k < 5/11, then the beam should be divided into three intervals only,
(1), (2), and (5), since the elastic-plastic intervals (3) and (4) disappear. In this case
the decohesive carrying capacity is determined by an explicit equation
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= 2{ 1+ 24y AR A58 | (18.33)

In the limiting case k — 0 we obtain p = 4 and this result corresponds to the classical

limit load for a simply supported beam. Inside the interval 0 < k < 1 the dependence

p = p(k) is continuous and no paradox appears. This dependence is shown in Fig.
98, together with p = p(k) and the paradoxical p = p (k).

Paper [4.586] gives also an estimation of inadmissible discontinuities in the

classical limit state of the Stiissi—-Kollbrunner beam. They are characterized by the
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Fig. 98. Elastic, decohesive and limit carrying capacities of the Stiissi-Kollbrunner beam

angle of mutual rotation of the two adjacent sections in the hinge. For example,
if oo/E = 0.001, /,/h = 50, I, = l,, then this inadmissible angle equals 0.0658
= 3°46'. '

The decohesive carrying capacity of several other statically indeterminate
beams was evaluated by K. Szuwalski and Tran-Le Binh in [4.568].

Of course, the above conclusions do not mean that the classical theory of the
limit carrying capacity of beams is useless. In most cases it makes use of “relaxed”
continuity conditions, exceeding the basic requirements of the continuum mechanics;
on the other hand, in most cases of real materials an even small plastic hardening
justifies such a “relaxation” and the picture experimentally observed is not very
far from that predicted by the theory of plastic hinges with finite rotations. How-
ever, the theory making use of the concept of decohesive carrying capacity is more
co