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1. Introduction

This work is devoted to some recent developmentshen Higher Order Approximation
introduced to the Meshless Finite Difference MetkidéDM, [75]), and its application to solution of
boundary value problems in mechanics. The MFDMnis of the basic discrete solution approaches to
analysis of the boundary value problems of mechlaridelongs to the wide group of methods called
nowadays the Meshless Methods (MM, [4, 8, 19, 26528 59, 75]). The MM are more and more
developed contemporary tools for analysis of boondalue problems. In the meshless methods,
approximation of the sought function is describather in terms of nodes than by means of any
imposed structure like elements, regular meshesTeerefore, the MFDM, using arbitrarily irregular
clouds of nodes and Moving Weighted Least Squakd@/L(S, [40, 41, 42, 49, 50, 54, 105])
approximation falls into the category of the MMjrizein fact the oldest [33, 53+57, 70] and, possibl
the most developed one of them. The recent statieeoért in the research on the MFDM, as well as
several possible directions of its developmentoaiefly presented in Chapter 2.

In the present thesis, considered are techniquéshwiad to improvement of the MFDM
solution quality. This may be done, in the simplease, by introducing more dense, regular or
irregular, clouds of nodes. They may be generalgdoa or found as the result of dmadaptation
process. The other way is to raise the rank ofltleal approximation of the sought functiop- (
approach).

In the standard MFDM, differential operators arplaeed by finite difference ones, with a
prescribed approximation order. There are seveddniques that may be used for raising this order.
The standard one assumes introducing additionaééor degrees of freedom) into a simple MFD
star, and raising order of its approximation [18]. Zhese aspects are discussed in Chapter 3 i@ mor
detailed way.

The concept of the Higher Order Approximation (HQ#5, 76, 83, 87, 88, 90, 91, 92, 94,
95, 96, 98]), used in this thesis, is based onideration of additional terms in the Taylor expamsi
of the sought function. Those terms may consisi©fderivatives as well as their jump terms, and/or
singularities. They are used here as correctiongeo the standard meshless FD operator. Correction
terms allow for using of the same standard ordeDM#perator, and modifying only the right hand
side of the MFD equations. It is worth stressingt tthe final MFD solution does not depend on the
quality of the MFD operator, it suffers only frontrancation error of the Taylor series expansion.

The main objective of this work is a developmenttaf HO correction terms approach in the
MFDM, and demonstration that such move may impromemany ways, efficiency and solution
quality of this method. The HO correction terms nisy applied in many aspects of the MFDM
solution approach. The following aspects may bendjgished here:

- improvement of the MFD approximation inside the dam

- improvement of the MFD approximation on the domaiandary,

- solution precision and convergence,

- improvement of the a’posteriori error (solution aedidual) estimation, given in the local or
global formulation,

- improvement of the residual error based generatitarion of new nodes, in the adaptation
process,

- improvement of the multigrid solution approachpwaling for effective MFD analysis on a set
of regular or irregular meshes.

Beside the above mentioned applications of the ld@ection terms to development of algorithms
used for several aspects of MFDM analysis, inpttesent work considered are

- computational implementation of these MFDM algarit)
- examination of the above mentioned aspects on t2Brbenchmark tests,
- application of the MFDM to some boundary value peats in mechanics.



A variety of 1D and 2D benchmark tests was perfarrire order to examine solution algorithms
developed. Among many investigated aspects, th¢ imesesting seem to be

- quality of solution algorithms for local and varsuglobal boundary value problem
formulations,

- influence of mesh irregularity on solution results,

- improvement of the MWSL approximation using the t¢@ns,

- solution quality, when using HO terms,

- boundary conditions discretization, using HO teramg] various boundary techniques,

- both the solution and residual convergence, obtiaomea set of regular and irregular meshes,

- revision of the commonly used global a’posterioroe estimators, with a new formulation for
HO terms, taken into account,

- estimation of the a’posteriori solution and resideraors,

- development of error indicators for irregular messhe

- adaptive mesh refinement,

- multigrid solution approach.

The features of the complete MFDM solution approdisted above, are consequently introduced,
discussed and tested in the following ChaptershEzttapter contains a theoretical part, where the
original concepts are outlined, and appropriatéonstare defined. The second part of each Chapter i
devoted to numerous tests.

In Chapter 2, briefly presented are historical lgaokind and main problems of the standard MFDM
solution approach [75]. Comparison is made betwkerMFDM the and classic FDM, based on the
regular meshes only.

In Chapter 3, given is the general formulation lbé tHigher Order approximation provided by
correction terms. It is applied then to 1D and &igadr boundary value problems, posed in both the
local and global formulations. Chapter 3 contaitso amany solution algorithms, which were
successfully used in the computer implementaticin@MFDM.

Chapter 4 deals with the problem of effective baugdliscretization. Especially investigated are the
following concepts: standard discretization of essé and natural boundary conditions, HO
approximation for the boundary MFD operators, a$l we the optimal MFD discretization in the

boundary neighbourhood.

In Chapter 5 discussed are the effective a’posiezgiimation [2, 16, 40] of the solution and rest
errors. Local and global (in the integral formsjireations may use the HO correction terms as a high
guality reference solution. Especially investigated well known global estimators [2, 120], inityal
designed for the FEM analysis.

Adaptation, mostly in thdér-sense [7, 17, 18], is the main topic of ChapteH6re, defined are
modified generation criteria of new nodes. Theylzesed on an improved estimation of the residual
error. Those criteria, combined with some otherg, &noothness ones, allow for the optimal choice
of nodes concentration zones, where either thetisnlwor the right hand side of the differential
equation exhibits large gradients. Moreover, defiaed tested are several new global error indisator
possibly more sensitive for mesh irregularity thithe classic integral ones. They are applied for
convergence estimation of both the solution anidivess.

In Chapter 7, presented is the multigrid soluapproach [10, 29, 51, 75]. It may use a set ofleggu
or irregular meshes. The approach allows for effectolution of the MFD equations, and is based on
the prolongation, and restriction procedures [%&l,75], for two subsequent neighbour meshes. Use of
the HO correction terms allows for obtaining the MBolution in the multigrid cycle for any
arbitrarily chosen local approximation order [78].9



In Chapter 8, considered is application of the HBIMI approach developed here to solution of
several simple boundary value problems in mechawinalysed are those chosen tasks, that require
numerous, efficient solutions of high precisioneliproblems with geometrical and physical non-
linearity, fuzzy sets analysis, Monte Carlo simigiatin reliability estimation. Among 2D problems
analysed was the prismatic bar and railroad rdijesated to torsional moment as well as nonstatipnar
heat flow in the railroad rail which may be consete as the part of the residual stresses analysis.
Brief classification of considered here 1D and 2Dlylems is presented in Tab.1.1.
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Tab.1.1 Review of analysed 1D and 2D problems

In Chapter 9, briefly presented is the programméngironment that was applied for designing and
creating the variety of test programs. Those progravere independently developed for 1D and 2D
problems. Obtained results are consequently predemthe following Chapters.

In the last Chapter 10, a brief summary of the whekearch, reported here, is presented. Outliged a
original concepts and ideas as well as those prabteat caused difficulties. Several general remark
are made about implementation of the solution #lyms developed. Future research plans are also
mentioned.

Finally, the present Thesis include referencesplishe most important notations as well as eratos
programs, for analysis 1D and 2D benchmarks.



2. Meshless Finite Difference Method MFDM

2.1 Introduction

The Finite Difference Method FDM is one of the ad@umerical methods of analysis of
boundary value and initial value problems, usedyltime before the computer age. However, its
power and scope of applications were practicahyited to the regular meshes and regular shaped
domains. Moreover, its full automation was veryfidifit to perform. Rapid development of the
computer technology since the early sixties, resliih development of some new methods as well as
in the revaluation of the existing computationaltmeels. Since the invention of the Finite Element
Method (FEM) in late 1950s, it has become the rpogiular and widely used method in engineering
computations. Its well deserved successes in eféeenalysis of boundary value problems caused a
long lasting stagnation in other discrete methaaduding the FDM. However all drawbacks of the
classical FDM might be removed after the effecgemeralisation for irregular meshes. Following the
earlier studies in the seventies [33, 37, 102]thedecent developments like error analysis, adifpti
and multigrid solution approach, the generalisedsMess Finite Difference Method (MFDM, [75]),
like the FEM, presents nowadays a general solutoh of boundary value problems displaying a
variety of useful features. One may notice, howetlgat nowadays the MFDM falls into the wide
class of the so called meshless methods, beingdntlie oldest and, therefore, possibly the most
developed, and effective one of them.

2.2 Main advantages and disadvantages of the classidabM

The classical FDM [75, 77] is a very effective tdok analysis of the boundary value
problems posed in regular shape domains. Espedaiilyenient is then generation of the mesh, FD
stars, formulas and equations. Moreover, for regaoiashes there are many mathematical proofs
regarding the stability and convergence of the prbids well as the existence, and uniqueness of the
solution. However, long time practise also showresal disadvantages of the FDM, which cannot be
overcome when using only classical finite differesolution approach.

)] The classical version of the FD method uses orgylex meshes of nodes, depending on
the shape of the domain (rectangular, circulaangular, etc.). Mesh generation inside the
domain is very easy task: one has to assume thk tyes, and its modulus. The whole
process complicates in the boundary zones. Thelggngbarise in case of curvilinear
boundaries, two situations which need individuahtment, are presented in Fig.2.1. This
is the main reason for the reduced number of medippdications.

® boundary node
O internal node

Fig.2. 1: Curvilinear boundary with the rectangular mesh

(i) Lack of possibility of local mesh refinement is #rer drawback of the classical FDM.
Node insertion or shifting is not possible due tesim regularity restriction. There are



many situations, when the local increase of mesisitleis needed, e.g. for the purpose of
better approximation with the limited number of woolwns, due to presence of
concentrated loads, boundary corners, cracks, rgdvoundaries, etc as well as in the
standardh-adaptive solution approach.

(iii) Additionally, it is very difficult in the FDM to caple domains with different dimensions,
e.g. beam (1D) with plate (2D), beam and plate Jotimdation (3D) — there are lots of
such typical situations in the mechanics of comsion, especially in the global (weak)
formulation of boundary value problem.

(iv) Difficulties in method automation.

This all makes classical FDM very difficult to aotate for analysis of boundary value
problems of any kind. These limitations make thévF&ffective tool only for selected boundary value
problem classes. Needed is generalisation of thil D least for the arbitrarily irregular meshes
(clouds of nodes), and for the domains with arbjtsibapes.

2.3 Historical background

Though idea of irregular meshes is not new, a posgi of practical calculation was
dependent on computer technique development. Boolaif irregular meshes starts from the mesh
being partially regular in sub-domains (Fig.2.281]], then irregular, but with restricted topology,
which allows for mapping onto the regular one (Zigb, [22]) to arbitrarily irregular cloud of nodes
(Fig.2.2c).

The basis of the MFDM was published in the earlyeséies. Fully arbitrary mesh, though for
local formulation and the interpolation schemedy,owas firstly considered by P.S.Jensen [33]. The
main disadvantage of his approach was frequenukinrty or ill-conditioning of a control scheme.
Several authors tried to develop an automatic phaee which avoids incorrect stars and thus
improving the accuracy of the FD formulas. Perrang Kao [102] proposed using of additional nodes
in the FD stars, selected from the geometricatgdh. The approach for FD analysis of boundary
value problems posed in the variational form weoeswered first by R.A.Nay and S.Utku [70].
Those early formulations of the so called GenezdliEMD were later extended and improved by
many other researchers. The most interesting wweke published by M.J. Wyatt, G. Davies, C.Snell
[116, 117], P. Mullord [69], D.G. Vesey [114] andiah later by B. Nayroles, G. Touzot and P. Villon
[71]. It is worth mentioning here a contribution tfe polish authors, Z.Kzkowski, R.Tribi o,
M.Syczewski and J.Cendrowicz [13, 37, 110, 111thmearly stage of this research.

However, the initial concept of P.S.Jensen [33] wrsnly developed throughout last thirty
years by J.Orkisz [74] and his numerous co-work@rsiszka, W.Tworzyd o, J.Krok, W.Cecot,
W.Karmowski, J.Magiera, M.Pazdanowski, |.Jaworskdilewski, [32, 36, 40, 41, 43, 44, 45, 46, 51,
53 + 57, 64 + 66, 75 + 100]). The most complete gaderal version of the MFDM, based on the
arbitrary cloud of nodes (totally irregular meshasd MWLS approximation appeared in the late
seventies [53, 56]. At first, it concerned onlydbformulation of the boundary value problems [56].
Then the approach was generalised for problemsdpgoseariational formulations [57], and non-linear
problems [58], and later on for differential mamif¢47, 48, 112, 113]. Further research included as
follows the MFDM in data smoothing [36, 99], mesdngration [54, 56, 75], mathematical basis [16,
75], various FEM/MFDM combinations [41, 44, 43, ARjixed global — local MFDM formulation
[36], error analysis [40, 75, 89, 91, 92, 96], Huaptive MFDM [51, 75, 80, 85, 92, 93, 94, 95, 96,
100,] and multigrid solution approach [51, 75, 880, 93]. Several general presentations of the
MFDM were made in the last years, including [56, 75, 78]. Nowadays, the MFDM, like the FEM,
is an effective, general tool of linear and noredin analysis of the wide class of boundary value
problems. Each boundary value problem formulatiomoliving derivatives may be effectively
analyses by means of the MFDM.



a) mesh partially regular in subdomains

b) irregular mesh with mapping restrictions

c) arbitrarily irregular mesh

Fig.2. 2: Various irregular meshes

2.4 MFDM as the oldest meshless method

A characteristic feature of the FEM [119] is thatlivides a continuum domain into the set of
discrete elements, with nodes at their vertice® ihldividual elements are connected together by a
topological map, constituting structured mesh. Tddasises problems with insertion and removal or
shifting of arbitrary nodes. Additionally, the apgimation may be spanned over various types of the
elements, which complicates division and unifimatiof elements, needed e.g. in problems with
moving boundary. Remedy is to use approximatiorit boi terms of nodes only which makes
insertion, removal, and shifting of nodes mucheadiherefore, it would be computationally effeetiv
to discretize a continuum domain only by a cloudhoadlal points, or particles, without mesh structure
constraints imposed. This assumption holds in &widup of methods, called nowadays the meshless
ones (MM).

This characteristic feature of all meshless methjdd8, 19, 26+28, 52, 59, 75] is formulated
by Idehlson and Belytschko [8Jneshless are these methods, in which the locat@pmation of the
unknown function is built only in terms of nodes'hus meshless methods use unstructured clouds of
nodes, that may be distributed totally arbitrarilythout any structure imposed a’priori, like domai
division into elements or mesh regularity, or angpping restrictions. In such context, the MFDM
presents nowadays the oldest (at least since 18i&)therefore, possibly the most developed as well
as effecitve meshless method.

For illustration purpose, a comparison of the FEM &M concepts of domain discretization,
mentioned above, for a 2D problem, is shown inZ8). The discretization was designed [8] for the
FEM analysis, though here MM analogy is also shown.

In the meshless methods, the local approximatsoopréescribed in terms of nodes and is
generated by various ways like the Moving WeigHtedst Squares (MWLS) approximation [40, 41,
42, 49, 50, 54, 105] or interpolation by kerneliraates or partition of unity [4, 8, 59, 60, 68].
Generally, the name “meshless” methods is used thewmgh weak interrelation between meshless
methods developed so far results in no or not gefit advantages taken from the earlier research
already done A large number of rediscoveries happlkeen. Sometimes old-known methods come
again but under the different names. Already séwadtempts have been made [23, 52, 59, 75, 84] to
classify the existing meshless methods. Varioussdiaation criteria have been used, most often a
local approximation type.



The meshless methods have numerous useful featw@sh make them effective and
versatile tool in many applications. Among themg omay mention the following ones

They exhibit no difficulties while dealing with @& deformations, since the connectivity
among nodes is generated as part of the computatidncan be changed or modified with
time,

Simplification of analysis involving moving boungafcrack development, elastic-plastic
boundary, contact of deformable bodies, fluid fseefaces, etc.), since the mesh refinement
mechanism is applied with much ease.

Effective control of the solution precision, becam®des may be easily added (h — adaptivity)
in areas, where mesh refinement is needed,

Dealing with enrichment of fine scale solutiongy.ewith discontinuities and/or singularites
introduced, into the coarse scale,

No difficulties in combination with other discrateethods,

Accurate discrete representation of geometric opjatked more effectively with a CAD
systems, since it is not necessary to generatiearest mesh.

MESHLESS
METHODS

b

FINITE ELEMENT
\ METHOD

nelem __

2= U 5,

k=1

Fig.2. 3: Comparison between the concepts of the MEand MM

However, meshless methods, with some exceptiores MIEDM, are in general of lower
computation speed, when compared with the FEM. |IBnab may arise while dealing with
interpolation, differentiation or integration as livas disretization of the boundary conditions. The
MFDM, with long time practise and experience aslagllarge number of recent publications, may be
even more effective and versatile tool in manydfiebf numerical analysis, as the FEM and several
other meshless methods used. Some examples tfpésal domains of applications are e.qg.:

0] reinforced pneumatic structures (differential maldf large deformations) [47, 113]
(ii) railroad rail and vehicle wheel analysis [86] irdihg

10



- 3D elastic analysis (Generalised Finite Strip meétharbitrary high precision approach
with error control) [42, 99],
- residual stress analysis (shakedown, mixed glolbatat approach) [86, 99]

(i) roller straightening of railroad rails (3D highlymlinear, transient boundary value
problem) [86]

(iv) reservoir simulation — (adaptive approach to siagty) [43, 45, 85],

(V) physically based enhancement of experimental meammts (data smoothing,
inverse, ill-conditioned problems) [36].

2.5 Formulations of the boundary value problem for finite difference analysis

The MFDM may deal with boundary value problems ploseevery one formulation [75],
where the differential operator value at each megupoint may be replaced by a relevant difference
operator involving a combination of searched unkmewf the method. Using, difference operators
and an appropriate approach, like collocation, d®®e@alerkin, and functional minimisation,
simultaneous MFDM equations may be generated fgpibanndary value problem analysed.

Several types of boundary value problems formutatice briefly presented here including the
local (strong) formulation, and some global (weakgs.

The local formulation is given as a set of diffdr@ihequations and appropriate boundary
conditions. In the considered domai | A " with boundary W a functionu(P) is sought at each

point P, satisfying equations

u=f for PTW (2.1)
u=g for PITW (2.2)

where and , are given differential operators, inside the don@mnd on its boundary respectively,
and f, g are known functions of poirP.

However, many engineering applications involve loarg value problems given in the weak,
global form. Such formulations may be analysedhey MFDM nowadays [4, 14, 75]. They may be
posed either in the form of a functional optimisat{mainly for the self-coupled problems) or more
general, as variational principles (e.g. the pplecof virtual work) [4, 75].

In the first case, considered is minimisation &firgctional given in the general form
1
I (u) =3 (u,u) - L(u) (2.3)

satisfying boundary conditions (2.3).

In terms of mechanics, the first bilinear term in the energy functional (2.3) represents
internal energy of the system, while the second, dne is the work done by external forces.
Formulation (2.3) may be given either as an undamtd optimisation problemui M A ), when
extremum of I(u) is sought in the whole solution spa¢gor as a constrained optimisation problem

(ul Vadn] V), when extremum ofi is sought in the subspadé ., determined by the given

constraints. Those constrains may be given glopalty in the weak, integral form, or may be define
locally - in this particular case, the global —dbformulation is considered.

In the second case, variational principle in theegal Petrov-Galerkin form is considered

(uv)=LV) for vi \, (2.4a)

11



whereu = u( P) is a searched trial function, and= V( P) is a test function from the admissible space
V. .- The variational form may have symmetric (Bubnoad€Bkin) or non-symmetric character,

depending on the type of the form(u, V). When it is derived directly from the (2.1), asfirorder
non-symmetric form (2.4a) is considered, where#isy differentiation by parts and taking advantage
of conditions (2.2), one may derive the symmefdmm, e.g. called the Galerkin one. Further
differentation by parts yields the next non-symigeorms.

The approaches (2.3) and (2.4) involve integratwar the domainW and, therefore, are
called the global ones. Their equivalent discretents additionally use a local approximation at the
Gauss integration points. Beside the functionalimigation and variational formulations given in
equality forms (2.3)+(2.4), inequality formulatiom&y be also considered. Details are given in [75].

Also global / local formulations may be consideréde whole domain is divided then into a
finite number of subdomaing\/ , usually assigned to each noBe The global approach (2.3) or (2.4)

is applied rather to those local subdomains thathéowhole domainW at once. In case of the
variational principle (2.4), the weighting facter ¥(P) =1, if PIW ,, otherwisev(P) =0. So that
integral form is satisfied only locally, and is nigtated as whole.

In the recent years, in many applications of meilsarmore and more popular become
Mehsless Local Petrov-Galerkin MLPG formulations %4, derived from (2.1), (2.2) like (2.4). They
use the old concept of the Petrov-Galerkin approeckvhich the test functiorv may be different
from the trial function ) but is limited rather to subdomains than to th®le domainW at once.

In the Meshless Local PG approaches, the suppdrteofest functiorv is chosen in order to
simplify and reduce the numerical integration otdythe subdomains with the simple, regular shape,
e.g. circle or rectangle (Fig.2.4). The variatiopahciple (2.4) is satisfied then only locally, tinose
subdomains. Classification of the MLPG formulatigfikis performed mainly due to simplicity of the
integration of the weak form (2.4). Follwoing Suil [4, 5], the Author of this concept, several
different types of the MLPG may be distinguish, em

Fig.2. 4. Concept of the Meshless Local Petrov Galen (MLPG)
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0] MLPG1.: the test functionvf is the same as the weightfunction in the MWLS
approximation (refer to section 2.6: MWLS approxiioa and MFD schemes
generation),

(i) MLPG2: the test functionvf is the same Dirac’s Delta functiod(x- X) as

commonly used in the point collocation method, whiesults in the local
formulation (2.1) with boundary conditions (2.2),

(i) MLPG3: the test functionv] is the same as the residual error function of the
differential equation (2.1), using the MWLS apprazgtion. As the result, one has
to minimise the functional of the discrete residerbr of (2.1),

(iv) MLPG4: the test function (v) is the same as the ifretifundamental solution of
the differential equation (2.1), commonly used Ire tboundary methods .e.g.
Boundary Element Method BEM,

(v) MLPGS5: the test functionvf is the same as the Heaviside step function
0 , xX£X
1, x>X
approach is equivalent to the Finite Volume Method,

H(x- X)= (constant over each local subdomaifY), such

(vi) MLPG6: the test function (v) is the same as thad frinction (2.4), which results in
the Galerkin (symmetric) formulation.

Several remarks may be made
- Three of the above specified forms, namely MLPG (¢ollocation method), MLPG4 (the
local boundary integrals method) and MLPG5 (witte tbonstant test function) avoid
numerical integration over the test function domaitowever, integration over the trial
function domain may be still required,
The MLPG2 results are very sensitive on the chofdée collocation points,
The MLPG4 involves singular integration on the baany.

Very promising seems to be the MLPG5 formulatiohjch involves only integration over the
subdomains (prefectably regular), correspondingritd function (1), usually assigned to particular
nodes. In the present work, beside applying the MF&blution approach to the classical forms
(MLPG2 and MLPG6), some recent results are predefmiethe MLPG5 formulation as well. Here
the test function may be supported by the locatleotains assigned to nodes (Voronoi polygons in
2D) as well as the ones, defined among the groupodés (Delaunay triangles in 2D). The original
Atluri’s concept [4, 5] of the constant test fuicti (of Heaviside type) is extended here for the
constant and linear polynomial interpolation ovese subdomains.

The mixed, global - local approach may be alsoidensd as a constrained optimisation problem.
Minimisation of the functional (2.3), or a variat@ principle (2.4) is applied together with local
equality (differential equations (2.1)) and/or inatity (differnetial inequalities) constraints and
boundary conditions (2.2).

2.6 The basic solution procedure of the Meshless FDM

All drawbacks of the classical FDM
- discretization of boundary conditions for curvelinelomain boundary,
- requirement of mesh density increase (decrease),
- mesh adaptation,
- method automation
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may be eliminated by using arbitrarily irregularshes. However, mesh irregularity is the source of
new difficulties. They are overcome when using Meshless FDM. The basic MFDM solution
approach [75] consists of several steps, whichlisted below, and will be briefly discussed in the
following sections.

Formulation of boundary value problems for MFDNabysis,
Nodes generation and modification
0 Nodes generation
o Domain partition (Voronoi tessellation and Delauti@ggngulation)
o Domain topology determination
The optimal MFD star selection and classification
Local MWLS approximation
Mesh generation for the numerical integration (flmbal formulations only)
Generation of MFD operators
MFD discretization of boundary conditions
Generation and solution of MFD equations
Postprocessing by MWLS
Full MFDM automation, including symbolic operators

As formulation of the boundary value problems waheady discussed, a brief presentation of the
above steps will be briefly considered in whatdwls.

2.6.1 Nodes generation and mesh topology determination

The MFDM solution approach needs generation ofiddoof nodes (arbitrarily distributed
irregular points, forming later on an irregular immeghat has basically no restrictions). Any mesh
generator built for the FEM analysis could be usek. However, a nodes generator taking advantage
from the features specific for the MFDM analysisynetter serve this purpose [51, 54, 75, 85, 100].

Therefore, here nodex; =(x,y), 1=1,2,...N are generated using the Liszka type mesh

generator, based on the mesh density control. Thaotglly irregular meshes may be generated in
this way, use of zones with the regular mesh andoimtransition between them is practically
convenient. Irregular mesh generator proposed hisdka [54] takes full advantage of the domain
shape. For the purpose of generation of well-caoomid MFD stars, it assumes regularity in
subdomains with guaranteed smooth transition frenmsd to coarse mesh zones [85].

p=log b - [ min . for p.#p,
Fmin Locvos for p,=p,
P 301 02 Py )
3 e © & o O o o
® o o ¢ 0 0 o 0 €0 00 06000 o L] 0
3 1 e ® O @ ¢ 0 150 10 °© 05
2 ° ° ° 0 @0 @ 0O @ 95,0 9050 ¢ 1
1 ° o e o o 2 ® o o0 o O 00 20 © 13
0 e o 06 00 06 0 0 o 0 e 0 0 e ¥ 0 M0 ¢ 2
1 e © O o o 25
0 e 0 €0 o ’
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Fig.2. 5: Local mesh density for 1D and 2D case
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The Liszka generator is based on the notion ofdb@ mesh density’; (Fig.2.5), which may
be defined as

p=p :Iogzr—i in 1C
rmin
p,+0.5 ifp,=p,
rit= _ in 2C (2.5)
inf (px, py) otherwise
p,+0.5log, 3 if p=p,=p,
in 3D

inf (px, P, pz) otherwise

Here r, is a characteristic local modulus characterismegsh, andr,,, is the modulus of the most
dense regular square background mesh. From thah,ntes nodes are chosen according to a
prescribed local mesh densitf *° 7~ *(x,y)° infr ~ *(x y) , being an infimum of all local

densities, given a’priori (Fig.2.6). Nodes are gatedd (“sieved”) out of the background mesh using
criterion

ris/t (2.6)

mesh
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Fig.2. 6: Nodes generation in 1D case

Mesh generator of Liszka type allows for generatambitrarily irregular cloud of nodes.
However, definition of the mesh density, in thegoral Liszka’'s concept [54, 56], holds only for
regular meshes. It was later extended by Orkis {@5irregular clouds of nodes, mainly for the
adaptation purposes. It uses notions of the Vorpobigons and Delaunay triangles, defined on any
arbitrarily mesh, introduced below.

When generated, the nodes are not bounded by aeydfystructure, like element or mesh
regularity. However, it is convenient to determafeerwards the topology information of the already
generated cloud of nodes. In 2D domain topologletermined by

Voronoi tessellation (domain partition into nodalbdomains), and list of Voronoi
neighbours assigned to each node,
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Delaunay triangulation (domain partition into triamar elements), and list of triangles
involving each node.

Without restrictions imposed on the mesh structanrey node can be easily shifted or
removed. Also a new node may be inserted with smigll local modifications of the mesh topology.

Voronoi tessellation and Delaunay triangulatiorthaf cloud of generated nodes, followed by
their topology determination, is very useful forther analysis of the boundary value problems (e.g.
MFD star selection, numerical integration, postpssing).

An 2D example of both Voronoi tessellation and Deky triangulation is presented in
Fig.2.7.

Fig.2. 6: Domain partitioning, Voronoi tessellationand Delaunay triangulation

Voronoi partition allows for defining mesh densityany arbitrary poin® of the irregular mesh [75].
Two situations may be distinguish

PointP is a node of an irregular mesh. Then mesh dep$inodeP is thelog, of square
root of inverse of the Voronoi polygon area (in Fiy.2.8) assigned to that nodeW)

log, Iii , I, - Voronoiline segment in1l
1
1 kW 2 . .
r = log, W , W - Voronoi polygon in2C (2.7)
1
kv 3 . .
log, V—' , V- Voronoi polyhedron in 3C
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Fig.2. 7: Mesh density for the 2D arbitrary irregular mesh

Herek is a correction factor, depending on the nodetiooginterior, boundary line, edge, vertex)
and space dimension € arc angles — arc lengthR — arc radius)

for internal node .
k= in 1D
for boundary node

N

1 for internal node
k= 2 for boundary node in 2C
2

for vertix noe

1 for internal node
2 for boundary node
2

for edge node in 3C

for vertix node (2.7a)

PointP is an arbitrary point of the mesh. The mesh dgradisuch poinP is determined then
by means of the approximation of the mesh densitiesalready defined using (2.7), of the
neighbouring nodes. Such approximation may be tgnesing the FEM or MWLS approach

r(xy)= rF.(xVy (2.8)

whereF (X, y) are relevant shape functions.
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2.6.2 MFD star selection and classification

A group of nodes used together as a base for & MER approximation is called the MFD
star. Thus the MFD stars play similar role in thEDM as the elements in the FEM, i.e. they are used
for spanning a local approximation of the searchetttion. When dealing with irregular cloud of
nodes, both MFD stars and formulas usually diffenf node to node. However, configuration of stars
may be common for some nodes. The most importamarie of any selection criteria then is to avoid
singular and ill conditioned MFD stars. Therefaret only the distance from the central node counts,
but also nodes distribution. That is why the oldd&tD stars generation criterion, based only on the
distance between the nodes is not recommended. 8#&Dselection at any arbitrary node, and stars
classification in a considered domain are basedtapology information. Many criteria were
formulated. Two the best of them, namely the “ctaasd “Voronoi neighbours” criteria of star
selection [75] are briefly discussed below.

an
H
|
|

1
1]
i
(.
|
“

<

Fig.2. 9: Star selection by the "Voronoi neighbourscriterion

In the 2D “cross” criterion, domain is divided irttee four zones. Moreover each of four semi-
axes is assigned to one of these zones. A speditistber of nodes (usually 2), closest to the centra
node (point) is taken from every zone separatalythat the number of nodes in the MFD star is
constant and the method is easy to automation. kHeweesult of this criterion may depend on
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orientation of the co-ordinate system. What is mahe star reciprocity may not hold each time,
namely if a node “i” belongs to the star of nodg the reverse situation does not always hold.

In more complex “Voronoi neighbours” criterion, aefed to the MFD star are those nodes
which are the Voronoi neighbours. That means a.¢0 domain that those polygons have common
side (strong neighbours) or common vertex (wealght®urs). As opposed to the first “cross”
criterion, this one is objective and guaranteegrecity: if a node “i” belongs to the star of nog&
then the reverse situation also takes place. Therion gives also the well known FD stars foruleg
rectangular and triangular meshes, whereas thesstreriterion provides such results only for the
rectangular meshes. On the other hand, the Vomoeigihbours criterion does not assure the same
number of nodes in every star. Moreover, the nurobeodes is variable and may be not sufficient in
order to built full MFD operator of the specifiedder. The number of nodes (or rather the number of
degrees of freedom) may be completed then by ussrngral techniques in order to keep the chosen
approximation order. Recommended is rather to dhice additional (generalised) degrees of freedom
(e.g. values of the first derivatives) in existimgdes, than to provide additional nodes using tmdy
distance criterion. For the boundary nodes, vatdie®rmal and/or tangent derivatives may be applied
as the additional degrees of freedom.

In Fig.2.9 and Fig.2.10 presented are the 2D exesnpf nodes classification using the “cross”
criterion” (Fig.2.9) and “Voronoi neighbours” cniten (Fig.2.10) for the second order differential

operator (e.g. Lapladé?).

Classification of the MFD stars is also introduckdsed on the notion of “equivalence class” of
stars configurations [75]. For each class the FDMhlilas are generated only once then.

2.6.3 MWLS approximation and MFD schemes generation

The Moving Weighted Least Squares approximation 0 42, 49, 50, 54, 75, 105], spanned
over approximated local MFD stars, is widely usedhie MFDM in order to generate MFD formulae
as well as in the postprocessing. Consider anjiefdrmulations of a given boundary value problem
outlined before (2.1)+(2.4). Let us assuma-th order differential operator . For each MFD star
consisting of arbitrarily distributed nodes, themgdete set of derivatives up to the assumeith
(p2 n) order is sought. When the MFD formulae are geedrgoint X is represented either by a

mesh nodex, =(x,y), 1=12,...N (for the local formulation (2.1)) or by an inteioam point,
when using a global formulation (2.3)+(2.4). The IMBtar at pointx; consists of r star nodes
j=1,2,.r (Fig.2.11).

Fig.2. 10: Arbitrarily distributed nodes, FD star
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Local approximatiord of the sought functiomi(x) may be written in two equivalent notations. The

approximation, applied in the MWLS [33, 55, 56, B8], is mainly based on the Taylor series
expansion of the unknown function at the centrahtp@) of a MFD star (in 2D)

u(x )= x y+ e=p' xDY + (2.9)
where

N I
pt>Du® =j:0ﬁ h& +kw u( X %w)’ h=x-x, k= y (2.10)

Depending on the space dimension we have

1 1
Lh=m,.—hH
2 p! u,u’,u”,.. U in 1D
1 Mu fu .
b= 1,h,k,...,— kP , DU(L) = Uy = ,... ) in 2L 2.11
(1Pm) p! (m'1) 1x Ty 4 @11)
LK,y |P g u AU e inar
! ix Ty 1z "

wherem denotes the number of unknown approximation cceffis (e.g.m=( p+1)( p+2)/2 for

2D domain)p — the local approximation ordgs— vector of the local interpolants (2.11), aridu"

— vector of all derivatives up to the-th (low) order. Index ® is assigned to each quantity
corresponding to the standard solution i.e. wheinguthe low approximation ordgs. The local
approximationu(X, X) (X - temporarily fixed approximation location) in i®presented in Fig.2.12.

u(Xx, Xx)

X X

Fig.2. 11: local approximation in 1D

It is worth stressing that the other meshless nusthid, 8, 52, 59] use the equivalent
polynomial [8, 43, 49, 50] approximation (here give the incremental form)

ux » Wx Yy=b+ bl x A+ Ky ¥ .+ K-y ¥ pxb (2.12)

Here
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Lx- x,(x x)*,..{x ¥ iniD

P=ixxy vy y) 2D b=[h b b b L (213)
Lx-%X,¥ Y,z z..{-z 2" in3D

However, the MFDM notation (2.9)+(2.11) seems tanime practical, because it offers also
information about approximation erroe , caused by a truncated part of the Taylor seagsyell as
provides a simple interpretation of the approximatcoefficients considered as function derivatives
(local type).

These m coefficients are found by minimisation of the eppmation error. Here the error is
understand as the difference between the functituesgu, and their approximationl taken at each
node i of the MFD star. Number of these nodes, or ratluenber r of degrees of freedom in the

MFD star, should not be smallér 3 m) than the number of coefficients to be determitgsiially, it
is greater in order to avoid dealing with ill-cotidined simultaneous algebraic equations. One finds
the required coefficients minimizing a weightedoerfunctional then. In the particular case, when
I =m, one deals wih interpolation and point interpalatmethod approach.

Zero approximation error conditions imposed at radldes of the MFD star, and >m
requirement lead to the over-determined set ofbalje equations

a(x,y)=y, for i=1,2,..r ® PDu"=q (2.14)

For 2D domain we have

bk SNk SR K
ul
1 1 1
P= 1 h k §h§ hk —2@ =R a= U, (2.15)
- 1 1 .
1h Kk Ehz hk —213 -F!k’

Here h=x-X, k= y v, (P) denotes the matrix of local interpolantm€ r), andq -
r’'m (r'1)

vector of nodal values of a sought functiofx, y) . Minimisation of the weighted error functional

| =(PDU® - )" W?*(PD U"- g (2.16)
yields

%zo ® Du”= Mxq, (M) =(P'W?P)*PTW? (2.17)
and

0= p'Mg (2.18)
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namely the complete set of the derivatii@a'" up to thep-th order, expressed in terms of the MFD
formulae matrix M providing the required MWLS approximatiain. Similar results may be obtain
when using notation (2.12)+(2.13).

| =(Pb- 9" W3(Pb ¢ (2.19)

%:o(@ b=A"'Bg, A=PWP, B=PW, '& pA B 49

However, more convenient notation (2.17) is coneatjy used in the following sections. In the above
formulas (W)=diag(V\{, V\évy) is a diagonal weight matrix. Let us assume sagueight
rxr

functions [55, 56, 75, 80]

_ 1 _ [ L _
W= 1 K2 +H, j=12,..r (2.21)
Singularity assures, in this way, the delta Kromeckroperty W (x)=4g; , and consequently

enforces interpolation(i(x) = y at the central node of each MFD star. Both siagahd not singular
concepts may be represented by the Karmowski wiagfinction [36]

W= r2+—9 o =K, =12, (2.22)

J

designed for smoothing the experimental and nurakdiata. As long as the smoothing parametes
non-zero, the delta Kronecker property is not ats

MWLS extensions
One may consider various extensions of the MWLS@pmation including

generalised degrees of freedom, including e.gvdtivies, various operator values,... [43, 75],
singularities and discontinuities of the functioréor its derivatives [8, 43],

functions of complex variables,

equality and inequality constraints (global-locppeoximation [36]),

Higher Order approximation e.g. by means of theremtion terms, such approach will be
described in the following Chapters [64 + 66, 7%, 83, 87 + 96],

Generation of the multipoint formulas [15, 32, 82, 83].

Generalised degrees of freedom

MWLS approximation, which has been presented abmag, be generalised by assuming larger
set of nodal parameters [43, 75, 80]. There areraéveasons for that like raising approximation
quality or need for matching the exact boundarydaoins. For illustration purpose, consider the
situation presented in Fig.2.13, where beside thetfon values, given are values of the derivatages
well as value of the Laplace operator.

By minimisation of the error functional

= g )2 (s) (37 2
=" U -Ug) "‘{2+_() Py D))’ w (2.23)
iQ) s

i)
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with the respect to values of the nodal derivatillas and use the modified weighting functions

1 ,
WSj:W’ /’J. :,/kj2+h2, J:l,z,...,l’ (2.24)

wheres denoted the derivative order of the particular degof freedom $=0 for function value,
s=1 for the first derivative s =2 for the second order operator, etc.), one getsehef local MFD
derivativesDu depending on the generalised degrees of freedom.

symbol degrees of freedom
Y point
® O -1DOF-functionvalueu
fu
(2 -2 DOF - u, T
flu Tu
- —u, —_ -
e o6 3 DOF X Ty
2
® -2DOF-u, Y
in
< T%u  T%u
X (6} -1DOF - N'u = o5+ 1oy

Fig.2. 12: Star with generalised degrees of freedom

The MWLS approximation may be successfully appldsb in the case, when the Higher
Order multipoint formula is generated [15, 32, 82, 83]. In the specific multipoint case [15], the
MFD operator is based on the MFD star nodes vala®sn the standard approach, and on the right
hand side values of the differential equation (2d)the general multipoint case [15, 32, 81, &3, 8
sought are dependencies between the function valodstheir subsequent derivatives up to the
required order.

The MWLS approximation technique may be a very aife and powerful tool, useful for
generating MFD formulas, as well as for numericad axperimental data smoothing. However, these
results are quite sensitive to proper choice ofesparameters involved in the MWLS approximation
approach [80]. Among those parameters, one maingissh

number and distribution of nodes in the MFD star,

the order of the local approximatiqn

the type of a weighting functiom and its parameters; there are many other posbileside
two examples of weights presented above (2.21)2)]2.2

type of function derivatives, which may be calcetheither locally (2.17), or differentiating
the consistent, global approximation, built poigtgmint upon the local one (2.9),

use of generalised degrees of freedom, shorthudisz above,

use of boundary conditions, imposed on the appration.

The other important features are space dimensidntypes of clouds of nodes (regular meshes,

irregular grids — mapped from regular, arbitranihggular clouds). Improper choice of the aboveegiv
factors may cause significant worsening of the iobthresults.
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2.6.4

Numerical integration in the MFDM

Numerical integration plays an important role ie FDM, and has significant influence on

the final results [4, 8, 14, 40, 46, 75] applied boundary value problems posed in the global
formulation. The type and values of integrationapaeters depend on the purpose of integration.
Three main situations may be distinguish

the boundary value problem is posed in the locahidation. The numerical integration is
not required then, MFD equations are generatedbg ollocation technique,

the boundary value problem is posed in one of flebay formulations. The numerical
integration is required then, one has to additigradovide the mesh for integration, and
choose the distribution and number of the Gausstoi

postprocessing of nodal results is sought and reguire numerical integration then. It
may involve evaluation of the integral forms, eemergy norm of the solution error
evaluated over a chosen subdomain.

There are four basic ways of numerical integraiiothe MFDM [75]

a)

b)

d)

Subdivision of the domaiW into subdomainsh, , i =1,2,...n assigned to each node,
and integration over these subdomains (Fig.2.T8&s may be performed by means of the
Voronoi tessellation and integration over Voronodlygons (in 2D) W or Voronoi

polyhedronsV, (in 3D). In the simplest case, the values of ndatattion F are multiplied by
relevant surface aread/ and added together, hence

| » F xW (2.25)

i=1

Subdivision of the domainW into arbitrary background triangular elements 2D) or
tetrahedrons (in 3D) with nodes located at theitises, and integration over these triangles
(Fig.2.14b). The Delaunay triangulation seems tothe best choice here. Integration is
performed using the same quadratures as in the Ri#e values of the integrands at
Gaussian points are found by means of the MWL Saqimation,

Subdivision of the domaiWV into subdomains (triangles, squares, ...) in a iwdgpendent of
nodes (background mesh), and integration over thgséomains (Fig.2.14c)

Integration over the zones of influence determihgdhe weighting functions defined over a
compact supports (usually regular ones like ciradgpsis or rectangulars).

x  Gauss points
o nodes
@® central point

a) integration over the Voronoi  b) integration over the Delaunay c) integration over the element of
polygons triangles the independent mesh

Fig.2. 13: 2D integration in MFDM, dependent of nods
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The first way follows the traditional FDM approag@htegration around the nodes, which is the
most accurate one for the even order differenfiarators), while the second one follows the typical
FEM approach (integration between the nodes, wiscthe most accurate one for the odd order
differential operators). This is possible because difference between the MFDM and the FEM
concerns, first of all, the way and range of apjnation, while the integration domain may be the
same in both cases. The way (d) of integratiorp@ied in many contemporary meshless methods [4,
8].

2.6.5 Generation of the MFD equations

The following strategy of generation of the MFD wders is adopted [75]. As opposed to the
classic FDM approach where the FD operators areldped directly in the final form required, in the

MFDM the operators are generated first for the detepset of derivativeDu‘™ (zero-th, first,
second,... up tp-th order) needed [33, 56, 75]. Each point, chdsemeneration of derivativd3u,
may represent either an arbitrary point (e.g. Gaoy®r a node in the considered domain. The local
MWLS approximation, based on development of seardbiaction into the Taylor series is spanned
over an appropriate MFD star with a sufficient nembf r nodes. Evaluation of the derivativ€3u
is based on the formulas (2.14)+(2.17), (2.21).irta¥ound the MFD operators for all derivatives,
one may compose every one MFD operator requiréerefor a MFD equation, boundary conditions
or for an integrand (for the global MFD formulatg)n

Consider e.g. a class of linear differential opmnsbf the second order

Tu, Tu, Tu, Tu, Fu_;
u=cu+c—+c¢c— + + + c [ 2.26
O g T ey TS T Sy Sy (2:20)

Wherec={co,...,c5} are known coefficients. A required MFD operatoh&e a linear combination

of derivativedDu (see (2.11)).

Generation of the MFD equations depends on the tfpéhe boundary value problem
formulation. In the local formulation (2.1) MFD edafions are generated by collocation technique,
which assumes satisfying the difference formula&gRat alln internal nodes inside the domain

u»c'Du=f , PIW (2.27)

In the global formulations (2.2) + (2.4) numeridategration is additionally required. It is follode
then by the aggregation technique, like in the FEM.
The MFDM equations are generated then

) directly from the variational principle (Galerkipype approach) or

(i) by means of minimisation of the appropriate funtdio

Consider e.g. the global formulation given by thergy functional (2.2) in the particular form

l(u)= F(u)dw (2.28)

W
After numerical integration
Mo Ng

lu,U,,....uy)» J. VK(;)F(Uj
=1 =1

(2.29)
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where M — number of integration ceIIsJj - transformation matrix determinanN; - number of

Gauss pointsyy;, - integration weightP;, - Gauss integration point. MFD equations are geteelr

by the functional minimisation with the respecthie unknown nodal values, u,, ..., u,

W6, iz12.0n (2.30)
Ty,

Variational formulation (2.3), after numerical igtation and aggregation, produces at once therayste
of FD equations.

2.6.6 MFD discretization of boundary conditions
There are two main ways for imposing boundary cios in the MFDM [14, 75]
0] at the level of generating the MFD formulas or,

(ii) after generation of the MFD equations, at the le¥ellgebraic equations.

Moreover, it is worth distinguishing two cases
- the boundary condition is imposed on an unknowietion only

uR)=g , PITW (2.31)

- the differential operators are involved in the badany conditions. Discretization is applied
in the same way as for the operatoiinside the domain (2.22) then

U»c'Du=g , y=uP) , PITW (2.32)

Quality of the MFD solutions usually essentialgpgnds on the quality of discretization of the
boundary conditions. Several approaches may biegiissh here (Fig.2.14)

au+bﬂ—u:g
n

W  boundary condition

c) internal nodes and
boundary condition

a) internal nodes only b) internal and external
fictitious nodes

Fig.2. 14: Discretization of the boundary conditios in the MFDM

a) A MFD star for the boundary node in formula (2.88y use only internal nodes (Fig.2.14a),
approximation is of poor quality then.

b) Use of so called fictitious nodes, located outside domain (Fig.2.14b). This approach
introduces additional unknowns to the system oéladgic equations. Using relevant boundary
formulas, they may be expressed in terms of therrial nodes values based on the appropriate
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boundary conditions. Thus one gets slightly bedafgsroximation, because the central node is
closer to “centre of gravity” of the MFD star. Thigoproach is not recommended in the
hyperbolic problems (in dynamic mechanics), du¢hm fact, that greater number of nodes
artificially increases the mass of the discretiggstem.

¢) Instead of introducing new nodes outside the domaime may introduce additional,
generalised degrees of freedom (Fig.2.14c), cooretipg to given boundary conditions (like
in the FEM), e.g.u’| = Jup

pllalf

d) Higher Order approximation, that may be providedsbyeral mechanics including correction

terms of the MFD operators, and general multipapyroach.

The last approach mentioned above, namely the HOusimg correction terms, as well as its
combinations with various boundary techniques, glldiscussed in details in Chapter 4.

2.6.7 Solution of simultaneous FD equations (linear non-linear)

In the MFDM analysis of locally formulated boungavalue problems, one deals with
Simultaneous Algebraic Equations (SAE). They mayalse non-linear equations, when the original
boundary value problem analysed is non-linear.

In the case of linear boundary value problems, @mate SLAE may be of nhon-symmetric (e.g
for local b.v. formulation) or symmetric form (fgtobal formulations, with proper discretizationtbé
boundary conditions). In the last case they mighsblved by means of similar procedures like those
for the FEM discretization. Non-symmetric equationay use solvers developed e.g. for the CFD.
However, the best approach seems to be developaiestlvers specific for the MFDM, taking
advantage of this method nature. Especially, thétignid adaptive solution approach seems to be
effective [10, 29, 51, 75, 85, 93, 100] then.

2.6.8 Postprocessing

The MWLS approximation is a powerful tool for pastpessing because it may provide us with
values of a considered function, and its derivatiaé every required point [40, 41, 53, 56, 57, 75].
Approximation is based on discrete data (valueioétion or other d.o.f., like generalised degrees
freedom). These results may be directly obtainedigushe approximation approach defined in
formulas (2.9)+(2.10), (2.14)+(2.17) and (2.21)28. at each point of interest. It uses the same
MWLS approach as applied to generation of the Miperators discussed above. Though it may be
precise, the MWLS approach is time consuming bexaatution of the local SLAE equations are
needed at each point where approximation is reduifbe MWLS precision depends on the right
choice of set of parameters involved, as outlinealva. There are several techniques mentioned in the
following Chapters (extensions) that may esseptiaflise the quality of the standard MWLS
approximation [80].

2.7 General remarks

The basic solution MFDM approach [56, 75], outliredzbve, has been extended in many ways so
far, and is still under current development. Amangny extensions of the basic MFD solution
approach, developed in the past and still beingeuodrrent development, one may mention here

) MFDM oriented node generator [54, 56, 75, 100],

(i) A’posteriori error analysis [2, 12, 17, 18, 40, 48, 89, 91, 92, 96],

(iii) Mesh refinement and adaptive (multigrid) solutiggpach [17, 43, 51, 63, 75, 85, 91,
93, 96, 100],

(iv) MWLS with generalised degrees of freedom [43, %480, 83],

(V) Higher Order approximation [32, 64 + 66, 75, 76, &3, 87 + 96],

(vi) MFDM on the differential manifold [45, 47, 48, 78)7, 112, 113],
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(vi)  MFDM/FEM combinations and unification [45, 41, &3],
(viiiy  Experimental and numerical data smoothing [36, 86],

(ix) Hybrid experimental / theoretical / numerical afmio [36, 86],
) Software development [43, 44, 45, 53, 54, 80, 100],

(xi) Engineering applications [36, 43, 45, 86].

Many problems still need to be defined and solgedje of them are under current research nowadays.
Among them one may distinguish

(1) Solid mathematical bases of the MFDM, includinglspcoblems as solution existence,
solution and residuum convergence, stability ofNtiD schemes, etc. [16, 75],

(i) Various Petrov-Galerkin formulations and their digization using MFDM [4, 5, 84, 98],

(iii) Study on the influence of the numerous parametersthe quality of the MWLS
approximation [80],

(iv) Further development of the Higher Order approxioratbased on
a. Correction terms [64 + 66, 75, 76, 83, 87 + 96],
b. Multipoint approach [15, 32, 81, 82, 83],

(V) Improved, solution and residual error estimaticagdal on the new, higher order reference
solution of high quality [90+96],

(vi) Analysis of the multigrid, full adaptive solutioproach, based on the mesh generator,
oriented on the 2D and 3D large non-linear boundgahye problems [93],

(vii)  Acceleration of the SAE solution [97, 101],

(viii)  Comparison and coupling of the MFDM with the othershless methods [118],

(ix) Combination of the MFDM with other discrete methodspecially with the Boundary
Element Method (BEM), FEM [43, 44, 45], and ArtifitIntelligence (Al) methods [86],

) Various engineering applications [45, 86].

The problems (iv) + (vi) from the above list wilelzonsidered in the present work. The starting

point is the Higher Order approximation, providedthe correction terms. That is the base of the
whole research considered here.

28



3. Higher Order Approximation for the MFD operators

3.1 On raising approximation quality in the MFDM

The present state of the art indicates severalilgesapproaches that may be used to improve
MFD solutions. Increasing the number of nodés each star is the most obvious one, starting fao
coarse to a fine mesh (Fig.3.1). This may be dgneobsidering either more and more denser regular
meshes or arbitrarily irregular clouds of nodesthe last case they may be generated using the
a’posteriori error estimatiorhfadaptive approach) [2, 12, 17, 18, 40, 43, 7598992, 96], combined
with the multgrid solution approach [10, 29, 515, B5, 93, 100]. The number of nodes may be
rapidly increased then, whereas the order of tipecaimation remains unchanged.

m>n
5 O 00 O
- - . . - . -
approximation ordeip approximation orderp
star nodes numben star nodes numbem>n

Fig.3. 1:Mesh refinement

The other way to improve FD solution quality isré&@se approximation order, leaving the number of
nodes unchanged. This may be done by means ofsdeNéerent techniques:

Increasing number of nodes in MFD stars [109] wiih same approximation order — the
quality of approximation is slightly better due lbetter conditioning of the MFD operator.
This is the simplest but most primitive way (Fig@)3.

approximation orderp approximation orderp
star nodes numben star nodes numben

Fig.3.2: MFD star with greater number of nodes

Use of Higher Order MFD operators [29, 109], witheaer number of nodes and
approximation order increased from to p+s, where S£ p (Fig.3.3). Raising

approximation order in that manner may cause Hiditioning in MFD star as well as may
provide additional unknowns into the discrete systi®loreover, if the number of nodes in the
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MFD star raises, the approximation is getting worbecause it depends on more remote
nodes. In the MFDM solution approach with HO MFDemgtors, the standard low order
solution with approximation ordemp, may be used as a starting solution for the iterat

algorithm. This iteration process is in the mostesaconvergent to the result exact within

approximation order assumeg ¢ S).

approximation ordeip approximation ordemp+s
star nodes numben star nodes numben

Fig.3.3: Higher Order MFD operator

Use of generalised degrees of freedom [35, 43,80b,(Fig.3.4). Instead of inserting new
nodes into the simple MFD operator, one may usdiaddl degrees of freedom at nodes of
MFD star, e.g. values of derivatives (first, segondorder) as well as values of prescribed
differential operators. It allows for raising ofet@pproximation order fromto p+s. Itis
often the case when a MFD star is not humerousgnouhat may happen if the Voronoi
neighbours criterion [75] is applied.

approximation ordeip approximation ordemp+s
star nodes numben star nodes numben

Fig.3.4: Generalised degrees of freedom

Use of the so called multipoint approach. In trendard case, introduced by Collatz [15] for
the regular meshes only, known values of the rlggntd side function of the differential
equation are introduced into the simple FD operatsradditional degrees of freedom beside
the standard ones. This is the so called the spegiproach. The approximation order may be
raised then without introducing additional unknovamgnserting new nodes into the FD star.
This interpolation scheme, typical for the classiaM, holds only for the linear differential
equations and boundary problems posed in the l@rahulation. The other multipoint
approach, called general, requires that both theesquenk-th derivatives and function nodal
values are combined together. Using these additrefations, all needed MFD operators may
be replaced by relevant combinations of the fumctialues. Currently being developed are

30



both the general and specific cases of the mutttpapproach [32, 81, 82, 83] extended for
use of irregular meshes, and the MWLS approximatipproach. This approach may be
applied to any type of the boundary value probleEmal or global, as well as holds for any,
linear or non-linear, differential operator.

Use of the right hand side of the differential égpraand its subsequent derivatives [64, 83,
109] (Fig.3.5). For simple and linear differentgderators, one may use values of the its right
hand side and its derivatives evaluated in theraenbde of the MFD star for completing the

approximation order (additional termid(f, f ', f ",...)). This approach may be also used

within the multipoint FD method. However, this apach is of historical meaning nowadays.

It works well only for few types of boundary valpeoblem posed in the local form, and is

difficult to automation for the general case.

approximation ordermp approximation ordemp+s
star nodes numben star nodes numben

Fig.3.5: Use of the right hand side and its derivates

Use of the Higher Order approximation HOA, providsdcorrection terms (Fig.3.6), based
on Taylor series expansion, and higher order divies [64 + 66, 75, 76, 83, 87 + 96]

D(W" ,w" ,...). This approach will be presented here in detaithé following sections.

approximation ordeip approximation ordeip+s
star nodes numben star nodes numben

Fig.3.6: Higher Order approximation, provided by carection terms

Introductory numerical example
In what follows, several simple numerical examplelt be presented illustrating the above

mentioned techniques. The simply supported bearerumiform load was discretized using the most
rough mesh, with only one node of unknown valuthémiddle of the beam (Fig.3.7).
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Local formulation of the boundary value problem is

d’w q
=f(x) , f(X=-—x2L X , 0 2L C 3.1
o2 T 09 =--31 ), WOF w2l (3.1)
, wom g _ D QL "
The exact solution result for the node “2” vg, =ZE Two additional fictitious nodes were

introduced, values of which come from the FD diszation of the domain equation specified on the
boundary

q
T X
,,,,,,,,,,,,,,, e ‘!\,,,,,,,,,,,,,,o —_—
4 1 [ 2 3 5
w, =7?
2L
w

Fig.3.7: Beam under uniform load

- w=0
W =0 @ B ZC’}J’ B0 @ we- ow (3.2)
- W3 =0
Wé' =0 ® WZZLﬂ: 0 ® W=- W, (3.3)

Several MFD schemes were applied

Standard (low orderp = 2) FD operator, generated by using the Taylor sexgansion

W, » aw+bw+cw

1.
1 -L EL a 0 . 1
P=1 O o , b=P'T0=—2-2
L
1L L 1 1
2
- 2 w=w=0 4
W, » ! 2V;I2+ w_ gl ® - 1ab, —6V\§ (3.4)
L 2 EJ 4EJ 5

Improved (low order,p = 2) FD operator, generated using the MWLS approxiomati
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W, »aw, +bw+cw+ dw+ ew

1 -2L 2°
1 -L %Lz
) 1 1 1 1 1
P=1 0 0 , W=diag — — = = — , e~10"
1 g 8L L® e L® 8.3
1 L =
2
1 2L 272
a 1
b 0 16
o1 T 1
c = (PTWZP) PW» 0 =—— -
201
d 1 16
e 1
1 w, +16w - 34w+ 16n+ w _ 1gL° o= g 5qL_ 4
W »——2 ) ===  ® ws ——= —w  (3.5)
L 2EJ 18EJ 3

which produces here even worse result than theiquewD operator, due to the low order
discretization of the boundary conditions (3.2) 8.@).

Higher Order (0 =4) FD operator, generated by using the Taylor semxgansion

W, » aw, +bw+cw+ dw+ ew

1.2 A2 - A 2y
3 3
R M I TE I AT 0 -
2 6 24 b ) 0 1 16
P=1 0 0o 0 0, c=P)1=-5-30
1L Epp L Lo d 0 16
2 6 24 e 0 -1
120 A2 A 2
3 3
W= =0
-W - 2 wEwE-w 4
12 K 2EJ 14EJ 35

Despite of the fact that beam deflection is présctiby the % order polynomial, the exact
value has not been reached. Again the answer iethe discretization of the boundary

conditions (3.2) and (3.3), which has been perfaroing low order p = 2) approximation.

HO generalised MFD operatorp(=4), taking into the account values of the second
derivatives in the boundary nodes, generated mgukie Taylor series expansion
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w, »aw +bw+cw+ dw+ el

0 0 1 -L %LZ -1
a 0 1_2
1 L 2ot Ly 12
2 6 24 b Y
P=1 0 0 O 0, c=(P) 1 "5 T
1 L 1|_2 }LE' _1|_4 d 0 12
2 6 24 e 0 B
0 O 1 L 1L2 -1
2
6w, - 12w+ 6w, 1 1gl? wew 5qL
W o» - ' 1= 4= ® 1= 3.7
2 10\'\}l 52 V\é 2EJ % 5 W S

Even though the exact result was obtained, theoapprholds only for the local form of the
boundary value problem as well as for the simpledr differential equations.

Standard Collatz multipoint formulap(=4) for regular meshes and interpolating schemes,
taking into the account the right hand side vabfebe differential equation (3.1) in the nodes

of the FD star
Expanding terms of the FD operatbr into the Taylor series

W, - sz+%ew; s wg+
W - 2W,+ W,
D == -2 -
w+LV\/+2|3W'+ sz+ L“\AZ+

TR Y 1., e _
=w! +1—2sz +o» f2+1—2L(V\}|2) =
as well as its values

val:vv;-Lvo;'+%L2v<g+...:
DW2:W12|=f2 V\il'ZV\Z*—V@: f1_'2f2+ f3
w =l L 42 B =

1

1
= f2+1—2(f1- 2f,+ f,)= 5

(f.+10f + f )
we obtain the special case multipoint formula

2w+ =160
E w 12(f+10f+f) ® w=—T = (3.8)
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With the right hand side taken into account, thipraach works only for simple, linear
differential operators, and for the local form of.lproblems. However, if interpreted as

12 |
W - 2wt W= 1—2(\/\2 +10w+ W) (3.8b)

it presents the well known formula useful for getemultipoint approach though using
regular meshes only.

The Higher Order approximatiorp(= 4 ), using correction terms.
Expanding terms of the FD operatbr into the Taylor series

W, - Lw2+%ewg s wg+

W - 2W,+ W,

D == -2 -
3.9
w+LV\/+2|3W'+ 5 |+ L“\AZ+ 59
=W£'+ L2V\)V -D,- R» f-D,

yields the form of the considered correction terbis (derivatives up talth order) and the

neglected truncation erroR,. The higher order derivative is calculated usimgmiula
composition, like

1 2 IV 1 2 | 1 | | |
D, =-—Lw, =- =L W = (wW- 2 3.10
> 12() S 2d W) (3.10)
and low order solutions
2
w' =0, W, =0, w, » Dvxé:-%% (3.11)

The correction termD, =-1—12qu modifies the right hand side of the FD equation

Dw, = f,-D,, whereas the FDD operator remains unchanged. Solving the set of FD
equations once again yields the higher order swiuti

H) —

Dw, = f,-D, W S ql—4
W, =w, =0 2 T24E) ?

(3.12)

which is exact within théth polynomial order. In fact, it is the exact anatgti solution as
well, because the beam deflection is describechbypblynomial of thetth order (R, =0).

Thus the exact solution is obtained using only moge with the unknown value.

The above example, though very simple, reflects rtie@n concept and advantages of the HO
approach. The whole procedure needs two steps witly,the same basic FD operator, but with a
modified right hand side. The HO FD solution sudférom the truncation error only, and does not
depend on the quality of the FD operator usederfitist step. The approach is general, it may feelus
for any type of linear or non-linear boundary \&ajuroblem. It will be presented in a general way in
the following section.
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3.2 Higher Order approximation provided by correction terms — general formulation

Consider boundary value problem of timeth order, given in the anyone of formulations
(2.1)+(2.4). The local MFD p-th (p?* n) order discrete approximatiohu, of the differential

operator value u; is assumed in the form
Lu= y-D,- R= fD,- R PN (3.13)

Here L is a MFD operator, corresponding to differentperator , R is the truncated part of the
Taylor series. The correction term

Di — [xui(p+1)’“.,q(2p);\1(0)’“.’4(29) ;$(0) ,'._,SZP) } (314)

includes (higher order) derivatives of teeth orders, wherep< S£2 p. They may also contain

discontinuities J* and singularitiesS® of the function, and/or it&-th derivatives up to thep?
order. These may be either known a’priori or cduddtreated as additional unknowns. Higher order
derivatives may be calculated by the compositiorappropriate formulae, and use of low order
(without correction) MFD solution inside the domaHowever, they may need a special treatment
near the domain boundary. This problem will be uised in details in the following Chapter.

In general, correction terms may be used for
- improving the MFD approximation inside the domanch case is discussed here (considered
in Chapter 3),
improving the MFD approximation on the boundary 4pter 4),
generation of high quality reference solutionsdfter 5),
estimation of the a’posteriori solution, and residerrors, in both the local and global forms
(Chapter 5),
modification of the new nodes generation critemi¢hie adaptation process (Chapter 6),
improved HO multigrid approach (Chapter 7),
MFD discretization of the boundary value formulatmf any type (considered here),
Data smoothing built into the MWLS approximatioohaique.

Two step solution procedure is applied, when usi@approximation terms in the solution process.
In the both steps the basic MFD operator does nahge. At first the standard procedure is applied

yielding solution u™ of low approximation order. In the second step toerection terms are
evaluated in order to modify the right hand sidehe MFD equations. The final HO MFD solution

u™ does not depend on the quality of the MFD operatatepends only on the truncation error of
the Taylor series used.

Here, and in the following sections, the upper ind8 is referred to a quantity related to the low

order approximation ™ to the higher order one, afld - to the true solution. The MFD equations for
the formulations (2.1)+(2.4) including HO terms:are

local
Lu = f Lu=1f-D
i _I ® Ui(L) ® q _| i q(H) 13)
Lbuj - gj Lbuj - gj 'Db,i
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global functionall minimisation

(U)»3 wEQ, u) 2w Ry Ly +D) ©)1
Ng
ﬂ%\] w, xF (u,,Lu, -I{ [ﬁ”}) =0, ®q(”{ u‘”} (3.17)
i i

global - variational principle (e.g. Galerkin typeequivalent)

( ux V-f><\/)dW»

w

205w AL 8Ly v o o)

@)1

Here u™™, and u™™ denote MFD solutions based on the lovgeth (no correction terms) and higher,

2p-th order (including correction terms up to theesr& for the MFD operators inside the domain -
(L) . (G) . . . -

D~ , and on its boundary ;™" ) approximation respectively. Symbals, N, 1 denote quantities

involved in the Gaussian integration procedute(Jacobian) is the determinant of the transfornmatio

matrix, Ng - number of Gauss points, amd , i =1,,...N; are integration weights.

The idea of using higher order terms in the MWL®ragimation is based on correction of the
local approximation by providing higher order datives Du*’ up to the orderp+ s. Usually we

have s= p, derivatives are calculated in the most accuraterar then. We have

u(x) = p' xou® 4( p‘H))T put (3.19)
where
L . T T ey e (3.20)
[m"1] (p+1)! 2p! [m”1]
and m’ — number of additional termsrr('—w for 2D domain). B [ diti
- = 2 . By assuming conditions
(2.11) one gets system of equations
P>pu® +PHM put) 5 (3.21)
where
;hlpﬂ ikfp
(p+1)! 2p!
1 th+l i 2p
[Pf“;z (p+1)! 2p! (3.22)
1 hrp+l i 2p
(p+1)! 2p!
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Substituting (2.14) into (3.21) yields the improwedues of the low order derivatives

DuU=M»x - ® = M>xP™ py*) (3.23)

(m'r)

where is the vector of correction terms. Derivativestioé higher order thap may be calculated
inside the domain using formulae composition, e.g.

u" =(u)" or " =(u) , & =(u)" (3.24)

Iteration procedure may be also performed in otderalculate the final corrected value of the low
order derivatives (2.14)

Mpyw = M Xy ®), for k =1 505
U= M <Dyt Dy for k >1 (3:29)

where correction term& YD are built in an iterative way on more and moreusai® values of

derivatives' Du® . This iteration procedure is convergent to theitsoh exact fomp + s polynomial
order. In Eq. (3.25), only the right hand side izdified after each iteration step. Therefore, isecaf
elimination methods].U decomposition has to be performed only once, dwmh tit is applied
consequently in the step forward and step backegiwes. The speed of the iteration algorithm (3.25
depends on the type of boundary value problem, @amdnanner of discretization of boundary
conditions. In the practical calculations, theatens procedure (3.25) is required, if no addaiddO
techniques are applied on the boundary. They willlisussed in the following Chapter.
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Higher Low order Higher order
Jump order Low order order True solution soﬁljtion error
Ip | Task type ) solution solution solution error " )
J U(L) (H) U(T) oo u® - @ enm = |1 )<>H)U( :
u e S .
sfgggged 1ql* 5ql* 5ql*
1 " - - 1 i 20% 0%
beam - 4 EJ 24 EJ 24 EJ
uniform load
Simply
supported 4 a4 4
2 beam - El ii il 20% 0%
- triangular 8 EJ 48 EJ 48 EJ
load
Simply
supported 5 . 5
3 beam Jl(s) -p l Pl 1 Pl 1 Pl 50% 0%
N 4 EJ 6 EJ 6 EJ
concentrated
force
Simply 2 2 2
1Ml 5MI 5MI
= - — =-— = — —_ 0, _—
supported 2) “TTEES | MWTTeE | MRy € =68%, g = 0%,
4 beam — J,7 ~M 2 2 2 0 o
concentrated u=- M u=-2M, o 2M e =70% e, =0%
moment 15 EJ 9 EJ 9 EJ
Cantilever PI® 5PI® 5PI®
=0—— = i —_ 0, —_
c beam — ) =Y % ES %S5 ES g =100%, g = 0%,
concentrated 2 _pr u, _8PI , _8pPI® e =63% e, =0%
force EJ 3EJ 3 EJ
. 1qgl* 1ql*
o - =Lat _1ab
6| Cmmen @) W mbac e | e | "TeE 100% 0%
uniforgr]n load| I ~q L 4B A I A
2 24EJ > 24E)
Beam with a 1PI® 1PPP
o - 1R 1P
; hinge — J;”~Da, 1P %73 “T3ES 50% 0%
1" 5 =1 2 2 0 0
concentrated 34 _ p 2 EJ _ 5Pl _ 5Pl
force ' 2" 6 EJ 2" 6 EJ
. 1ql* 1ql* 1ql* )
== =_1 =_1 — 0 (u) — V)
Statically @ _ %S EY e | Y“Ter | & F100%, | 47 =0%
8 | undetermined J,;” ~ R, : 3 3 ® ®
beam R=2dl R=7dl R=7d 6" =11% 6"’ =0%
Beam 3) _ _,EJ _ EJ _ EJ _ _
9 buckling J¥=0 P=2o P.=240" | P.=2467 e=19% e=3%

Tab 3. 1: Review of the benchmark tests

The proposed HO MWLS approach may be applied temgion of the MFD formulae, and solution
of Egns (3.15)+(3.18) with the HO terms includesinell as to postprocessing, mainly in a’posteriori
residual error estimation.

3.3 Simple numerical examples

A variety of 1D and 2D boundary value problemsevsolved in order to examine the quality of the
Higher Order solution. Some of them are presemi¢his section.
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3.3.1 1D test problems
Beam deflection

The first group of tests is devoted to simple pnalary examples taken from the beam deflection.
Their main tasks were as follows
- Examination of the quality of the Higher Order d¢mo of a 1D linear boundary value
problem,
Testing of the HO solution improvement, when coragdawith the standard approach,
Testing the ability of the approach to deal witle tholutions exhibiting various order of
smoothness (jumps, concentrated loads, hinge}, etc.

The Table below collects some of the benchmark glesn

Analysed were deflections of the simply suppori@u] cantilever beams under the uniform
loading and concentrated force. Solutions exhihitious order of smoothness, due to jump terms.
These terms may be interpreted as values of camatedtforces, moments or abrupt changes of the
uniform load (all of them are known a’priori, tashks. 3,4,6,7), as well as unknown reaction forces,
and deflection angle (additional unknowns, tasks&6,8). Shown are the low order results and the
higher order ones, as well as their true errorfermed to the true analytical results. Providing
correction terms yield true analytical results g@tctor the last example, which presents the beam
buckling. The true solution is not of the polynotmature then and it will be analysed separatels in
more detailed way.

Beam buckling

This benchmark was chosen mainly for
- Examination of the quality of the HO solution, imetcase when the analytical solution is
described by a non-polynomial function (here triggmetrical),
Comparison of the true analytical errors of bothIhw order and HO solutions,
Examination of the convergence rates and solutamvergence improvement on the set of
regular meshes.

Q—h

1

1

1

1

1

1

1

1

1

1

1

1

i

[l
AN
o

) =
>

Fig.3.8: Cantilever beam subjected to buckling load?

Formulation of the boundary value problem, whichn dee treated as eigenvalue problem of the
differential eugation

w'(x)=-P(wD- w , & £ |
w0)=0 , w'(0)=0 (3.26)
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The classic Euler problem was also solved usirgeetthe low order or higher order approximation in
order to examine the quality of those solutiong;@sapared to the exact value of the Euler force

_1p%Ed EJ
PE - Z L2 » 2467? (327)

Considered was the coarse regular mesh with 2 noulggspaced witth = L). Discretization of the
natural conditionw'(0) = 0 was performed using a fictitious node f andeaton

W, » =0 W, =W (3.28)

L » 2 (3.29)

was used for the internal nodes. For the mesh showkig.3.8 (one nodal unknowm; =?), the

following FD solutions (values of buckling forcese obtained together, with the appropriate exact
relative error

PRl 100% (3.30)

E

e=

Low order solution (mesh with 2 nodes, Fig.3R3) = 2E €, =18.9%,

L2’

Higher order solution (mesh with 2 nodes, Fig.38) = 2.40% y 6o = 2.7Y

Convergence rate

r

log(erro

eLO , Q—|O log(mesh modulus)

‘ —e—low order solution error —s— higher order solution error

Fig.3.9: Convergence of FD solutions

Precision of the higher order solution is overrbets better than the lower order one. Calculations f
the set of ten regular meshes more and more desreeperformed, showing that the quality of the low
order solution on the last mesh (with 11 nodesjnslar to the higher order one on the second mesh
with 3 nodes only (Fig.3.9). Furthermore, the cageece rates, evaluated in the logarithmic scale
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a, =1.94, anda,, =4.03 yield solution convergence improvemelgﬁ— = 2.08, which means that
(0]

the HO error g,, decreases over 1@ 100 times faster, when compared with the loneomhe

€, - The dashed line in Fig.3.9 represents the truestltion error level for mesh with 13 nodes. In
this simple case, the same true HO error level lbgagtchieved for the mesh with 3 nodes only.

1D linear differential equation (general case)
The local form of 1D boundary value problem wassidered (W(x)T C*(V)A EW® R)

w'(X)+aw(d= (3, A (0,4)

w(0)=w(4)=0, a=1 (3.31)

Right hand side functionf (X) corresponds to the three different exact analysiclutions (Fig.3.10)

1. 1D benchmark no. 1 — th& érder polynomial function
wx=x-16X , % [04® f(x 12%¢ B2 4 4& 3% (3.32)

2. 1D benchmark no. 2 — trigopnometric function

. pX A p> . pXx p pX
w(x)=sin — , x1 [0,4 ® f - — sin —+ COS— 3.33
(%) 4 [ 4 () 16 4 4 4 ( )

3. 1D benchmark no. 3 — trigonometric function with"idrder polynomial P,o(X) added in the
firstinterval 0< X< 2

sin(’%x)+ Po(X), 0<x<2

w(X) = ®
sin(’%x), 2<x< 4
2 X X (3.34)
-'O—sin PX aﬁcosp— +p KFapg (x), & x :
6 4 4 4
® f(x)= )
P gin PX 4 aP cos PX , X X< 4
16 4 4 4
Equivalent global formulations were considered
)] variational Galerkin type
4 ~ ~
- [w+aw- f]xvxdx = - first non-symmetric form Wi Hg, ¥ H°) (3.35)
0
4
- [v'w- waw+ fx} dx 0 - Galerkin form &I Hg, ¥V Hg, symmetric ifa = 0) (3.36)
0
4
- [v"w+vxaw - fx} dx 0 -2nd non-symmetric formwl Hp,V  Hg) (3.37)
0
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(ii)

(iif)

minimum of the functional, which exists only wharr 0 (WT Hé)

4

min S w)+ fw dx (3.38)
(w) 0 2

other global forms, e.g. the MLPG formulat®{8, 4].

In all global form (3.35)+(3.38), both the trail dartest functions satisfy boundary conditions
w(0) = w(4) = v(0)= v(4)= C, which effects in vanishing of the boundary termsthe integral

forms, namely{w'v];1 =0 and[wv'];1 =0.

The main tasks of those 1D benchmark problems agfellows

(i)

(i)
(iif)

(iv)
(v)

further examination of the quality of the HO sabuti Comparisons were made between the

low order solutionw"), and the HO oneV"’, both referred to the true analytical resuft’ .
The 1D benchmark no.1 was chosen in order to besability of the approach to recover the
polynomial of the same order as the one assumat thge correction terms. The second, and
the third benchmark problem exhibit non-polynoneaiact solution. They were chosen in
order to test the quality of the MFD solutions, whenalysing problems with significantly
varying both the solution and the right hand sitithe equation,

comparison between results obtained on regulaireegllar meshes,

examination of the quality of derivatives evaluat®dusing the HO terms, and comparison
with the standard MFD approximation,

comparison between different formulations of theurdmary value problems (local and
variational), in which the correction terms mayapplied as well,

study on the convergence rates of MFD solutionsgusét of regular meshes.

10 benchmark no.1 10 benchim &tk no 2 10 benchmark np.3

P olynom ial function, 4" order Trigonam etric function Trilgcunnmetric function with

AHALYTICAL SOLUTIONS

10" arder polynomial added

1 5 'Y
- - - - - - - - L[] -

B F
wixi=x'-1éx wix) = SmKT?' u{xj=:§r(?j—xj(x‘zjj

RIGHT HAND SIDE FUHCTIONS

AN
|V

SOV =ax #1020 -32-32 fl) = Teos( 20 - Tsint D) Sx) = Zoos(Z2) - Tosin( 20 - plx)

lé 4

Fig.3.10: Revision of the 1D benchmark tests
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In the present Chapter, all exact solutions oftés problems are known and, therefore only the tru
analytical solution error is evaluated. Applicatimiithe approach using higher order terms, to dhall
solution error and residual error estimation wéldiscussed in details in the Chapter 5.

Results for three of the above formulations, nang8Il$1) and (3.35)+(3.38) will be presented: the
local form (3.31), first variational non-symmet(i8.35) and symmetric Galerkin (3.36). The second
non-symmetric (3.37) and functional form (3.38) evemitted due to similarity in results of first ron
symmetric and symmetric Galerkin, respectively.dBelgiven are numerical algorithms for the low
order and higher order approximation approach.fohewing detonations are introduced

k — integration interval no.

| — Gauss point no.

i —node number in the MFD star for the test functio

j - node number in the MFD star for the trial funaotiv

n — number of nodes

(n- 1) - number of integration intervals

J, - Jacobian of the transformation matrix frgr, 1] to [X,, X.,]

N, - number of the Gauss points in the integration vter

X - Gauss integration point

W - integration weight, assigned to the point

m, - number of nodes in the MFD star for the tesction v
m, - number of nodes in the MFD star for the triadtionw

( lev) = m{” , N=1,...,p +1- MFD formulas for the test functiom
A+ M, ’

( Ml‘,w) = m{’ , N=1,..,p,+1- MFD formulas for the trial functiow
R+ m, ’

p, — order of the local approximation of the testdtion v
p,, — order of the local approximation of the triahftionw

1. Algorithm forthe local form (3.31)
(1) Starting forms of the coefficient matri& and the right hand side vectoof the SLAE

A9 =0, B9=0, i,j=12.n (3.39)
(i) Discretization of the differential equation

™ W (W) " (

1= J=

(iii) SLAE coefficients

A =m) +am),  j=l.,m; 1=L.r

(3.41)
B =f(x)+{Dy} +4 o3}
(iv) Final form of SLAE
Ajpw =B ® wY=., ij=12..n 24
Aw =B P ® W= ij=L2..n (3:42)

2. Algorithm for the first non-symmetric form (3.35)
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(i)

(ii)

(iif)

(iv)

Starting forms of the coefficient matri& and right hand side vectbrof SLAE
A9 =0, B9=0, i,j=12..n (3.43)

Discretization of the variational principle

n1 Ny m n
Jo o mPy, ”§z Wy~ { }+ a W()'{D(Qv} =
k=1 1=l =1 j= j=t (3.44)
n-1 Ng .
= J fo(xl) ”ﬁ/)YQ)
k=1 1=1
SLAE coefficients
A'j+:\]kwnﬁ)(n§vj@+an§‘f)), i=L...,0; =L..);
(3.45)
3+=ka(f(>§)+{wp} +# Qﬂ )njl") I4,...,N; k=1..n-:
Final form of the SLAE
Ajpw =B ® wY=., ij=12..n (3.46)
Aow =B P ® W= ij=L2..n '

3. Algorithm for thesymmetric Galerkin form (3.36)

(i)

(ii)

(iif)

(iv)

Starting forms of the coefficient matri& and right hand side vectBrof the SLAE
A9 =0, B9=0, i,j=12.n (3.47)

Discretization of the variational principle

] W W " L "
e mz,iWa)'{th} Pv,- a fly,= 3 wx 63 iy (348

k=1 1=1 i=1 i=1 i=1 k=1 I=1 i=1

SLAE coefficients
Ag+=doy(m (m) - a)), El..m0 FLo.mi ¥ Lol

(3.49)
B+=Ju(FOnd) +{ O} nd) - aff) ), k1., m1
Final form of the SLAE
Ajpw =B ® wY=., ij=12..n (350
Apw =B D ® W= ij=12.n

In the above algorithms the following assumptioagehbeen made

(i)

The test functionv at the Gauss points is approximated using itsahealues (@, =2,
m, =3),
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(i) The trial functionw at any arbitrary point (node, Gauss point) israpiated using the
MWLS technique and the MFD stars which consist of, =5, 7 nodes. The basic

approximation order i, =2, after the correction it is raised fxp,, =4,

(iii) The correction termi),(w) correspond to the MFD formula for the trial fuoctiw. They

are added to the right hand side of the SLAE insteond stage of calculations,
(iv) In the simplest case, the final SLAE is solved wyifirst time for the low order solution

w". Then, it is solved once again, after evaluatiboarection termsD™ . The SLAE
has the same coefficient matix modified is only the right hand side vecEr Solution
of this SLAE yields the Higher Order soluticm(H). In some cases, additional iterations

may be performed,

(v) In the case of the global formulations, numericaékgration is applied. The integration is
performed here between the nodes, like in the RiMre integration cells correspond to
the node intervals. Schemes with, =3 Gauss points are applied,

(vi) Boundary conditions for the test function v(0) = v(4) = 0 were imposed on the level

of generation of the MFD equations, like in thessiaal FDM, whereas the boundary
conditions for the trail functionv(0) = w(4) = O were imposed on the level of the SLAE,
like in the FEM.

The whole solution algorithm, for both the locabaglobal forms, is presented below, in the form of
the flow chart (Fig.3.11). It also holds for 2D &Bid boundary value problems.

- Formulation (local, global, ...)
- Introduction of cloud of nodes)
- Generation mesh topology

l

- MFD star classification and generation
(at the nodes)
- MFD formulas generation (MWLS)

LOCAL FORMULATION ’ GLOBAL FORMULATION
- collocation technique for - MFD star generation at the Gauss point|
the MFD equations generation - aggregation and MFD equations generation

- imposition of the boundary conditions
- solving of the SLAE

o 1

higher order - low order derivatives calculations
solg_tlon 5 - higher order derivatives composition
stabilized? - correction terms composition

YES

- final postprocessing of the results

Fig.3.11: Flow chart for the HO approximation algonthms

The results are presented separately for the bearisni-3. The quality of the MFD solutions and
their first derivatives, was examined by the exsttition errors, calculated at the nodes

(i) e" :‘WL) - V}?T)‘ . E1,2,...n-the LO true solution error, (3.51)
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(i) e"'n =‘V\iH) - V}?T)‘ . iE12,...,n-the HO true solution error. (3.52)

Distribution of (3.51) and (3.52) are presenteéigures. Their values, though evaluated in the sode
were extended on the whole domain using lineamspinterpolation. Additionally in the Tables
presented are the mean and maximum values ofubetrors, calculated as follows

i) <223n=\/1 g’ =\/3 W - w7, ke LH, (3.53)
N iz Nz
vy ¥ =max ¢ = ma#vlﬁk) - vl\(/”‘ , F 12,.n , k LH,. (3.54)

1. Benchmark no.1 — regular mesh with 5 nodes

In the left column, the exact errors (3.51) of MeD solutions (low order — dash-dot line, and
higher order — solid line) are presented whilehia tight column, the exact errors of the first
derivatives of the MFD solutions are shown. Eaohetithe exact result was obtained, after
doing the HO correction (Fig.3.12).

In the first row, results for the local form (3.3re presented; in the second, results of the first
variational non-symmetric form (3.35) and in thstlthird one, for the variational symmetric
(3.36). The smallest LO true error was obtainedterlocal and variational symmetric form.

Remark: all graph scales were adjusted to the maximrror (of the solution or*lderivative) value
among the formulations, for better comparison.

LOCAL: e+ vs. e (SOL. ERROR) LOCAL: e vs. e (15! DER. ERROR)
P R S e | w0 B N |
| | - HT | | | - VHT |
30F----- e Lo e 30F----- Lo R e !
e, o | | ; el | | ; |
20FH--—--—- -—— b b | 20F----- - ———— ———— |
| | | | | | | |
10F----- - F-—--- F-—--- 1 e e e STy
_____ L | | | | | =
0 = 3 L Sl Iy 0 : : . 3
0 1 2 3 4 0 1 2 3 4
VAR NON-SYM: e" s. e (SOL. ERROR) VAR NON-SYM: e" vs. e (15! DER. ERROR)
| ST | | | | e
0F----- [ il S - | 40F----- [ [ POl
Lo N | | | i |
| o+ | % |~ 1 o 1) AR, - _ _ _ oL |
olT GHT 307 ———-- oAt TODTT T LT GHT 80 | | 7 |
. . . . /
20 A b LN 20p - - - AN A 1
R [ S O B PRGN (s . LT
10,,4{,,‘ ,,,,,, [ € LN 10,;:‘i,,‘,,'i-v,,‘,/,,,, e
S Rl S N e
0 % ! ! _ \ 0 h 4 n Y
0 1 2 3 4 0 1 2 3 4
VAR SYM: ' s. e (SOL. ERROR) VAR SYM: eb vs. e (15! DER. ERROR)
ol R S et | w0 B I p——t |
| | —_— HT | | | —_— VHT |
30F----- oo R e 30F----- Lo R e !
e, o | | ; el | | ; |
20F----- -—— = — — | 20F----- - ———— ———— |
| | | | | | | |
10f - e e T 100 ----- T
! | L | IR U | | A
0 — o el —— " Qeme==t . . " .
0 1 2 3 4 0 1 2 3 4
X X

Fig.3.12: Results for the benchmark no.1, mesh with nodes — three formulations

The above tests showed that MFD solution yieldalres<act within 4th polynomial order assumed.
Here, it is the true analytical result as well.
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b q I solution error first derivative error
oundary value (LT) (HT) (LT) (HT)
problem formulation € € € €
max mean mean max max mearn mean max
Local 0.084 0.081 0 0 0.133 0.086 0 0
First variational 0.832 | 0.761 0 0 0.468  0.364 0 0
non-symmetric
Variational symmetric\ 5, | ¢ 045 0 0 0125  0.11 0 0
(Galerkin)

Tab 3. 2: Results for the benchmark no.1, mesh witb nodes — three formulations

2. Benchmark no.2 — regular mesh with 33 nodes

Denser mesh, with 33 nodes, was used for benchmarX and no.3 For better comparison

between the formulations, the results were divitéa two groups. The first one is referred to the

local and variational non-symmetric formulationsg(B.13), and the second to the local and

variational symmetric ones (Fig.3.14). The graplespdotted in the same scale, separately for the
solution error, and for the first derivative error.

LOCAL: e- vs. e (SOL. ERROR) LOCAL: e" s. e (15! DER. ERROR)
oo} ----L———_1___ 1 | I I | I
| | L I I e LT |
| | eHT | 0.02 | | eHT |
| | J— I .02~ - — -~ e A T ] — i
0.008F - ==~y - ———5-—-- i I I I i I
I I I I I I I I
| | | I 0.015F - - — - FE I |
U e e 1T LT HT | | | \
e € I I I b € I I I I
I I I I I | I I
0.004f - - - - e S -—--- | L e A T |
I I I I I I I I
I I I I I I I I
0.002f—--—-- e |—— === | 0.005- - - - - R iy ——--- |
[ [, ! ! | | | |
_._.-r"'— | ""-h._\ | | | | |
0 Dd I I I =) 0= " N TP N
0 1 2 3 4 0 1 2 3 4
VAR NON-SYM: e \s. e (SOL. ERROR) VAR NON-SYM: e vs. e (15! DER. ERROR)
P 7 W G i M | I I | g
0.01 ,./ J‘*.\ o I.7‘ X, | | | ——e @l LT 5
; N ——— g F \“ | 0.02 | | € r ’_l |
i LN e GHT \ I .02 - - - - Tt | — g HT
0008 —#---7% e f----A-— A | | it [
i Y | i | ‘-‘ | % | | | o
i | v | i | = 001563 - - -+ ———— 4 ——— - — = =1
LT GHT 0006 5= -7 - =% —g-—-——-——%— 7 pr i | e | I
€ .e ,l | ‘.\ o | ‘| b € ‘\ | AN | ," |
i | Lo | 1! 3 L7 N | { |
0-004*!"***T***‘.‘*‘T*f***\****"‘*\ O'Ol’fl‘\**T:.l 77777“7777,}77\
i | Lo | | A [ | ~ 7 |
i \ Vo \ Y vt \ Y i |
0.002H - ———+———2+f-——a-—— -3 0.005- - -F - f-—-—-71---- ot Al
i | N | Hi v | T |
i | -‘\l.' | ] N | i |
0 . . : 0 . . . .
0 1 2 3 4 0 1 2 3 4

Fig.3.13: Results for benchmark no.2, mesh with 33odes — local and variational first non-
symmetric formulations

Definitely, the local form yields better resultsy the function and its derivative, when compared t
the non-symmetric one. In analysed formulations dame, second order of the derivative appears,
however, the variational non-symmetric suffers fribi@ integration error additionally. Each time erro
of the HO solution is 10-1000 times smaller, whempared to the error of the LO solution.

Observed is much results improvement, while deatiidp the variational symmetric (3.36) form,
however this remark concerns only the MFD solutifffig.3.14). This is due to the lower, the first
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order derivatives under the integrals. The erradefvative is much smaller for the local form, ani
can be explained by using more accurate nodal Mifieraes in that case.

boundary solution error first derivative error
value problem low order &™) Higher Ordere'"™ low ordere'"" Higher Ordere'"™
formulation mean max mean max mean max mean max
Local 1.18e-3 1.20e-3 6.99e-7 7.93e-1 6.71let4 9.54¢-4 2ei32 3.53e-5
First
Varr']ao“ncf“a' 1.04e2 | 104e-2| 1.68eH  1.76e-§  2.14el2  3.13¢-2 Oedl | 1.75e-4
symmetric
Variational
symmetric 3.65e-5 3.85e-5 4.96e-8 1.09e-7 1.77er3 1.98¢-3 2eH%5 1.62e-5
(Galerkin)

Tab 3. 3: Results for benchmark no.2, mesh with 38odes — three formulations

The whole results, for all three formulations, eoenpared in the same scales in Fig.3.15.
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0 . 2 . _
0 1 2 3 4

Fig.3.14: Results for benchmark no.2, mesh with 33odes — local and variational symmetric
formulations

The convergence test was performed, on 100 moraremd dense meshes, starting from the rough
mesh with 5 nodes only. Results for the mean toligtien error in the logarithmic scale are presdnte
in Fig.3.16. The LO and HO solution convergencshiewn for all three formulations. Convergence

ratesa- and a"

were calculated, corresponding to the LO and ddition respectively, using

linear approximation (in logarithmic scale) of ttesults from every mesh. Beside convergence rates,

H

o a :
the solution |mprovemen{a—L was calculated and shown in the brackets neagrtygh legend.
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Fig.3.15: Results for benchmark no.2, mesh with 3%odes — three formulations

CONVERGENCE: REGULAR MESHES (n =5 - 105)

B g ~® LOCAL, a" = 1.9756 g
~® LOCAL, a"=5.218 (4 = 2.6412)
S T ~4 VAR NON-SYM, a"=10314
—4 VAR NON-SYM, a = 3.1719 — = 3.0752)
WA | VARSYM,a"=2.9903 gn
- ; —* VARSYM, a"=5.3344 (= 1.7839)
-1.5 -1 -0.5 0

log,4(h)

Fig.3.16: Convergence of the MFD solutions on thesof regular meshes — benchmark no.2

The lowest values of errors may be observed forvreational symmetric form, in which the first
order derivative appears. The largest amountsrofsarise for the variational non-symmetric form,
when the second order MFD operators are builténle¢last accurate manner, between the nodes at the
Gauss points. However, for this formulation, thegést solution improvement (3.08) is observedyafte
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HO correction. For the local formulation, the saatimprovement is even largest herg.6) and

exceeds the theoretical vaIu%—Q =2).
Y

3. Benchmark no.3 — mesh with 33 nodes

The solution errors, and derivatives errors arengfly influenced by the large amount of
gradients of the exact solution in the first hdlfle domain interval. Comparison is made betwéen t
local and the first variational non-symmetric forrfi§ig.3.17), as well as between the local and
variational symmetric formulations (Fig.3.18). Edaahne the HO solution error is smaller 10 — 100
times than the LO solution error. Among the forniiolas, similar observations might be made as for
the previous benchmark.
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Fig.3.17: Results for benchmark no.3, mesh with 38odes — local and variational non-symmetric

formulations

boundary solution error first derivative error
value problem low order &™) Higher Ordere'"™ low ordere'"" Higher Ordere'"™
formulation mean max mean max mean max mean max
Local 8.22e-3 1.35e-2 1.42e-3 1.86e-3 2.50ef2 4.38¢-2 2e128 4.19e-2
First
Varr']ao“ncf“a' 6.14e-2 | 8.44e-2 | 335e-3  4.76e3  2.03efl  2.20¢-1 2eL7 | 2.3le-2
symmetric
Variational
symmetric 1.43e-3 1.93e-3 1.13e-4 2.01e4 4.94er2 4.84¢-2 9e4 1.95e-2
(Galerkin)

Tab 3. 4: Results for benchmark no.3, mesh with 38odes — three formulations
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Fig.3.18: Results for benchmark no.3, mesh with 33odes — local and variational symmetric

formulations
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Fig.3.19: Results for benchmark no.3, mesh with 3%odes — three formulations
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Fig.3.19 collects results for all three formulasoit can easily observed, that non-symmetric
variational form produces the worst results, wkiile symmetric variational is slightly better frolret
local one on the level of the MFD solutions only.

Similar convergence test, as for the benchmark, mea® done. Results, together with the convergence
rates and solution improvements, are presented)iB.EO.

CONVERGENCE: REGULAR MESHES (n =5 - 105)

LOCAL, a- = 2.3377 _,

LOCAL, a™ = 4.5052 = 1.0272)

VAR NON-SYM, a" = 1.1227 "

VAR NON-SYM, & = 3.5886 1 = 3.1965)
VAR SYM, a" = 2.8456

VAR SYM, a" = 4.7175 &_) = 1.6578)

-0.5 a 0

10g,,(h)

Fig.3.20: Convergence of the MFD solutions of (3.3bn the set of regular meshes — benchmark
no.3

3.3.2 2D test problems

2D linear differential equation

The boundary value problem described by the Poiegaation with the essential boundary conditions
N2w= f(x y) inW

w=w on W
W={(x}y, O0£x£l, O£y£l}

(3.55)

was analysed. Two different benchmark problems wensidered with the exact solutions known
1. 2D benchmark no.1
wW(x y)=sin(x+y) , OExE1l OE yE1 ® f(X,yF¥- 2sink vy (3.56)

2. 2D benchmark no.2

x-05° y 05°
02 02 e (3.57)

® f(x,y)=-6x 6% exp(x,y)

W(x y)=- X~ Jr exp-
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was taken from the paper [34].

BENCHMARK NO.1 - EXACT SOLUTION BENCHMARK NO.1 - RIGHT HAND SIDE

Fig.3.21: Exact results for the 2D benchmark no.1

The right hand side functionsf (X, y) result from the true analytical solutions (3.5&)5{) and are
presented in Fig.3.21 (for the 2D benchmark nont) Eig.3.22 (for the 2D benchmark no.2).

BENCHMARK NO.2 - EXACT SOLUTION BENCHMARK NO.2 - RIGHT HAND SIDE

Fig.3.22: Exact results for the 2D benchmark no.2

The main tasks of those 2D benchmark problems agfellows

0] further examination of the quality of the HO sabmi As in the previous examples,
comparisons were made between the low order soluté” and the HO onev"’,
using here only the exact solution error termsermefl to the true analytical resuif™ .
Error estimation will be discussed in the Chapter 5

(ii) examination of the quality of the chosen derivativevaluated using HO terms and
comparison with the standard MFD approximation,

(iir) comparison between different formulations of theirmary value problems, in which
the correction terms may be applied,

(iv) comparison between results obtained using regakhireegular meshes,

(v) study on the convergence rates of the MFD soluiothe set of regular meshes.

Three variational formulations may be derived fribra local formulation (3.56)

() First non-symmetric Galerkin form

Find such trial functionwi H7, that for the arbitrary test function? H° the following variational
equation is satisfied:
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(wr+w)vaw= fwd ', W={(x), 0EXE, 0E£yELl (358)

w W

(i) Symmetric Galerkin form

Find such trial functionwl Hj, that for an arbitrary test functiorvi H* the following variational
equation is satisfied:

- (Wx'vx‘+ wy'vy')(W+ v>( n o' 4 W) d W=1f wd> (3.59)
w W

w
W={(x), 0Ex£l, 0E£yEL

where n, and n, are co-ordinates of the vector normal to the bawndwhich appears in the
boundary integrals, in the case when integratiopdiys is performed.

(iii) Second non-symmetric Galerkin form

Find such trial functiorwl Hg, that for an arbitrary test functiowl H? the following variational
equation is satisfied:

w(vx"+vy“)d\N- vw(r; X' Hy x§) d ﬂW+v( B uk o+ \Qi)x d WEv d (3.60)
w w w w
W={(x}y, O0£x£l, O£y£l}
Applied for calculations were two the most commoniged types of boundary value problem
formulation, namely the local (3.56) one and theateonal symmetric of Galerkin type (3.59). Below
given are the MFD algorithms for those formulations

1. The MFD algorithnfor the local formulation (3.55)

® Starting forms of the coefficient matri& and right hand side vectbrof the SLAE

A9 =0, B9=0, i,j=12.n (3.61)
(i) Discretization of the differential equation
w (w) w) (W) (
(m4vj\/\40)+ n’éJ WK))-{D4’}-{D 6\} = f(|X,|y) y t:].,z,...,l’ (3.62)

j=

(iii) SLAE coefficients

Al ZTTﬁYY)VY()+ ”/&YV) Wiy FLeams =L.r
B =10y, ) +{ 00} { o

(iv) Final form of the SLAE

(3.63)
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Ajpw =B ® wY=., iij=12..n

(3.64)
Ajpw =B D ® w”=. ij=12.n

Below presented are results for benchmarks no.1nar2 for one fine regular mesh with 8x8=64
nodes. Shown are LO solution error and HO solutoror. The values between the nodes were
approximated using MWLS technique. Additionally, ane and maximum error values were
calculated.

0] Results for the benchmark no.1

Fig.3.23 presents the comparison of the true swiwrrors, the graph scale is adjusted to the level
the LO solution error, for better illustration dfet quality of the HO solution. The HO improvement

concerns not only the MFD solution but also itssaduent derivatives e.gv', (Fig.3.24) orw',,
(Fig.3.5).

Beside the local distribution of the true solutemors, shown are the mean and maximum values of
errors. They are placed near the graphs.

e'T, FUNCTION w

x 10"

! | ,

! Y |

| | B | TR |

| I | | - | = — |
- | -k | =~ |

ok

Fig.3.23: LO and HO true error solutions of (3.55) regular mesh with 64 nodes —
benchmark no.1,
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LO and HO true error derivatives W
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Further calculations were made for the benchmark nsing irregular mesh, randomly disturbed from
the original regular one (Fig.3.26), with the samenber of 64 nodes.

CLOUD OF NODES (n = 64)
. .

08 - — — — — s A A LA . [ N R E |
06— ———— et T e i S
|
|
|
0.4 — —— — - L R . S i i e ] S !
|
|
|
|

0.2 — =~~~ R L R e B b N N I

Fig.3.26: Arbitrarily irregular mesh

The exact LO and HO true solution errors are shiovig.3.27.

e’ FUNCTION w

-
|
|

—— k- -4 ——

e, FUNCTION w

!

-
|
|
[
|
|
Lo
|
|

mean

e =5.23e-5
max

Fig.3.27: LO and HO true error solutions of (3.55)jrregular mesh with 64 nodes — benchmark
no.1l
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SFORMULOWANIE:LOKALNE,SOLUTION ERRORS (e-",e™

e (a=2.3884)

| |
| |
| | an
‘ | meen - a’_
7 ‘ 17| A €peqn (@55.1597, 20 2.1603)
| | | | |
| | | | |
-8 PR N - — —_ _ Lr_ [ |
| | | | | |
| | | | |
| | | | | |
9 —< — — — e - — - — = e - — — — - — Lo [ —
| | | | | |
| | | | | |
| | | | | |
10 | | | | | |
-1.6 -1.4 1.2 -1 0.8 0.6 0.4 -0.2
log, 4(h)

Fig.3.28: Convergence of the MFD solutions of (3.55n the set of regular meshes — 2D
benchmark no.1

The convergence of the LO and HO exact solutioorenvere examined on the set of twenty more
and more dense, regular meshes. The starting cossk has 3x3=9 nodes whereas the most fine
mesh consists of 22x22= 484 nodes. Each mespriesented by the mesh modulbsand the mean
value of the true solution erroe only. Problem of choosing the optimal finite reggptation of the
arbitrarily irregular mesh will be discussed in @te 6 in a more detailed way.

The results for the benchmark no.1 are presenté@)if8.28. Convergence rates, evaluated usingrlinea
approximation, are2.39 for the low order solution, and 5.16 for the HOepmwhat yields solution
convergence improvement 2.16 (in the logarithmileyc The HO true solution error decreases over
100 times faster than the low order one.

€T, FUNCTION w

mean

e =1.85e-2
max

Fig.3.29: LO and HO solutions of (3.55), regular m&h with 64 nodes — 2D benchmark no.2
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Fig.3.30: LO and HO error solutions of (3.55), irrgular mesh with 64 nodes — 2D benchmark
no.2

(i) Results for the benchmark no.2

At first, considered was a regular mesh with 64asd.O and HO solution errors are presented in
Fig.3.29 in the same scale, corresponding to thdrman value of the LO solution error. The mean
and maximum errors dropped 10 times. This is tiiecebf the form of the analytical result, which
exhibits large amount of gradients.

Later on, a irregular mesh (Fig.3.26) was usedcédculations. Fig.3.30 presents comparison of the
true solution errors obtained on that mesh.

SFORMULOWANIE:LOKALNE,SOLUTION ERRORS (e'",e"'
T T T T

iR
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|

|

|

|
e e
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& ey, (4743246, = 1.6452)

|
|
|
|
1
-1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2

Fig.3.31: Convergence of the MFD solutions of (3.55n the set of regular meshes — 2D
benchmark no.2
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Finally, convergence of the both MFD solutions vee@mmined on the same set of twenty regular
meshes, as for the benchmark no.1 The results vecgence rates and solution convergence
improvement — are presented in Fig.3. 31.

2. The MFD algorithnfor the variational principle (3.59) follows the notations introduced for the
algorithms used in the case of the 1D problemseemerical integration is performed on tie
Delaunay triangles, treated as the integrations dgtitegration between the nodes, refer to the
Chapter 2). On each triangle, defined on nod&s, y,),(Xa1: Y1) (X2 Yeep)s the linear
interpolation

2
v(x,y)=_ Vi Nsi (X ), Ny = % by

was applied for the test function The MFD formulae for the trial functiow were generated
using the MWLS approximation and 9 nodes MFD stdese:N — number of Delaunay triangles
in the domaint — Delaunay triangle no. atkd- Delaunay triangle edge no.

(1) Starting forms of the coefficient matri& and the right hand side vec®rnof the SLAE

A9 =0, B9=0, i,j=12.n (3.65)
(i) Discretization of the variational principle
Ng my 2 my 2
-Je o mg,I]Y)xV\h) '{D(z\ll,v)} av, + ”%M *Wo { UBV} by +
=1 j=1 i=0 j=1 i =0
3 Ng m, my
Jik W mé“,”,-)xW,“ '{ 'jvaV)} n+ ng?’) XWic) {- QV} o ox
k=1 1=1 j=1 j=1
2 2 2
XX dVYy ty by t+ oy =
i=0 i=0 i=0
N, , , , (3.66)
=3 wxt(x.y) x ave ty by + ¢y ; td.., 0P
1=1 i=0 i=0 i =0
(iii) Coefficients of the SLAE
A+t,j+="]t”((rrg3/)a+ \;v)ib)*"lk W( 'ﬁl,v)xm' @yr)(iax-i Py ):
B.*+=3m f(x,y)(ax+by+.q+ (3.67)
o (Da +0'b) w1, w( By +§'p)(ax by 19
t=1..N, k=123 j=1.m, ;1=1..Ny; i=0,.,2
(iv) Final form of the SLAE
w =B ® w9 =., i,j=12,.n
A,J ] B I J (368)
Apow =B D @ W= ij=12.n
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1. Results for the benchmark no.1

Similarly like for the local formulations, the LChd HO true solution errors are presented for the

regular (Fig.3.32) and irregular meshes (Fig.3.88)h with 64 nodes. Fig.3.34 presents LO and HO
solutions convergence.

e, FUNCTION w

e
mean

e = 5.86e-4
max

e — - —

mean ~ . 0 o 0.2

Fig.3.32: LO and HO true error solutions of (3.59) regular mesh with 64 nodes — 2D
benchmark no.1

e'", FUNCTION w

mean _ < ' 0 o 0.2
(S] = y X
e"", FUNCTION w
x 10" o ‘
B | ! U | =~
8 -
|
HE =
€4 -
2 |
0
1
0.8 1
— 0.4 0.6
€ ean = 1:79€-5 0o o 0.2
€ ax = 2-28-5 y x
Fig.3.33: LO and HO true error solutions of (3.59)irregular mesh with 64 nodes — 2D

benchmark no.1
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FORMULATION:VARIATIONAL:SYM:TRIANGLES:LINEAR,SOLUTION ERRORS (eLT,eHT)
-1 T T T T T

nean (2=2.148)
AP (a=2.9128, 2= 1356
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Fig.3.34: Convergence of the MFD solutions of (3.59n the set of regular meshes — 2D
benchmark no.1

2. Results for the benchmark no.2
Similarly like for the local formulations, the LOhd HO exact solution errors are presented for the

regular (Fig.3.35) and irregular mesh (Fig.3.3@hv@4 nodes. Fig.3.37 presents LO and HO solutions
convergence.

e’ FUNCTION w

Fig.3.35: LO and HO true error solutions of (3.59)regular mesh with 64 nodes — 2D benchmark
no.2
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Fig.3.36: LO and HO error true solutions of (3.59)jrregular mesh with 64 nodes — 2D
benchmark no.2

FORMULATION:VARIATIONAL:SYM:TRIANGLES:LINEAR,SOLUTION ERRORS (eLT,eHT)
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Fig.3.37: Convergence of the MFD solutions of (3.59n the set of regular meshes — 2D
benchmark no.2

In this Chapter, examined were the convergence maethe set of regular meshes only. The more
sophisiticated convergence analysis, on the satiatrarily irregular meshes, will be consideredhe
Chapter 6.
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3.4 Summary

Presented was a Higher Order approximation apprdesed on correction terms introduced into
the MFD operators. These additional terms resuwdtnfrexpansion of relevant MFD operators
(expressed in terms of linear combinations of nddaktion values) into the Taylor series. The
expansion of unknown smooth function into the Taylor series produces additional higbeter
terms D, considered here as a correction, involving the d@vatives. They are evaluated using
appropriate formulae composition (inside the domaifhe correction terms may also include
singularities as well as jump terms of functionand / or its derivatives. Correction terms modiifg

right hand sidesf of the MFD equations in such a way that the fid@ solutionu™’ depends only

on the truncation error of the Taylor series, andsdnot depend on the quality of the MFD operator
used. The whole solution process may need onlysteps (two solutions of the MFD equations), both
with the same MFD operatoc, though with different right hand sides. Thus thés of the local
approximation ofu is raised without introducing new nodes or getsedl degrees of freedom, into
the MFD operatoiL .

In the MFDM, the Higher Order correction terms generated together with MFD formulae,
using the HO MWLS approximation technique. The wetslution approach was applied in numerical
algorithms for analysis of 1D, and 2D mostly linéaundary value problems, posed in both the local
and global formulations. Their extension of nondineasks is considered in Chapter 8.

This approach was tested on many benchmark problpnasiding very promising results.
Considered were

regular and irregular meshes,

local and global formulations,

two types of MFD solutions, namely low order angjtiéir Order ones,
set of regular, more and more dense, meshes.

Among the examined features of the solution apgrodie most interesting are:
- comparison of the local distribution of the truéusion errors, corresponding to the low order
(LO) and higher order (HO) solutions,
comparison of the MFD solutions based on the laodl variational formulations,
study on convergence rates and solution converganpeovement, due to HO MFDM
approach.

Results of tests showed that, after the HO conrcthe true solution error is reduced approxinyatel
10+100 times, depending on the mesh type, and fation type. Convergence test of the MFD
solutions using a set of regular meshes indicdtatithe HO solution converges over 2 orders faster
(in the logarithmic scale) than the LO solutionséd on the standard MFD approximation.

So far, however, boundary conditions of the prolsl@onsidered were of very simple, essential
nature. It will be shown, in the following Chapterhow to deal with the boundary conditions of any
type, and how to improve in the boundary zonesahygroximation of the unknown function, and its
derivatives. Higher Order approximation, appliedehevorks efficiently also when combined with the
other boundary techniques.

It is worth stressing here, that only the true gofu errors were presented in this Chapter.
Therefore, needed is a capability of the approadtigh quality a’posteriori estimation of solutiand
residual errors, for both local and global (intégfarmulations. This is the main topic of Chapger

Moreover, a convergence analysis was done so far get of regular meshes only. Appropriate
generation criteria of irregular adaptive mesheswall as the solution and residual convergence
analysis will be discussed in the Chapter 6.
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4. MFD discretization of the boundary conditions
4.1 Problem formulation

High quality discretization of the essential, aratunal type boundary conditions, always
presented one of the major difficulties in the sieal FDM, especially when dealing with irregular
(curvilinear) domains and regular meshes [14, &L+566, 74, 75, 109]. Though use of arbitrary
irregular clouds of nodes [53 + 56, 75] removedows obstacles and provided much better bases for
such a discretization, there is still problem tadfthe best solution approach. As it was showtén t
simple example in the previous Chapter (simply suigal beam deflection problem), approximation
quality in the boundary neighbourhood, should bdeast the same as inside the domain. Such
requirement, however, is usually not satisfied beeaof lower order differential operators on the
boundary than inside the domain (this used to lienebed also to approximation quality as well).
Moreover, there is an offset of the central nodealed on the boundary, from the star centre of
gravity where the MFD approximation is expectetdéahe most accurate.

Various concepts have been proposed to deal waoreable MFD discretization of boundary
conditions. Some of them were considered brieflthanChapter 2. In the present Chapter, attension i
laid upon problems of raising of approximation giyah the boundary zones.

At first, the second order linear elliptic boundagjue problems are considered here

autbu,+cu +dd, + et + rd = {xy in\

4.1
u+b%:g(x,w on W @

The following problems will be discussed

@ imposing the essential boundary conditiods= 0),
(i) discretization and imposing the natural boundarydioons (b 1 0),

(iii) evaluation of the Higher Order derivatives on thariary,
(iv) effective MFD approximation in the boundary zones.

Proposed techniques and algorithms will be illustfaon some simple 1D and 2D benchmark
problems, of the same type as analysed in thequs\Whapter.

4.2 Essential boundary conditions

Satisfaction of the essential boundary conditionthe discrete methods depends on the way the local
approximation of the unknown function is built. tine FEM [119, 120], the shape functioht are

used in order to obtain approximation

u()= Ny (4.2)

These shape functions are generated by interpoldtiae over the specified element. They satisfy the
delta Kronecker property

Ni(x)=4q (4.3)
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at nodes of the FE mesh, and, in the natural watjsfg the essential boundary conditions at the
boundary nodes (Fig.4.1a). In the MFDM [75], theeydo-shape functions-,, used for
approximation of function

u(¥=p'bu= F(3y (4.4)

in general, may not satisfy the delta Kroneckermdaoon (Fig.4.1b)
F. (Xi )1 0; (4.5)

unless using singular weighting factors, witep are generated.

a) FEM b) MFDM

Fig.4. 1: Approximation a) in the FEM and b) in the MFDM for the non-singular weights

Therefore, when dealing with the local formulatmfrthe boundary value problem, generation
of the MFD formulas should be performed using slagweight functions (2.21). Singular weights
provide interpolation approach i.e. assure that dpproximation of the unknown function (4.4)

satisfies the condition(x) =y (Fig.4.2). When singular weight functions are &mplin the MFD
formulae generation, and the local formulation leé b.v. problem is used, the essential boundary
conditions may be easily satisfied then h% =g | =1,2,...,nj at boundary nodes

F’j y =1,2,...nj. Imposition of such boundary conditions is usuglrformed on the level of

the SLAE, similarly like in the FEM, by the appraie modification of the coefficient matrix and the
right hand side vector.

. global
approximation

\ u(x.y)

™~ moving local
approximation

)

Fig.4. 2 Local approximation in the MFDM
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However, singular weights alone may not be sufficien the case of the global formulation
(variational principle, functional minimisation) édruse of a local approximation spanned over the
Gauss points. Additional conditions are requirete lenforcing satisfaction of the boundary
conditions by the local MWLS approximation. The hdary conditions should be enforced on the
level of the weighted error functional (2.16) miisation [80]. The delta Kronecker property (4.3) is
satisfed then.

The problem of boundary conditions discretization a@elta Kronecker property causes a lot

of misunderstandings in the recent literature dedddb meshless methods [4, 5, 8, 26 + 28, 52].
Instead of using singular weight functions, manyeotAuthors proposed and applied various, usually
time consuming, approaches, e.g.

® use of the Lagrange multipliers [52],

(i) use of the penalty function [4, 5, 52],

(iii) transformation of the pseudo-shape functions [28],

(iv) appropriate correction of the pseudo-shape funstj28],

Frxt)=W (U (9+ WP( 3 ¢ (4.6)
(v) introduction of the singularities on the boundaty32],
h
_ L-X:)) , p > 0
FOx- x)F  [x- x| 4.7)
FM(x- %)

(vi) combined FEM (on the boundary) — MFDM (inside tloendin) analysis [43],
(vii)  local boundary integrals approach [4].
4.3 Natural boundary conditions

When dealing with the boundary condition of theunait or combined typef* 0 in (4.1)),

special MFD approximation is required at the boupdaodes. There are several options available,
already mentioned in the Chapter 2

) use of | internal nodes only (Fig.4.3)

Fig.4. 3 MFD approximation on the boundary: use of internd nodes

This kind of approximation may be applied in alp&g of boundary value problems.
However, its quality is rather poor, especially wheroviding the lowest order
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(ii)

approximation of the given boundary condition, hesga of a significant offset of the
central boundary node from the centre of the gyadfita boundary MFD star.

use of natural boundary conditions, by means ofgéreralised MWLS approximation,

applied on the boundary then (e.g. use of the nodeavative (4.1) % at the
n

boundary nodes) - (Fig.4.4),

Fig.4. 4. MFD approximation on the boundary: use ofinternal nodes and boundary conditions

(iif)

(iv)

(v)

use of generalised degrees of freedom, brieflyudised in Chapter 2. Those additional
degrees of freedom may be assumed at every nogldadindary MFD star. The number
of nodes in such MFD star may be reduced, provittiegapproximation of better quality

then.

use of |, fictitious external nodes (Fig.4.5)

This type of approximation provides very good resuhlthough it may be applied in the

elliptic b.v. problems only. Using the language mé&chanics, in hyperbolic problems

(dynamics), introduction of additional external redaises the total “mass of the system”.
As a consequence, it may significantly change wabfeeigen frequencies.

At most cases, the nodal fictitious values may béeeminined by using the closest nodes
from the domain

al —1ajxq +ki1Q ’Qf

i

and additional information, like appropriate naturaundary condition, as well as domain
equation specified on the boundary.

use of the multipoint approach

As for the domain operators, considered in theipusvChapter, the multipoint approach,
introduced by Collatz [15], and developed in [82, 82, 83], may be applied in the
specific or general forms. In the specific onee tank of the approximation is raised by
the right hand side function values, applied adiégrees of freedom besides the standard
ones. In the general case, introduced are additiganeralised degrees of freedom in the

form of subsequent derivativeu™ , both in the domain and on its boundary. Their
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relations u- u® with the standard unknown function nodal values generated by
means of the MWLS approximation.

Fig.4. 5 MFD approximation on the boundary: use of internd nodes and external fictitious ones

(vi) use of the Higher Order approximation, providedcbsrection terms

The approximation order on the boundary may beedaiby considering relevant
correction terms, rather than by introducing newewor generalised degrees of freedom
into the MFD operator. Those terms come from thgldraseries expansion of the MFD
star coefficients with the respect to the cent@de and taking into account HO terms.
Their values may be evaluated using appropriatadte composition inside the domain,
and by other techniques on the domain boundarys ptoblem will be discussed in the
following section.

4.4 Higher Order approximation on the boundary

Consider boundary value problem posed in the |doahulation (2.1), with appropriate
boundary conditions (2.2) and HO approximation,vigted by correction terms. These correction

terms D, , i |, areoriginated from the Taylor series expansion, forMéperatorsLu, inside the
domain and on its boundary, already discussedeiptivious Chapter - (3.13)

L, = buj'D(jb)' R(b): g'Dj(b)' Fiéb)' Ty (4.8)

J

The truncation erroR® is neglected, and therefore, considered correttions D provide higher
order derivatives up to the specified order assumed

DY = oui™, .. ue") (4.9)

Herem is the basic approximation order for the bounddRD operatorl, , and n> m is the basic

approximation order for the internal MFD operator The most convenient is to consider correction
terms up to therth order.

The general approach for evaluating the higher rodirivatives inside the domain is
appropriate formulae composition, and use of tle doder solution. However, this method does not

. . .. . . (b)
provide good results in the case of boundary devies, appearing irD, and Dj . They may be
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divided into two groups, namely the low order datives u®”,...,u™ and the higher order ones
ui™d L.

(i) low order derivativesu™,...,u™ may be calculated using the MFD formulae, or tta

simple cases - the boundary condition, or the wiffdal equation from the domain, but
specified on its boundary;

(i) the higher order derivatives™”, ...,u®” in the boundary nodes should be replaced by the

ones at closest internal nodes in the domain, éyrtbans of the Taylor series expansion, and
then calculated as it was proposed in the prev@hapter for internal derivatives.

Basic MFD operators, generated at the boundarys)agte usually of worse quality, when
compared to the ones inside the domain. This effest be caused by not sufficient accuracy of the
correction terms evaluation. The Higher Order sofutnay need an additional smoothing procedure
then.

The most primitive as well as time-consuming mettet therefore, not considered here, is
to apply an iterative process

LUi(k+1) = fl _ Di(k)

k=0,12,.. (4.10)
" (k) ] )=y ]
L =g, - 07)

: : : (©) :
with starting values for correctioB® :( Efb)) =0, and to control the solution convergence

gD u(k)H

< &4n (4.11)

€= Hu(k+1)

where €,,,, denotes the admissible error threshold.

The proposed iterative procedure (4.10) is convergethe most cases, to the exact solution within
the polynomial order assumed in the MWLS approxiomat(here, B-th). However, it requires
multiple solutions of the SLAE, though with the sataft side (coefficient matrix). Therefore, higher
order boundary derivatives need special treatment.

Various approaches are discussed and proposeddan to evaluate boundary derivatives
k=12,...,21 in the most accurate way. Their concept lies imlmimation of the various MFD

approximation techniques in the boundary nodessidened in the previous sections, with use of
additional correction terms

|
u“-D;=  gxy -0, D =D, U (") (4.12)
j=1
here | is the number of MFD star nodes. The MFD appratiom (4.12) may be applied by
® using only internal nodes; the approximation isoef quality then (Fig.4.6)

ul = Lla], X -D (4.13)

]
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Fig.4. 6 Higher Order derivatives calculation: use of intenal nodes

(i) using internal nodes with both the boundary coad#iand domain equation specified on
the boundary (Fig.4.7),

ui(k): I_la] ><uj _D

j=

lu=*f, Ly=g, PIW

(4.14)

Fig.4. 7. Higher Order derivatives calculation: use of intenal nodes and known boundary values

(iii) using internal nodes and generalised degreeseddra (Fig.4.8)

e = axy -f *E b xy - (4.15)
(.4, “y)
O
x4, “u) o
(5.Y) o
O 0]

Fig.4. 8 Higher Order derivatives calculation: use of intenal nodes and generalised degrees of
freedom
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(iv) using the specific or general multipoint approadhtr¢duced in [15], and further
developed in [32, 81, 82, 83]),

In the case of specific multipoint approach, ong mse the a’priori known values e.g. of
the right hand side function of the differential quations, in order to raise the
approximation rank and apply them in the FD muitipformula

| a xu :I h % (4.16)

j=1 j=1

In the general multipoint approach, approximatimased on the subsequent derivatives
values, which are generated e.g. by the meanseoMWLS approximation in order to
provide additional relations

u , y® (4.17)

defined in patch of stars for each node considasethe central in the domain and on its
boundary.

(v) using internal and additional external fictitiouzdes (Fig.4.9),

1

W= 33y D+ Ry (4.18)

J

k

Fig.4. 9 Higher Order derivatives calculation: use of intenal nodes and external fictitious nodes

(vi) combinations of the above techniques.

The above proposed general approach will be predentmore detailed way, separately for 1D and
2D cases.

441 1D case

Consider the second order 1D boundary value pralpesed in the local formulation (Fig.4.10)

2
=ad—2+b£+c: f(x (ar0) ins (abh
ddx dx (4.19)
py=a@—+b =9(X @*0) in x=a
dx
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boundary node internal nodes

/ N

Fig.4. 10 Boundary node neighbourhood in 1D boundary valugroblem

wherea, b, ¢c,a ,b - functional or constant coefficients.

Though proposed approach holds for irregular mestmes the MWLS approximation, mesh with
regular spacingh and 2° order FD operators will be considered here, fershke of simplicity.

Inside the domain, the MFD discretization is perfed with use of the central MFD operator

u » Lq = an.l' 2hlj+ Y, + b"rl+1éhk'I 14 cy i=1,2,....r (4.20)

whereas the MFD discretization in the boundary nwde performed using the simplest FD operator
possible

Uy

U » LU =a ul_h +bu, (4.21)
After expansionL,u, and u,, i=12,...n into the Taylor series one obtains
h2
Lu = f +qL) +R, [;jL) =2_4uv (2a+hh , i=,2,..r (4.22)
U =0y + D<Ob) +R, Dé)) =a2_|11(12u'0' +4hl%' +R lx ) (4.23)

where D™ and DY’ - considered correction terms up to tH atder, R, »0 and R »0 -
neglected truncation errors.

One has to evaluate the set of low and higher odeivatives, namelyu),u U ,& and

u" g’ ., i=1,2,..n. The internal derivativest" ,u" , i=1,2,...n may be evaluated by

appropriate formulae composition

uim :(ql )I Ui, - 2y + 'J+1 or q||| :(q)n — +1éh'~rh-1
(4.24)

gy st g

and use of the low order solution (without correaji
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¢ u' = Uyg- Y,
Lu =1f i=12,.. !
= n W ® 2h (4.25)

bbo = %o u' = U, - 2u+ Y,
i hz
I

The low order derivatives on the boundaryl(',,, U, , may be calculated using both the boundary
condition and domain equation, specified at thenidany node

ul _ Y- buo
u,=f o~ a
o~ Yo (4.26)
bUo = Yo un - fo' CUy- b%
° - a

The higher order derivatives on the boundaléﬁ'/,dg’ are replaced by the internal ones using the
Taylor series expansion

U =u -hd  G=14 (4.27)

and the internal higher order derivative$ , U" , calculated above (4.24).

The finally improved discretization of domain andubdary conditions yields the Higher Order
solution, exact for the fourth order polynomial

I-ui = fl + |#L)(ql-lll LJI ! d+1) ’ I :1’2""’n U-(H) (4.28)
LbuO = gO + D(Ob)( fO’ gO’ UO’ u’l’ d2’ ll'!l ’ U’Z) l
4.4.2 2D case

Considered is the second order elliptic problenl)(4in a curvilinear boundary shape domain
(Fig.4.11). After generation of the MFD formulae fbe complete set of derivatives, up t8 @der,
one obtains the MFD formula for the differentiakogtor inside the domain

— " L) -
Lu = Ogj( u for i=3,4,..n (4.29)
]:
and for the differential operator on the bounda2), which specific form depends on the strategy

adopted (4.13) + (4.18)

Lu =L(u,u, ®y,g, f.)D j=12..) for i= 0,12, (4.30)

iv My
The low order approximation (4.29) and (4.30) adar obtaining the low order MFD solution

Lu=f for i=3,4,..n

_ u® ,  dla i=0,1,2,3,4,.n (4.31)
Lu=g for i=0,12,..

The Taylor series expansion applied to the relat{@®29) and (4.30), yields the following form bét
correction terms:
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u=Ly+D" +RY =f+1" for i=3,4,..,n

. (4.32)
U =Gy+D0” +R” =g+’ for i=0,12,.
Fig.4. 11 2D boundary value problem

where

L =y (0 ()
O = Dty 7 - 97) (4.33)
Dl(b) IX’q 'Jl,XX’lJXy L’ I"'f|XXX"" t{fl
and

U sty - internal higher order derivatives, evaluatednbyans of the formulae composition
inside the domain, e.g.

ui',”xxx=(u'i,x),nxx , Ll','xxy=(t'li,y)"lxx e U= ﬂ{yy)"'w (4.34)

J©,...,3% - jump terms of the subsequent derivatives (teag be known a’priori, or constitute

additional unknowns),

u', U, - low order derivatives on the boundary, evaluaed by using the boundary condition and
domain equation specified on the boundary

U, =aw, + bu,, + cd, + du, + el + rdy,, = § g =
ox = e
B u, _ . e (4.35)
uo—u0+bﬁ—uo+blu o TOLU G, =0 Upy =---
|xx' ,Xy Ll' - low order derivatives on the boundary, evaluatisthg MFD formulae of high

quality, e.g. generalised HO MWLS approximation sintonvenient here, e.g.

M
Up = o) Uy -DI7+ g7 fot &g (4.36)

j=0

U --s Uiy - igher order derivatives on the boundary, evaliidy replacing them with the higher
order internal ones, taken from expansion intoliég@or series, and formulae compaosition, e.g.
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u”l = ugl,xxx_ hll'\g,xxxf ktg XXY! (437)

0,XXX

Having evaluated the correction terms, one finabyains an improved HO MFD discretization of the
domain and boundary differential equations, thatdg the HO MFD solution

Lu = § + D9 (Yool 1 37, I0)  for =34,

b | _ u™ (4.38)
Lu =g +0%(w u u. u,y, g f . lf,) for £012..

4.5 MFD discretization in the boundary zones

Beside approximation in the boundary nodes, onddérgat the boundary zones with a care,
especially in the case of curvilinear boundariesn& approaches, designed for the classical FDM
with regular meshes, were based on the notion efbtbundary node [109]. It was not necessarily
located on the boundary itself, but its FD star teamvolve the points on boundary, with prescribed
values, taken from boundary conditions. Those walwere used as a degrees of freedom of a
modified FD operator, instead of standard nodalesl(Fig.4.12). The most sophisticated approach,
called the Mike adze method, used the second antEpolation method at the boundary points.

(", 1)

o}
Fig.4. 12 Boundary technique for the regular mesh

However, this approach has only historical meamogyadays. Such a problem is being solved in the
MFDM by using arbitrarily irregular clouds of nodesd the MWLS approximation. The MFD stars
consist of a number of nodes larger, than the asdwapproximation order requires.

There are three main approaches, in the MFDM, deoto discretize the boundary zones with
a prescribed accuracy

0] use of a refined mesh, with the mesh density rarséuke required zones,
(ii) raising the order of the local approximation,
(i) combination of (i) and (ii).

One may consider clouds of nodes, with increaseshrdensity in the specified sub-domains.
However, such refinement may be done a’priori far initial mesh. Irregular cloud of nodes may be
generated and modified using e.g. a Liszka typehrgeserator, prescribed mesh density requirement
in the chosen locations (Fig.4.13), and an a’pasieresidual error estimation. This problem wik b
considered in the following Chapters.

Approximation order of the MFD operators in the bdary neighbourhood may be raised using
several techniques. Most of them were discussetdtails in the previous sections. They are briefly
presented together in Fig.4.14.

77



C O
use of nodal function use of generalised d.o.f. use of boundary cond.
values only in addition to function valuep
9.1, “y)
o
C
o
o
use of differential eqn. use of multipoint app. combined techniques

values additionally

Fig.4. 14 MFD approximation in the boundary neighbourhood

All of the techniques presented in Fig.14 were uBsed in details in the previous sections. Here,
attention will be laid upon the problem of boundagndition imposition on the level of the local
MWLS approximation. When it is done at every pdimtthe considered boundary zone, the MFD
approximation is expected to be more precise there.

Imposition of the boundary condition(R)) = U, may be done either after generation of the MFD

equations or on the level of the local MWLS appnaiion [80], when dealing with the MFD
formulae generation in the boundary zone. The ambrauses the so called local-global MWLS
approximation approach [36], which allows for takimto account both the equality and inequality
local constraints.
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In the 1D case, the local approximation may addélly satisfy the boundary conditiomn(x,) = U,

(Fig.4.15) in the exact way. This requirement iined in the generation of the MFD schemes in the
boundary neighbourhood, e.g. in the case of glédrahulations, when those schemes are sought at
Gaussian points, or in the postprocessing. It rfop@ed on the level of the error functional (2.,16)
after its minimisation is done, and treated asdbestrained optimisation problem. The appropriate
solution approach is briefly discussed below.

o local approximation
ux’ux’ux:;/__—_ P pp

-

o

=
N TR

=y

=y

oy
——o0

K=

C @ N
0 1 2

boundary node
O X O O MFD star

Fig.4. 15 Local MWLS approximation with boundary condition

After expanding the equality conditian(R) = u,, into the Taylor series

UX= %)=l ® 4= y+ gxhas b xh £ = [ ;—1%1& (4.39)
2 n! o k!

k=
one may eliminate the highest order derivative egheren)

n "1
U.(”):-—( -

L (4.40)

and substitute this unknown into the interpolantriraP, and the vector of nodal valueg(2.17)

h;(_l hJ'k—l 1 k-1 _ hkl k m1l
o ik k-l K (e 1)!’”’ (K 1)1(1 N (4.41)

h=x-x j=12,..m, k 12..n

n!
g, q,=U-— (4.42)
(m'1) ! ! ho UO

Afterwards, the minimisation of the functional is done in the standard way, producing set of
derivatives

Du, Du=(P'W?P)'P " W?q (4.43)

(1)
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4.6 Numerical examples

Boundary techniques, proposed and discussed alvowes tested on a variety of 1D and 2D
benchmark tests. Among many aspects of these tiestsjost interesting were

Controlling the approximation order on the boundargh HO correction terms,

Examination of the approximation quality on the hdary, when using the HO

approximation, provided by correction terms,

Comparison of the boundary approximation, using ¢d@ection terms, with other boundary
discretization approaches,

Combination of the HO approximation, with the otleundary techniques, especially with
the use of generalised degrees of freedom,

Examination of various boundary schemes and tipgiliGation in evaluation of the correction
terms,
Effective MFD approximation in the boundary neighldmod.

Some representative results out of a variety @ tdsne, are presented below.

4.6.1 1D tests

Cantilever beam deflection

This benchmark test was chosen in order to examami@us discretization techniques of boundary

conditions. Examined is also influence of the H@ragimation, provided by correction terms. Local
formulation

d’w _ _ M(® _ A
32 - [0 f=-=27 . M(X¥= P(x 21), k [0,21 (4.44)

was usedR — concentrated force), with boundary condition§0)=0 , w'(0)=C .
Domain discretization was done using 3 nodes, witldulus h = L (Fig.4.16). The exact values of
5P _8PL

deflections at nodes amf =0, W :EE “3E)"

Fig.4. 16 Cantilevered beam under concentrated force

Three types of discretization of boundary conditia’{0) = 0 are considered. Each time numerical
solutions at nodes are compared with the apprepeiedct values.
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0] using only internal nodes (poor quality approximaji and conditiony, =0

Wo'»%=0 ® w=w=0
2 PC_8 (449
- +
T V;ll W2 = fl ® W= ——= _WE
h EJ 3
Results are very inaccurate, when compared wélexact values.
(i) using fictitious nodex, = - h:
' W - W,
Wy»———=0 ® w=w (4.46)
2h
W, - 2w+ W PL3
fT = f0 - = Wf
) ® . (4.47)
W, +
oo 20t W _ ¢ _ 3& _9f
h EJ

The results are much better than in the previass.

(iii) using a generalised MFD formula for the secondvaérie on the boundaryy, ", built on
the mixed degrees of freedom, W, ', W,

2 2 2
e e Fue e T gu
" 20 W ® o o (4.48)
0~ 1 "2_f —__ - ==
h? ' =5 T8

The same results were obtained using two diffedisdretization methods. In the last two

cases approximation of the same, second order mfasced on the boundary, while in the first case
the approximation order on the boundary was one tlegn inside the domain. In order to provide a
reasonable quality of the FD solution, FD formuéasd discretization of the boundary conditions
should be based on approximation of at least thresader as the one used inside the domain.

However, these results may be additionally improwedhe means of the HO correction terms

or the multipoint approach. HO approach will belaggpfor these three variants separately.

(iv) using only internal nodes, and conditiag = 0, with HO correction terms
MFD boundary operator correction
W, = W,

W, = w+hw+ Hvxr+—ﬁvy+ H\)y+ (4.49)

W- W _ ! Il R
— =W +—hWI +—|i +— § =w,+D
2h 0 2 0 6 V\g 24 \&/ 0 0
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the low order derivativesn',, w"; are evaluated using boundary and domain equations

PL
= =0 , f =2 4.50
% £J (4.50)

whereas the higher order ones, ,w) are replaced by those from the closest interndéno

(an appropriate solution smoothness is required)the

||| _V\El ) th/ ' \Ax — \Rf (4.51)

internal higher order derivativesy V\llv are evaluated using formulae composition

V\)I 0- 2& =
W' =)' = EJ ___ "
2h EJ
5 PL 5 PL
I W I p—
WY = (w')! _W 2;]/\2)1 w —_EJ ne EJ -0 (4.52)
PL2 1 2(__) 5 P12
"“E) 6 6 EJ
MFD internal operator correction
D :ihZV\{V :i(m)' -2w + vg)_—( PL_oPL, OF C (4.53)
'12 12 12 EJ EJ '
Higher order solution
_ _ 2 3
W(I) ))Vvl WO:‘|:0+D0 —V\{ V% =0 éi ® \N{H):Ei
- ® h 6 EJ 6 EJ3 (4.54)
w o v2\1l Wt 4p, Wo- 2wt w _PL o o W;H)_§ﬂ
h h? EJ 3 EJ
which is, in this case, the exact analytical soluts well.
(V) using fictitious nodex, = - h with HO correction terms
MFD boundary operator correction
w, + hw +1Ihzw(')I Lihow 5 ih“w(')"
Wo- W 2 o6 24
2h
w, - hw! +Sh2w - Showt + ey (4.55)
2 6 24
W, - Wy 2 ||| 1.5 1PL?
=w, += h =g,+D, , =0 , D,==h"w, =-=
2h 6 gO 0 gO 0 6 0 6 E\]
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MFD internal operator correction

W, - 2w, + W, . .
e I
h 12
) L (4.56)
- +
Lw, =205 = £, 4D, D= hiw) =
Higher order solution
Wo-w; o 1PL?
- = 3
Gw.=qa.+D 2h 6 EJ wy _ o Pl
6T h Wy - 20 +W | PL =V
Lw, = fo+D, ® ——5——-=2— ® (4.57)
_ h EJ o _8PL
Lw, = f, +D, W0-2W1+W2=2& W, “3EJ
h? EJ

(vi) using generalised MFD formula for the second déitieaon the boundaryy, ", built on
mixed degrees of freedomv;, W, ', W,, with HO correction terms

MFD boundary operator correction

W, = W,
W'y =W,
1 1 1 (4.58)
vv1:w0+hvv0+§ HW‘O+E3 AW *2a AW +..
2 2 2 1 1
-—W-—V\/I+— = w' —h|+—ﬁV: + D
h2 0 h 0 hZV\ﬂ_ 3- 3 V{g 12 \}8 B C
Higher order solution
3
® ® X (4.59)
Wo- 2WH W _ o “2w w_PL w =8PL
h? vt h? EJ 2 " 3EJ

Each time the exact analytical results were obthiMoreover, approximation order may be raised by
the means of the multipoint approach. Here, presenill be the specific case, applied for the most
rough boundary discretization (i) only

(vii)  using internal nodes, and conditioy =0 with the multipoint approach

By expanding the differential operator valuwé' V\)ll V\% into the Taylor series with the
respect to the internal nodes
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W' = w
W, =w

Wl = vl

+hw} +%ﬁ\% +.=1
+2hw) +2HF W +..=

MU PR

W o=w +h +%my A

(4.60)

one obtains the multipoint formulae for the HO datives required in (4.50) and (4.53)

] 1

W) :%(-3f0+ 4f- £,

W/ :h—lz( fo- 2f+ f,) (4.61)
w :h—lz( fo- 21+ f,)
MFD HO multipoint equations and solution
%:z—r“l(?fﬁefl- f,) ﬂ:%';—f
w :i( f, +10f, + 1) ? W =8P oo
h 12 > 3EJ

The above results, taken from all boundary tectesdi) — (vii), are presented together in Tab.4.1

node no.1 node no.2
solution true relative error|  golution true relative error
Ip boundary technique " xP_L3 W, - WlE " XP_L:; W, - \NZE
=N W > EJ Wy
0] internal nodes 0 1 1 0.625
(i) g.d.o.f. 1 0.2 3 0.125
(iii) fictitious node 1 0.2 3 0.125
(iv) internal nodes + HO 1 0 3 0
(V) g.d.o.f. + HO 5/6 0 8/3 0
(vi) | fictitious node + HO 5/6 0 8/3 0
(vii) internal nodes + 5/6 0 8/3 0
multipoint

Tab.4. 1 Comparison of qualities of various boundary discetization techniques

Second order differential equation

Considered is the 1D boundary value problem, pasdéice local formulation (3.31). This test
was executed using the full version of the MFDMthahe MWLS approximation. Here, examined
are several methods of calculating boundary devest which are involved in the HO correction
terms, for both boundary and internal MFD opera(big.4.17).
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(i)

(ii)

(iif)

(iv)

boundary node h
o) Ie) Ie) O
0 1 2 i
W('),V\%('D-V‘z' W — w,wW A /W (i) interpolation
| Ol 11 1 ] ] ]
Wo""é’ w W b W W (i) extrapolation
| |
W, Ty, g w, f, £ (iii) HO formula (1)
o (@]
| ]
W, fg, fo. fo (‘;"1 (iv) HO formula (I1)

Fig.4. 17 Various boundary techniques in 1D benchmark test

interpolation of the boundary derivatives, to thesest node in the domain, by means of
the Taylor series expansion

w=w - hupr - 2 e o e R

I — ) | 1 |_1— |
W, = w, hvxé+2H\Ag GH\)Q

o = e
w)' =w - hw (4.63)

IV — \\ )V
Wo' =W

MFD formulas for boundary derivatives, based onithernal nodal values of the second
derivative (extrapolation by the means of MWLS appmation)

m
W » aw', s= LI, IV 4.64
0 I

j=1

symmetric Higher Order MFD formula, based on thlghtrihand side values (version 1),
exact for the % order polynomials

W, »a,w,+a,w+b f,+6 f,+g f\ +g ., (4.65)

a,=ay(ah), a,=a,(ah)
b, = by(a,h), b, =b(ah). (4.66)
g% =g(@h), g= gah)

non-symmetric Higher Order MFD formula, based om tight hand side values (version
1), exact for the & order polynomials

85



W(')I »a,w,+a 1W1+b o f0+g oflo +/' Ofl(l) (4.67)

a,=ay@n), a,=a.(ah), b,=b,ah, g,=g.(ah, /.7 (ah (469

For formulas, proposed in (iii) and (iv), the remiag derivatives values may be calculated using
value of the 2 order derivative (4.65) or (4.67) and e.g. thessgjent differentiation of the
differential equation (3.31)

|_1 | 1
aw W = T wo—g(fo-vdo) , a0
aw +w' = f b= 1 - W (4.69)
aw + vl

1
St
=

I
=

+
O—E

1
o—ﬂ'

Benchmark no.2 (3.33), with non-polynomial, trigometric exact solution, was applied in
calculations. In Tab.4.2 (boundary nogg= 0 ) and Tab.4.3 (boundary node_, = 4) presented are

nodal values of the functiom and its subsequent derivatives up to the 4th aadsumed. They come
from two steps of calculations, namely the low orslelution and the smoothed Higher Order one.
For better comparison, presented are also the gahots and appropriate values of the true solution
absolute error.

Among results presented below, it is worth to siresthose, that come directly from the HO formulas
(N and (1), namely the values of the second daixes. Let us observe the error levels of the s&co
derivative, e.g. for the final results in the boandnode ‘0’; we have four values 0.097; 0.11400.0
and 0.004, for four approaches (i) — (iv) respedyivOne may come to the conclusion, that the most
precise results are obtained, when using HO forsn(iig — (iv), specially designed for this 1D test
Methods based on the Taylor series expansion andHiher Order approximation (i) — (ii) are the
simplest ones in use, but yield the least accuestelts. Therefore, if this is possible, one shadd
boundary schemes of higher quality than the onéepfor the internal nodes. Those schemes were
consequently applied in the 1D benchmark testsegmted in the Chapter 2 and the following ones.

MFD approximation on the boundary

Exact (i) Interpolation (ii) Extrapolation | (iii) HO formu la (1) | (iv) HO formula (II)

value abs. abs. abs. abs.
value value value value
error error error error

Results for low order solution

W, 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

W, | 0.785398| 0.709603 0,09y 0.777519 0,000  0.835493 640,0 0.840090 0,070

W, 0.0 0.186603| 0,187 0.186603 0,1§7 -0.050094 0,05M.054692| 0,055

W, -0.484473| -0.791915 0,63 -0.656083 0,3pb4 -0.434370,103 | -0.429781] 0,113

W(IJV 0.0 0.384419) 0,384 0.384419 0,384 -0.050094  0,051.054692| 0,055

Results for Higher Order solution

W, 0.0 0.0 0,000 0.0 0,000 0.0 0,00p 0.0 0,000
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W, | 0.785398| 0.765936 0,025 0.750445 0,045 0.785480 000,0 0.789232| 0,005
W) 0.0 0.097239| 0,097 0.113920 0,114 -0.000082  0,00M.003834| 0,004
W' |-0.484473| -0.718614 0,483 -0.722637 0,492  -0.484390,000 | -0.480639| 0,008
W)’ 0.0 0.359986| 0,360 0.365026 0,35 -0.000082  0,001.003834 | 0,004

Tab.4. 2 Comparison of the boundary techniques for node "0- 1D benchmark no.2

MFD approximation on the boundary
sgﬁg (i) Interpolation (i) Extrapolation (i) HO formu la (1) (iv) HO formula (I1)
value ea;kr)(fr. value abs. error value abs. error value abs. errof
Results for low order solution
W, 0.0 0.0 0,000 0.0 0,000 0.0 0,000 0.0 0,00
WL -0.785398| -0.778833 0,008 -0.839057 0,068 -0.8172740,041 -0.818916 0,043
Wz'lI 0.0 0.094296| 0,094 0.094296 0,094 0.031876 0,032 033817 0,034
W‘L” 0.484473 | 0.745762 0,539 0.625314 0,291 0.452597 660,0| 0.450956 0,069
W"‘V 0.0 0.384419| 0,384 0.384419 0,384 0.031876 0,032 033817 0,034
Results for rough Higher Order solution

W, 0.0 0.0 0,000 0.0 0,000 0.0 0,000 0.0 0,00
W4|1 -0.785398| -0.754174 0,040 -0.758558 0,034 -0.786(1170,001 -0.787575 0,003
WE 0.0 0.102667| 0,103 0.101749 0,102 0.000719 0,0q1 002277 0,002
W"‘” 0.484473| 0.721328 0,489 0.707683 0,461 0.483y54 010,0| 0.482296 0,004
W"lv 0.0 0.359986| 0,360 0.365026 0,365 0.000719 0,0q1 002277 0,002

Tab.4. 3 Comparison of the boundary techniques for node "4 1D benchmark no.2

HO schemes (iii) — (iv) are specially designed 1@r tests. In 2D problems, it may be difficult to
obtain the relative formulae. Therefore, some &altil and more general techniques, may be applied.
Examples of such techniques are presented in Hosvfog subsection 4.6.2.

Approximation in the boundary zones

As the second aspect, examined were various tasbsigesigned for effective calculation in the
boundary neighbourhood. Especially interesting betsaviour of the MFD residual error

r=Lu - f
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evaluated at any arbitrary point of the mesh. Theb&nchmark no.2 (3.33) and regular mesh with 17
nodes were considered first. The distribution dfideal error (4.70) exhibits large values near the
boundary (Fig.4.18a), due to the lower qualityled standard MFD operators there. Therefore, in the
boundary intervals, three different techniques vexamined and applied, namely

(1) use of generalised degrees of freedom (Fig.4.18® MFD operator, beside the standard
nodal values, uses values of the first derivatives the low order solution (4.15),
(i) use of HO correction terms (Fig.4.18c) , obtaimednfthe low order solution (4.9),

(iii) use of the boundary condition (Fig.4.18d), enforogedhe local approximation (4.39 +
4.43)

In the remaining internal intervals, assumed whs same standard“2V\WLS approximation type,
without any additional techniques.

All four graphs (Fig.4.18) were presented in thensascale, for better comparison of the
results. Additionally, maximum residual values pejnrepresenting the interval between two
neighbouring nodes were linked, stating the residongelope (the solid line). Evaluating of residual
representation in the mid-points will be discussethe following Chapter.

Residual error - a) low order approx. Residual error - b) generalised d.o.f.

‘ ‘ I T T 1
012 ~ ==~~~ ~ —— residual distribution 0.12F - ===~~~ [ — residual distribution ||
: — real maximumvalues

i
! — real maximum values
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Residual error - c) higher order approx. Residual error - d) boundary condition
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! — real maximum values ! — real maximum values
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Fig.4. 18 Various techniques for calculating residuals neathe boundary, 1D benchmark
problem no.2, regular mesh

Results for 1D benchmark no.3 (3.34) are presant&ily.4.19 (in the same scale), for regular
mesh with 17 nodes, and for the irregular mesh B#hnodes, generated adaptively, in Fig.4.20.
Adaptation will be discussed in a more detailed wae@hapter 6.
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Residual error - a) low order approx. Residual error - b) generalised d.o.f.
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Residual error - ¢) higher order approx. Residual error - d) boundary condition
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Fig.4. 19 Various techniques for calculating residuals neathe boundary, 1D benchmark
problem no.3, regular mesh

Residual error - a) low order approx. Residual error - b) generalised d.o.f.
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Fig.4. 20 Various techniques for calculating residuals neathe boundary, 1D benchmark
problem no.3, irregular adaptive mesh
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As it may be observed (Fig.4.18 and Fig.4.19),sitwiorth applying improved MWLS
approximation techniques in the boundary neighbmatihfor better accuracy of the results. It is
specially important, when dealing with the adapseéution approach. The residual values at the mid-
points are used to examine, whether the new nodeldlibe inserted there. Therefore, high quality
residual error estimation is required.

In the test on an irregular mesh (Fig.4.20), refiaethe part of the domain, where the large
residual error appeared. However, there is stéldnr evaluating residuals with high precisiorthia
boundary zone on the right end of the domain, wheranesh is coarse.

4.6.2 2D tests

Considered is the second order (Poisson) equadi&b), Examined was the influence of the
various boundary techniques on the quality of tigher Order solution. As it was shown above, the
way of calculating boundary derivatives has a $iggut impact on the final results. The higher arde
ones count the most since they constitute the ciimreterms from both the boundary and its closest
neighbourhood.

Calculations were performed for 2D benchmark ntislexact result is expressed in terms of
the trigonometric function (3.56). An irregular rhesith 16 randomly distributed nodes (Fig.4.21) is
considered.

08 — - — — F———— T - —><=-> ***\“****\* - -F-——-- 1
| | |

06-———-——-F-—-———- Tt A AT\ — —
|
|

| | | |

02— — — — \r\/ — A<= = Bl
| | / | |

| | |

| |

; ; ; ; oy

|

|

|

]

Fig.4. 21 Irregular mesh with 16 nodes

In Fig.4.22 presented is a comparison of the tolatisn errors, evaluated upon the low order sohuti
(Fig.4.22a), higher order solution after one HQation (with a rough correction, Fig.4.22b), and
stabilised (smoothed), higher order solution (F2P4), obtained by means of the full iteration s
(4.10).

The true error analysis shows that there is naiifsdignt improvement after taking into account the
first, not smoothed, HO correction — the errevs’ - W) and (W(Hl) - V\/T)) are on the similar

rough

level 10°°. The error decreases significantly after perfognihe time-consuming iteration process
(4.10) — the HO solution (4.11) stabilises aftexr hsmoothing iterations. This problem did not eaus

such trouble in the 1D tasks, due to the lower remdf§ boundary derivativesw(’, w", w" , wW" ).
Here, in 2D tasks, the HO correction consists o Slerivatives w'x,w'y,w"xx,...,wva). Their

accuracy has significant influence on the finalsoh. Their values, evaluated by using the loweord
solution only, display large imprecision. Therefovarious additional extensions of the basic MWLS
approximation may be performed on the boundary. bast results were obtained when using
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generalised degrees of freedom, in the form ofrigiig hand side values of the differential equation
(3.55), namely the Laplace operator values, evatuat the boundary nodes.

At every boundary node, beside the standard naaks, additional degrees of freedom were added,
namely the values of the right hand side functtbat is the Laplace differential operator in thise.
Comparison of the true solution error comparisod H® solution convergence (4.11) are presented
in Fig.4.23 and Fig.4.24, respectively. In Fig.4.2%own is the comparison of iteration process
convergence (4.10), using standard boundary MFDabmes (dashed lines), and improved ones, with
generalised degrees of freedom taken into accoswitd(lines). The solution error (4.11) was
evaluated using two norms, namely maximum (triagjgtend mean Euclidean one (circles). As it may
be observed for MFD schemes with generalised d.significant improvement appears from the
beginning, after applying those schemes on the deyn

The largest solution improvement is observed afterfirst HO iteration, with the primary use of the
HO correction terms, which values are evaluatetl witich better precision now. The further iteration
steps do not exhibit such significant influencetba HO solution quality. This approach, using the
MWLS approximation with the generalised degreedreédom on the boundary, is consequently
applied in the following Chapters in 2D tests.

TRUE ERROF e(LT) - nodes

TRUE ERROF ¢[HT) - nodes

oW s | e w) e
/ﬁ’é?‘}?}}}}i\‘ _ smootheg, ﬁ;‘:“‘ \
| kﬂ‘?ﬂ%‘\\ I\I“ / / { "“'&“r‘ 5 mlsusm?msusnnn

Fig.4. 22 Comparison of MFD solutions quality, using standrd MWLS approx. - 2D
benchmark no.1
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Fig.4. 23 Comparison of MFD solutions quality, using genealised d.o.f. - 2D benchmark no.1

ITERATION PROCESS FOR HO SOLUTION SMOOTHING

-2 T T T T T
) | | | | || —@— Euclidean norm
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L
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10g0(€)

Fig.4. 24 Comparison of the HO solution convergence for twdoundary techniques (iterative
process vs. use of generalised d.o.f.) - 2D bendimnno.1
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4.7 Summary

In present Chapter, attention was laid upon thecéffe discretization of boundary conditions.
As it was shown in the numerous examples, dis@bz of boundary conditions has an essential
influence on the quality of the final MFD solutioBxamined were various boundary techniques,
based on the Higher Order approximation providedcbgrection terms. Those correction terms,
originated from the Taylor series expansion ofithknown function at the boundary nodes, consist of
higher order derivatives values.

Many approaches were proposed and tested in codevaluate those derivatives in the most
accurate way. For the local formulation of the baany value problem, one may use singular weight
functions in the MWLS approximation for imposingthssential b.c., as well as HO approximation,
combined with other techniques, for imposing theirad b.c. Among them, the most promising were

) use of all available boundary information, like hdary condition and/or domain
equation specified on the boundary (local formolatf b.v.problems) ,
(i) use of the MWLS approximation with the generalidedrees of freedom, here applied

for simple 2D Poisson’s problem.

In the case of one of the global formulations @@onal principle or functional minimisation),
the essential boundary conditions may be imposedusyng singular weight functions, and
additionally, the boundary conditions enforced ime tlocal approximation. Natural boundary
conditions may be introduced into the variationahgiple of energy functional and imposed in the
same way, as for the local formulation.

Solution approaches on the boundary, includingHReapproximation technique, provided by
correction terms, may significantly improve the MFREPproximation on the boundary, and in its
closest neighbourhood. A variety of 1D and 2D testsecuted on regular and irregular meshes,
allowed for specifying the most effective approa;hehich are consequently applied in further
calculations.
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5. A’posteriori error estimation
5.1 On error estimation in the MFDM

One of the most important problems in the contemgonumerical solution approach is error
analysis including effective error estimation [2,12, 14, 17, 18, 40, 75, 89, 91, 92, 96, 120].réhe
are two general approaches in discrete methodgrasssifor estimation of the solution error. Thetfir
one,a’priori estimation[2, 17, 109], is usually applied after the disaation (determination of the
cloud ofn nodes, mesh topology, approximation ordeboundary conditions, etc) before the whole
solution process starts. It allows for estimatidntte solution error, and for examination of its
convergence rate. It is done by using only meshutusch, and approximation ordep, as well as
basic mathematical foundations. Though it mightvbey effective, in the MFDM it is practically
applied to regular meshes, and to simple linedemdintial operators. Advantage may be taken then
e.g. of the symmetry of the MFD operators. Thiglny theoretical proofs of stability and consistency
of the FD solution refer generally to the classiaaision of the FDM, based on regular meshes.

Therefore, in the present work, considered is difie more practical, and more effective error
estimation approach, calletbosteriorione [2, 12, 18, 40, 75, 89, 91, 92, 96]. Oppdsitde a’priori
error estimation, it is performed after the numarsolution is obtained. Nowadays a’posteriori erro
analysis, precise enough, and effective error esiiom are one of the most important tasks in the
discrete analysis. In the MFDM mesh refinementdsda on estimation of the a’posteriori residual
error, while the solution convergence is basedstimation of the a’posteriori solution error. met
most common cases, solution error estimation nagéserence solution that may be used instead of
the true analytical solution, known only for a shgebup of benchmark problems. Thus a high quality
numerical solution has to be found in order tonesate the basic solution error in the most accurate
manner.

(W,

af) (R.e)

Fig.5. 1 Local (at point P ) and global (over the subdomainw,) error estimation

Various criteria of choosing the reference solutadnthe both local and global nature are
considered in the present Chapter. They may bébdlassified, as follows

Local estimation (at any required point) of the solutiord residual errors
Global estimation (over a chosen subdomain) of the swiuéind residual errors. The
following esitmation types may be mentioned here:
0 Hierarchic estimators based on the solutions obtained with the finer
discretization,
0 Smoothing estimatorsbased on the solution derivatives smoothing,
0 Residual estimatorsbased on the residual error distribution (expliciimplicit
type)
0 Interpolation estimatorsbased on the interpolation theories.
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The local estimation of the solution and residuebrs, at any required point of the domain or
its boundary, is typical for the MFDM, especiallyh@n the local formulation of the boundary value
problem is considered. However, the global critepalied so far in the FEM, but expressed in terms
of the MFDM also might be used here. A generalaevof such a’'posteriori error criteria may be
found e.g. in [2, 12, 18, 40, 120]. The most comipaised in the FEM are the global error estimators
||e||, expressed in the form of the integral over thelldomain or over a selected finite element. In

the MFDM this approach may be transferred to ehg. Yoronoi polygonsw, or the Delaunay

triangles (Fig.5.1). The global estimators giveomnfation whether the specified element (or whole
mesh) needs refinement or raising the approximatiater. In this Chapter, a modification and
adaptation for the MFDM of the most commonly ustabgl estimators is proposed. Its main idea is
to use the Higher Order MFDM solution and/or itgivkives as a reference, depending on the
estimator type. Various tests proved that the Highreler MFDM solution is a much better reference
solution than anyone used so far in the FEM [2,18,40, 120]. Some of them are presented in this
Chapter. Further work will be concentrated on cmgpbf the Higher Order approach with several
other discrete methods (meshless, FEM, Boundamné&iteé Method BEM), in order to use the very
high quality MFD reference solution for a high gtyaérror estimation.

It is worth mentioning that beside the global estions, in the FEM often are used selective,
goal — oriented estimators, giving the error infation of a specified quantity. Moreover, some
estimation approaches additionally take into thesaeration the locally determined pollution error,
caused by imprecision at other distant points, tlaat not be negligible, especially for the problems
with discontinuities and/or singularities. Howevénpse problems will not be considered in the
present work.

5.2 Local error estimation

Error estimation in the MFDM is usually performetdtize specified points, rather than in the
form of the integral over a chosen subdomain. Oag pbtain the measurement of the appropriate
error type, and its estimation, by means of the M#Epresentation at any required point of the
domain, and on its boundary. However, this appragcisually limited to the set of points in spelgial
chosen locations. These points are usually locatedewhere between the nodes, where the error
values is expected to be the largest. In the sshglases, these may be e.g. points situated hetwee
neighbouring nodes in 1D or centres of gravity led Delaunay triangles in 2D. Therefore, it is
especially convenient to use features of Liszkgxe tmesh generator, based on a mesh density control
[51, 53 + 54, 75], already discused in a more ttaivay in Chapter 2. A set of adaptive irregular
meshes is generated then as long as the adimissieleof solution and/or residual errors is reache
Nodes of those meshes may be inserted by usingatiin of the solution and/or residual error. This
error is checked then at points belonging to themumne level denser only, or one level coarser, if
necessary.

The following solution strategy is proposed, basedhe error estimation

0] solve the boundary value problem in the considdoechulation, obtain discrete MFD
nodal solutions (low order and Higher Order one)
(i) find appropriate error values at specified poirftthe domain, by means of approximation

of the nodal solution (Fig.5.2). These may be
a. points belonging to the one level denser meshnerevel coarser one, when the adaptive

solution approach, and the Liszka mesh generagoagplied,
b. Gauss points, when the global error is requiredramderical integration is involved.
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o nodes with evaluated solution

u — continuos solution
(by the means of approximation

2 o=u(x) U X points, where solution is sought

N N
N\ N

5% X X1 X

Fig.5. 2 Approximated solution built on discrete values

5.2.1 Local estimation of the solution error

For regular meshes some a’priori estimations lmamade using mesh modulbsand the
local approximation ordersp for the low order solution ang+ pfor the Higher Order one. One

may expect then estimations of the following order

HU(L) - U(T)HE thﬂ-k
Hu‘” - u(”)HE C, Ptk (5.1)

HU(H) _ u(T)H£ Chp+s+1- k

In formulas (5.1),s is the approximation order improvemerd € s £ p), provided by correction
terms, andk is the highest order of the differential operatdoreover here, and in the following
formulas, u” denotes the basic low order MFD solutier”’ - a Higher Order MFD solution, and
u™ - true analytical solution, known for benchmarkigems.

Formulas (5.1) do suggest high quality of the MBDM solutions due to approximation
order (s+ p), higher than the one provided by the other sotutiechniques. A’posteriori error

estimation will be discussed for the arbitrarilseularly distributed cloud of nodes, and for ayyyet
formulation of the boundary value problem, based/iD solutions.

When a numerical solution is obtained at the mesles by solving the appropriate SAE, and the
exact analytical solution is known, like in benchilnproblems, one may approximate discrete MFD

solutions at any required poir® in the domain, by means of the MWLS technique. @ray
examine then the true solution errors

et = B (™ (5.2)
e(HT) _(H) (T) (5.3)

=u - u

The exact low order solution error (5.2) may bineested as follows

e(LT) » e(LH) = U(L) - dH) (54)
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where the true solution'™ is replaced by the Higher Order oug" .
5.2.2 Local residual error

Let U denotes an approximate smoothed solution baseatieonodal function values. The
true residual error is defined then as

rM=o-f (5.5)

In equation (5.5) U denotes exact differentiation of the continuosusoh U, based on the nodal
values obtained from the SAE (Fig.5.3).

r(x) = (- (%

u=u(xy), i1=0,12,3,4

u1 u
u 3
o 4 5 4
0 1 2 3 4

Fig.5. 3 Concept of the true residual error

C

In the MFDM U is obtained by expansion of an unknown functibrnto the Taylor series
at any arbitrary poin® in the domain, and use of the MWLS approximatibime residual error may
be presented in one of the following forms:

@ =Lu® - f low order estimation (5.6)
r™ =Ly +0" - f higher order estimation (5.7)
r=Lu™ +0" +R - f true residual error (5.8)

dependent on the approximation order required. Hatedenotes a basic low order MFD operator,

D™ - HO correction term considered, ami- neglected truncation error. It is worth stressingt

improved, HO residuum form (5.7) involves only tinencation error of the Taylor series, while the
low order one (5.6) is influenced by both the gqyatif the MFD operator itself, and the truncatidn o
the Taylor series.

Inside the domain, one may evaluate higher oddeatives, which appear in the correction

terms Di(H), by the formulae composition. The boundary regimay require special treatment e.g.

expansion of the higher order derivatives at bonndades into the Taylor series, with the respect t
the closest internal nodes. The appropriate teciesifpave been discussed, in a more detailed way, in
the previous Chapter.

The question arises, where the residuals (5(%)8} may be evaluated. In the case of the local
formulation of boundary value problems, these rediérrors vanish at nodes where collocation was
imposed. One may expect that in 1D problems thgekirresidual error appears close to the mid-
points between neighbouring nodes, while in 2D |enmis, the largest amount may be found close to
the centre of gravity of the Delaunay trianglesyegated on any arbitrarily irregular cloud of nades
However, this assumption does not always hold. Gatituations present boundary zones, where the
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MWLS approximation has less accuracy than insigedthmain. Moreover, residual error may have
zero value at the so called super-convergencefigt 82, 83, 118].

Exemplary situation is presented in Fig.5.4.dular mesh is considered here. It is generated
for the 1D benchmark no.2 (see previous Chaptemnfore details). Calculated were HO residuals
(5.8) at points belonging to very fine backgrounesim (thin red line). The thick red line links thealr
maximum values of (5.8) between the nodes, whetteaslashed blue one links values calculated
between every pair of neighbouring nodes. In sooreeg a significant differences may be observed
between those two approaches, although the basid temains the same. The blue line seems to be
smoother, and it is much easier to be determiate the red one.

Residual error distribution
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Fig.5. 4 Example of residual calculations between the nodan 1D - benchmark no.2

As mentioned above, the most consistent mannethobsing residual points is to apply
consequently the Liszka type mesh generator fegtuieich uses one level denser (and one level less
dense as well) meshes. In this way the potentzdtions of new nodes (or nodes which might be
removed) are determined [75]. This problem willdiscussed in more detailed way in the following
Chapter.

It is worth stressing that the above local residerrors do not need to use any reference
solution based on a’posteriori solution smoothifigg it is in the FEM. In formulas (5.7) and (5.8),
smoothing is built into the MFD operator generatipnocedure by means of the MWLS
approximation used.

5.3 Global error estimation

The MFDM global error analysis was worked out witkhe approach earlier developed [1,
82, 83, 101, 102] for the FEM. The FEM most commamées global integral estimatofs of the

solution error using a variational principle. Iretbase of weak formulation, one has

V)

ux

(u,v) =
(5.9)

daw ,

(V) $d W+v gd

Tw

(u,v)=

w w

Approximated Galerkin solution of (5.9), due to Gemma, is the optimal approximation of (X) -
the exact solution of (5.9) - when the bilineamfior (u,V) is continuos and coercive, and the linear
form (V) is continuos. Error estimation of this solutian may be performed in several different
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ways. The classification is made due to the choiceeference solutiorii » u' (X . Such chocie

determines the type of the global error estima&@ome of the most commonly applied error estimators
are the following:

0] hierarchic estimatorswith the reference solution provided by the &iszation

a. h—type (with mesh refined fromh to 2),

b. p - type (with approximation order raised from to p+1),
c. HO —type (developed in this thesis, with approximationesrchised fromp to 2p),

(i) smoothing estimatorsbased on the smoothing of the derivatives oftietion,

a. Zienkieiwcz — Zhuéz2) - type (based on rough and smoothed derivatives of the
solution),

b. HO - type (developed here, based on derivatives of thetisaluwith the HO
correction),

(iii) residual estimatorsbased on the true residual error

a. explicittype,
b. implicit type

(iv) interpolating estimatorsbased on the interpolation theory, and not came here.
5.3.1 Hierarchic estimators

The global solution hierarchic estimators are basethe local distribution of the solution error
e(X» & P=TU - @ X (5.10)

where U(X) denotes a reference solution an(ix) - the rough one found by the MFDM analysis.
Thus the main task is to find a good quality refiesesolutiont(X) . The global error estimator

h.=lel. =V (&® (5.11)

is calculated either on the level of the whole donua on the chosen subdomain (finite element é th
FEM, Voronoi polygon or Delaunay triangle in the DIF) using energy norm defined by a Galerkin
type variational form. Reference solutian(X) may be calculated in several ways. The most common

used in the FEM ark- andp- hierarchic. They use solutions(X) either with number of nodes of
doubled density(h® %) or with the increased approximation oro(e|o® pt 1) respectively,

whereh andp denote local mesh modulus and approximation oofiéghe estimated solution(X) .

However, both approaches are very time consumieg,dmecause they require each time analysis of
a new discrete model of the considered boundanyevptoblem. They are mainly used to proof the
independence of the solution from the mesh. Togethth additional procedures, based on some
mathematical foundations, they allow to performéalaptation procesh,(p, hp) [16+18].

The HO MFDM solution may be successfully appliedtlie estimators of hierarchic type
developed for the FEM. In that case

u=u®, t=d" (5.12)
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This means that approximation order may be siganifily raised (fronp to 2p), without necessity of
analysis of two completely different discretizaasf the boundary value problem considered.

It is worth stressing that a high quality referesodution may be also found by means of solution
smoothing [40]. The MWLS approximation, which mag/dpplied for this purpose, may use either the
non-singular weight functions or generalised degmfefreedom, which allows for raising the local

approximation order, usually fropp® pt 1.

5.3.2 Smoothing estimators

Local distribution of the solution error (5.10),aued for integral error estimation (5.11), may
be expressed in terms of various error relationge Of them is based on the difference between a
smoothedS and the rough (basic§ derivatives of the rough solution(X) . Such is e.g. the well-

known Zienkiewicz-Zhue error estimator [119, 128§sed on the difference of derivatives

(XN »€(J=5(F-s(xX (5.13)
The main concept of dealing with the smoothed @gixe is illustrated in Fig.5.5.
rough derivatives (continuous solution _ o
obtained by the means of approximatio) ~ €valuation of derivatives values
. in the mid-points
evaluated from the nodal solution / \ —
SROUGH
_ 1o e} e} e} O —lo | oKX 0O X
- - - - X
(i) rough derivatives —continous  jj) rough derivatives values
smoothed nodal solution at mid-points
_ _ _ continuous approximation of nodal
mid-points values, and their values for all points of the domain
approximation to the nodal ones
7~ S
/ AN SMOOTH S rouek
Z.
|5 ROUGH ~ 9 SMOOTi—I
X
1o X 10 O O O O—»
(iii) interpolated mid-points values at nodes (V) Smoothed nodal values of suoor
and derivatives error

Fig.5. 5 Concept of the smoothing estimator

Higher order terms may be used here to estimateesaif the first derivative ofi

e=(u)"-(d)"” (5.14)
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In the case of smoothing estimators [120], the iHaah integral norrL, is applied

_ 1
h=lel, = (8)” aw (5.15)
w

It has to be noticed here that this commonly ussttnator is very easy in application, and usually
yields very good results, despite lack of the gy mathematical proof.

5.3.3 Residual estimators
The last commonly used type of global estimatorsitioeed here, is the residual one, of
explicit or implicit character [14]. Residual estitors are based on the true residual error (5.5).

However, in the MFDM, one of the approximate fintepresentations (5.6) + (5.8) is used. The
explicit residual estimator, here given in cassmboth solutions,

h = /1 rdw (5.16)
WW

uses the residual error (5.5) as a measure ofubkesolution error. Formula (5.16) may be additiyna
extended as to include jump terms in function fitaetl/or in its derivatives.

The residual error of implicit type needs additiosalution of the modified boundary value
problem (5.9).with the right hand side

(e,e)=T (5.17)
The error estimatoft, is defined here in the same way as in (5.11).

Quality of the global estimators may be controllgdhe effectivity indexi, e.g. defined [12] as

T L L R (5.18)

e

and tested on chosen benchmark probIeHl@Hs. denotes here the error estimator, defined as.ir},

(515) or (5.16). It is said that estimator is astotipally equivalent to error, iﬂhiggﬁ =1.

Hierarchic, smoothing, residual and interpolatimgt(discussed here) estimators belong to the
group of the global energy estimators. They giferination about quality of the solution treatedaas
whole. The other concept is presented by the goahed estimators which give estimation of
selected, local or integral, values.

The main task of the estimators, both local andajlkind, is to provide information about the
solution quality and approximation. In particulataulations, they may be used for mesh refinement i
the adaptive solution approach.

5.4 Numerical examples
Local and global estimation of both solution ansideal error will be illustrated using 1D and

2D benchmark examples introduced in Chapter 3rasibns will be compared with the exact errors
both locally (evaluation point-by-point), as wel8 By means of an appropriate integral norms. The
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main idea of those numerical examples is to presentw, original very high quality reference
solutionu™’ | obtained from the Higher Order correction MFDMpegmch.

Among many problems tested here, the most investigaere

0] application of the approach using higher order $erto the local solution error and
residual error estimation,

(i) application of the approach using higher ordemseto estimation of the global solution
and residual errors,

(iii) comparison of the error estimation between regararirregular meshes,

(iv) comparison of the error estimation between diffefermulations of the boundary value
problems,

(v) examination of error estimation on a set of regaiashes.

5.4.1 1D benchmark problems
1D boundary value problem will be considered ireéhformulations: local (3.31), variational
non-symmetric (3.35) and variational symmetric 63.For benchmark no.1 (3.32), regular mesh with

5 nodes was applied. In the left column (Fig.5t6¢, exact solution error (red solid line) (5.2)d ats
HO estimation (blue dashed line) (5.3) are presknte

LOCAL: SOLUTION ERROR ESTIMATION LOCAL: RESIDUAL ERROR ESTIMATION

/1 T
apomm AT
|
eLT, elH / |

\\‘;\\

0
B~

20----- R
l l
| |
O ¢ ¢
0 1 2 4
VAR SYM: SOLUTION ERROR ESTIMATION VAR SYM: RESIDUAb( ERROR ESTIMATION
] i A S A
| | [ |
e
LT L H T | | /v |
e, r,r 20777777% 777777 : 77777 77: 77777 I:\
. A R,
10F---->s-———-—-—~ \***7**¢7+rH
| - L - |
I c I T
Qe— ¢ ¢ ¢
0 1 2 3 4
X

Fig.5. 8 Local true errors and their estimation, regular mesh with 5 nodes, 1D benchmark no.1

It is worth stressing that, for all three formutets, the exact estimation was obtained, after
using the improved HO approximation.

The right column of Fig.(5.6) is devoted to the @x@sidual error, given by the formula (5.8)
- green solid line, and its MFD estimations: lowder (5.7, red dotted line) and HO (5.8, blue dashed
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line). The HO residual is the same as the exact with zero values, in that case. For better
comparison, the mean and maximum values of apigperrors are presented in Tab.5.1.

. variational non- variational symmetric
local formulation . . .
symmetric formulation formulation
mean max mean max mean max

exact solution

error e 3.38e+000 | 5.12e+000 | 3.34e+001 | 4.79e+001 | 1.77e+000 | 2.83e+000

error

estimation e 3.38e+000 | 5.12e+000 | 3.34e+001 | 4.79e+001 | 1.77e+000 | 2.83e+000

true residual

error 17 0.00e+000 | 0.00e+000 | 0.00e+000 | 0.00e+000 | 0.00e+000 | 0.00e+000

low order

estimationr" 2.05e+001 | 3.98e+001 | 2.38e+001 | 3.66e+001 | 2.14e+001 | 3.96e+001
| |

higher order

estimation " 0.00e+000 | 0.00e+000 | 8.31e-002 1.01e-001 | 0.00e+000 | 0.00e+000

Tab.5. L The exact errors and their estimations - 1D benahark no.1, regular mesh

: variational non- variational symmetric
local formulation . . g
symmetric formulation formulation
mean max mean max mean max
exact solution
arror eLT 8.33e-004 1.20e-003 7.38e-003 1.04e-002 2.58e-005 3.85e-005
error estimation
QtH 8.34e-004 1.20e-003 7.39e-003 1.04e-002 2.58e-005 3.84e-005
true residual
error 17 1.23e-005 4.90e-005 1.23e-005 4.90e-005 1.23e-005 4.90e-005
low order
. . L 7.72e-003 3.07e-002 2.14e-002 4.22e-002 8.64e-003 3.47e-002
estimationr
higher order
. . H 8.19e-005 3.45e-004 1.29e-004 4.32e-004 4.27e-005 1.55e-004
estimationr

Tab.5. 2 The exact errors and their estimations - 1D benahark no.2, regular mesh

For other 1D benchmarks, namely no.2 (3.33) an@ (®.34), regular mesh with 33 nodes
was applied at first. Results of the benchmark nfm2all three formulations are presented in Fig.5
whereas the results of benchmark no.3 are presentéd.5.8. Additionally, the mean and maximum
error values are collected in the Tab.5.2 and Taptér benchmark no.2 and no.3, respectively.
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Fig.5. 7. Local true errors and their estimation, regular mesh with 33 nodes, 1D benchmark no.2

. variational non- variational symmetric
local formulation . . .
symmetric formulation formulation
mean max mean max mean Max
exact solution
error €7 7.76e-003 2.31e-002 5.79e-002 1.44e-001 1.35e-003 3.29e-003
error estimation
QtH 7.53e-003 2.00e-002 6.05e-002 1.51e-001 1.28e-003 3.13e-003
true residual
error 17 3.72e-002 9.22e-002 3.72e-002 9.22e-002 3.72e-002 9.22e-002
low order
. . L 1.69e-001 6.30e-001 1.12e+000 2.70e+000 3.73e-001 9.96e-001
estimationr
higher order
. . H 2.25e-001 1.24e+000 1.64e-001 6.57e-001 1.40e-001 6.73e-001
estimationr

Tab.5. 3 The exact errors and their estimations - 1D benahark no.3, regular mesh
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LOCAL: SOLUTION ERROR LOCAL: RESIDUAL ERROR
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Fig.5. 8 Local true errors and their estimation, regular mesh with 33 nodes, 1D benchmark no.3

Higher Order estimations of solution error (lefilsans) and residual error (right column) are very
close to the exact errors each time. The smali@stseare obtained for the variational symmetric
(Galerkin) form, the largest — for the first varoatal non-symmetric one.

REGULAR MESH (n = 33 NODES)
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Fig.5. 9 Regular (33 nodes) and irregular mesh (34 nodespenchmark no.3

Additionally, for benchmark no.3, a strongly irréggumesh will be considered. The distribution of
nodes was not generated randomly, but using thduaserror controlling criteria, introduced and
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discussed in the following Chapter. This mesh, aioimig 34 nodes, is presented in Fig.5.9. For bette
comparison, the regular mesh with 33 nodes is ptedeas well.

LOCAL: SOLUTION ERROR LOCAL: RESIDUAL ERROR
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Fig.5. 10 Local true errors and their estimation, irregular mesh with 34 nodes, 1D benchmark

no.3
: variational non- variational symmetric
local formulation . . .
symmetric formulation formulation
mean max mean max mean max
exact solution
error €7 6.98e-004 2.15e-003 6.98e-004 2.15e-003 6.98e-004 2.15e-003
error estimation
eL” 6.84e-004 2.24e-003 6.84e-004 2.24e-003 6.84e-004 2.24e-003
true residual
error 7 9.43e-003 2.54e-002 9.43e-003 2.54e-002 9.43e-003 2.54e-002
low order
. . L 1.69e-001 4.75e-001 1.69e-001 4.75e-001 1.69e-001 4.75e-001
estimationr
higher order
. . H 1.17e-002 3.65e-002 1.17e-002 3.65e-002 1.17e-002 3.65e-002
estimationr

Tab.5. 4 The exact errors and their estimations - 1D benahark no.3, irregular mesh

Analysis of the results obtained for that meshsenéed in Fig.5.10 and in Tab.5.4, shows that
even for a mesh with strong irregularity, the loestimation is of very good quality. The most
significant differences between the exact errois taeir estimations appear in the case of variation
non-symmetric formulations, which exhibits the ksgerrors. The next step will be adopting the
Higher Order solution as the reference solutiorttierglobal estimators.
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CONVERGENCE: REGULAR MESHES (n =5 - 25)
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Fig.5. 11 True solution error and its estimation on the seof regular meshes - 1D benchmark
no.2
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Fig.5. 12 True solution error and its estimation on the sebf regular meshes - 1D benchmark
no.3

Finally, the set of, more and more dense, regukesites was considered. Compared was, separately
for benchmark no.2 (Fig.5.11) and benchmark noi§.%FL2), convergence of the mean value of the

true solution erronﬂeLT H and its estimatimﬂeLH H for all three formulations. Convergence rata$!

and a'" , were calculated, using the linear approximatimg are shown nearby the graph legend,

107



H
together with the estimation quality quotiettnp =—-. The closer this quotient to “1” appears, the
a

better estimation is.
Comparison between the residual error convergandeits estimations will be presented in
the following Chapter.

In the case of the global estimators, estimatedtivasow order solutioru’™ . Several types of those
estimators were investigated

;2

4
(i) hierarchic of h-type A, ,, = 1 up? - Ul A, (5.19)
W 0 2’
1 L Oyl 2
(i) hierarchic of p-type A, , = W (uf1 ) a- u(hfo) v, (5.20)
i 0
1 12
(i) hierarchic of HO type /4, o = [ (- u®)  aw,, (5.21)
i 0
. - _ 14—(L)| L) \?
(iv)  smoothing, ZZ-type A ,, = W (u -u ) a, , (5.22)
I 0
1° H L) 1\?
(v)  smoothing, HO-type A1 = W (u( oyt )') v, , (5.23)
i 0
1 4
(vi)  residual explicit Apeq gyp= W rdw,, (5.24)
10
(vii)  residual implicit
h _ Lo (L),sz - V)= T ®
RES IMP — Wio (u - u ) i (u - )_ r ' (5.25)
® gh- y®

All of those estimators are defined on the locéddaumain W . In 1D benchmarks, it is treated as the
interval between two neighbouring nodé4, =x,, - X , i=1,2,...n- , while in 2D problems,
W may represent Delaunay triangle or Voronoi polygbimerefore, any local subdomai has its

own integral representatiofs . Moreover, integrals (i) — (vii) may be taken owke whole problem
domain. They represent the whole mesh then, gieimgrepresentative global error estimated value.

Quality of the estimator was examined each timagulie effectivity index (5.18). Results for
the benchmark no.2 are presented in Fig.5.13 -5Hig. In the left graph, a global estimation is
presented (blue dashed line with triangles), togretith the exact one (red solid line with circles)
The mid-points represent the neighbouring nodesmat. The collection of points does not mean the
local error this time, but the integral represdatatof the nodes intervals. In the right graph, the
distribution of the effectivity index for each im@l (5.18) is presented. The larger value of tidek
i appears, the worse error estimation is.

Estimators are collected in specified order, ftbone giving the best results, in the sense of
the effectivity index value. The very first onedsvoted to the exact estimation — that is why the
effectivity index value is one. Additionally, valei®f estimators and indices over the whole domain
are presented on the left side of the graphs andegrarately collected in Tab.5.5.
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EXACT: EFFECTIVITY OF ESTIMATION
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Fig.5. 14 Global error estimation, regular mesh with 33 noes, 1D benchmark no.2 — cont.
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Fig.5. 15 Global error estimation, regular mesh with 33 noes, 1D benchmark no.2 — cont.
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Fig.5. 16 Global error estimation, regular mesh with 33 noes, 1D benchmark no.2 — cont.
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Global estimator type Bench_marl_< no.2 — regular mesh, 31_3 nodes
global estimation effectivity index

exact estimation 1.34e-3 1.000
(iii) hierarchic, HO — type 1.34e-3 1.000
(v) smoothing, HO — type 1.33e-3 1.008
(vii) residual implicit 1.36e-3 1.013
(iv) smoothing, ZZ — type 1.57e-3 1.174
(i) hierarchic, h — type 1.00e-3 1.252
(i) hierarchic, p — type 4.25e-4 1.683
(vi) residual explicit 3.53e-4 1.737

Tab.5. 5 Global error estimation, regular mesh with 33 noas, 1D benchmark no.2

One may easily observe (Fig.5.13) — (Fig.5.16) thatestimators using HO solution as the reference,
yields much better results than the other hierarebtimators. Moreover, smoothing of HO derivatives
provides better estimation than the standard Zifhasbr.

The above conclusions are additionally supportecekgmination of the benchmark no.3.

Results for the global estimation of the LO solntan the regular mesh with 33 nodes are presented i
Fig.5.17 + 20 and in Tab.5.6.
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Fig.5. 17 Global error estimation, regular mesh with 33 noes, 1D benchmark no.3

111



RES IMP: EFFECTIVITY OF ESTIMATION

RES IMP: TRUE ERROR vs. ESTIMATION
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Fig.5. 19 Global error estimation, regular mesh with 33 noes, 1D benchmark no.3 — cont.



RES EXP: TRUE ERROR vs. ESTIMATION
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Fig.5. 20 Global error estimation, regular mesh with 33 noes, 1D benchmark no.3 — cont.

RES EXP: EFFECTIVITY OF ESTIMATION
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Global estimator type Benchmark no.3 — regular mesh, 33 nodes
global estimation effectivity index
exact estimation 7.27e-2 1

(iii) hierarchic, HO — type 7.16e-2 1.014
(vii) residual implicit 7.50e-2 1.032
(v) smoothing, HO — type 6.87e-2 1.055
(iv) smoothing, ZZ —type 8.06e-2 1.109
(i) hierarchic, h — type 5.49e-2 1.244
(vi) residual explicit 5.30e-2 1.270
(ii) hierarchic, p — type 2.06e-2 1.717

Tab.5. 5: Global error estimation, regular mesh wih 33 nodes, 1D benchmark no.3

Afterwords, irregular mesh with 34 nodes (Fig. @) analysed. Results are presented in

Fig.5.21 — 24 and in Tab.5.7.
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TRUE ERROR EXACT: EFFECTIVITY OF ESTIMATION
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Fig.5. 21 Global error estimation, irregular mesh with 34 nodes, 1D benchmark no.3
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Fig.5. 22 Global error estimation, irregular mesh with 34 nodes, 1D benchmark no.3 - cont.
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SMOOTH HO: EFFECTIVITY OF ESTIMATION

SMOOTH HO: TRUE ERROR vs. ESTIMATION
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Fig.5. 23 Global error estimation, irregular mesh with 34 nodes, 1D benchmark no.3 - cont.
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Fig.5. 24 Global error estimation, irregular mesh with 34 nodes, 1D benchmark no.3 - cont.
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Global estimator type Benchmark no.3 — irregular mesh, 34 nodes
global estimation effectivity index

exact estimation 3.80e-2 1.000
(iii) hierarchic, HO — type 3.71e-2 1.024
(iv) smoothing, ZZ —type 3.35e-2 1.120
(vii) residual implicit 4.33e-2 1.140
(v) smoothing, HO — type 3.24e-2 1.148
(i) hierarchic, h — type 2.89e-2 1.239
(vi) residual explicit 4.78e-2 1.257
(i) hierarchic, p — type 8.07e-2 2.125

Tab.5. 6: Global error estimation, irregular mesh with 34 nodes, 1D benchmark no.3

Finally, set of regular meshes was considered. @ch emesh, evaluated were global
estimations of the solution error, using sevenreestimators. Results are presented in Fig.5.25 (fo

benchmark no.2) and Fig.5.26 (for benchmark ndl8g exact solution erro"e” on te subsequent

meshes, is marked with dots. The best error esinfhatre those who are close to the exact one.
Convergence rates were evaluated using linear gppation and shown nearby the graph legend.
They may be considered as one of the possibleatuti for estimation quality.

CONVERGENCE: REGULAR MESHES (n =5 - 25)
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Fig.5. 25 Global error estimations on the set of regular mshes - 1D benchmark no.2

5.4.2 2D benchmark problems

The 2D benchmark value problem will be analysedaiihe MFDM solution approach, posed
in two different formulations, namely local (3.5&hd variational symmetric one (3.59). Two exact
solutions were examined, no.1 (3.56) and no.2 §3.Bégular mesh with 64 nodes was introduced
(Fig.5.28). First, the local estimation of the d$mo and residual error was examined. The resalts f
benchmark no.1, posed in the local formulationpesented in Fig.5.27 (estimation of solution @rror
and Fig.5.28 (estimation of residual error). Figgb.and Fig.5.30 are devoted to the vatiational
symmetric formulation of the benchmark no.1, folemvby the results of the benchmark no.2
(Fig.5.31 and Fig.5.32).
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By comparison of the local distribution of the s@n and residual errors as well as the their
mean and maximum values, one may observe that H@tder solution is a very good substitute of
the exact analytical solution. By analysing thadeals, one may come into the conclusion that even
between the nodes the residual estimation is of lmgh quality.

CONVERGENCE: REGULAR MESHES (n = 17 - 37)
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Fig.5. 26 Global error estimations on the set of regular mshes - 1D benchmark no.3
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Fig.5. 27 Local estimation of solution error of local b.v.p formulation, regular mesh with 33
nodes, 2D benchmark no.1
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Fig.5. 28 Local estimation of residual error of local b.v.p formulation, regular mesh with 33
nodes, 2D benchmark no.1
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Fig.5. 29 Local estimation of solution error of variational symmetric b.v.p. formulation, regular
mesh with 33 nodes, 2D benchmark no.1
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Fig.5. 30 Local estimation of residual error of variational symmetric b.v.p. formulation, regular
mesh with 33 nodes, 2D benchmark no.1
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Fig.5. 31 Local estimation of solution error of local b.v.p formulation, regular mesh with 33
nodes, 2D benchmark no.2
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TRUE RESIDUAL ERROR (D LOW ORDER ESTIMATION (1)
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Fig.5. 32 Local estimation of residual error of local b.vp. formulation, regular mesh with 33
nodes, 2D benchmark no.2
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Fig.5. 33 Local estimation of solution error of variationa symmetric b.v.p. formulation, regular
mesh with 33 nodes, 2D benchmark no.2
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Fig.5. 34 Local estimation of residual error of variationa symmetric b.v.p. formulation, regular
mesh with 33 nodes, 2D benchmark no.2

2D benchmark no.1

2D benchmark no.2

error norm type local variational local variational
true solution mean 4.66e-4 2.70e-4 4.36e-2 4.66e-2
error ¢ max 9.91e-4 5.86e-4 1.81e-1 2.17e-1
HeLH H error mean 4.63e-4 2.76e-4 3.82e-2 4.10e-2
estimation max 9.88e-4 5.88e-4 1.63e-1 1.82e-1
estimation mean 1.01 1.02 1.12 1.12
quality /1, ; max 1.00 1.00 1.10 1.16
true residual mean 1.38e-3 1.38e-3 3.14 3.14
error |r”| max 8.63¢-3 8.63¢-3 11.68 11.68
Hr LH mean 9.67e-2 8.94e-2 4.16 4.66
estimation max 4.60e-1 4.53e-1 15 21.23
estimation mean 70.1 64.8 1.32 1.48
quality /1, max 53.3 52.5 1.28 1.82
Hr H H mean 1.46e-3 1.80e-3 3.27 3.76
estimation max 8.84e-3 8.24e-3 14.1 17.43
estimation mean 1.06 1.30 1.04 1.20
quality /1, max 1.02 1.05 1.21 1.49

Tab.5. 6: True errors and their estimations - compeson for 2D benchmark tests
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Additionally, all the mean and maximum error valas collected and presented in Tab.5.8. Each
time, the estimation quality was examined usingmsor

+1 (5.26)

for the solution error estimation, as well as

-]

-]
I

-]

h ||
I

+1 and A, = +1 (5.27)

for residual error estimations.

Local estimation is followed by the global one,ngsB integral estimators, introduced above
(5.18)+(5.25). Here estimated is the low order o) obtained from the local formulation, using
regular mesh with 64 nodes. Results are shown a@harfor the benchmark no.1 and no.2. Graphs
show estimators values representing the whole \@r@olygons. They are collected from the
estimators giving the smallest values of the eiffégtindex to estimators of the poorest qualithub
the graph set is always opened by the exact soletimr. Results for the benchmark no.1 are gathere
in Fig.5.35 and Fig.5.36 and in Tab.5.9, whereasrésults for the benchmark no.2 are collected in
Fig.5.37 and Fig.5.38 and in Tab.5.10.

All graphs have been scaled to their maximum valaebetter comparison of their shapes.

2: HER HO

Fig.5. 35 Global error estimation of the low order solution u™ of the local b.v.p. formulation,
regular mesh with 33 nodes, 2D benchmark no.1
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5:HIER p 6: SMOOTH 2z

Fig.5. 36 Global error estimation of the low order solution u™ of the local b.v.p. formulation,
regular mesh with 33 nodes, 2D benchmark no.1 - con

1: EXACT 2: HER HO

Fig.5. 37 Global error estimation of the low order solution U™ of the local b.v.p. formulation,
regular mesh with 33 nodes, 2D benchmark no.2
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5: SMOOTH HO 6: HIER h

Fig.5. 38 Global error estimation of the low order solution u™ of the local b.v.p. formulation,
regular mesh with 33 nodes, 2D benchmark no.2 - con

Global estimator type 2D benchmark no.2 — regular mesh, 64 nodes
global estimation effectivity index
exact estimation 3.17e-1 1

hierarchic, HO — type 2.8e-1 1.1189
smoothing, ZZ — type 2.55e-1 1.1966
residual implicit 2.35e-1 1.2602
smoothing, HO — type 4.2e-1 1.3244
hierarchic, h — type 1.64e-1 1.4824
hierarchic, p — type 1.14e-1 1.6394
residual explicit 8.34e-2 1.7371

Tab.5. 7 Global error estimation of the low order solution u™ of the local b.v.p. formulation,
regular mesh with 33 nodes, 2D benchmark no.2

Finally, the global estimation of the low orderwgan error was examined for a set of denser
and denser regular meshes. This was done for twehbearks separately. Convergence results,
evaluated for those meshes, are presented in RB3§.8for benchmark no.1) and in Fig.5.40 (for
benchmark no.2), for all seven error estimatorg ddnvergence rate was calculated for each of them.

It is shown nearby the graph legend. Each timeH®@ehierarchic estimator was the closest to the tru
global solution error.

5.5 Summary

Considered was application of the HO approximatiothe MFDM to effective a’posteriori
error analysis. The HO correction terms may be usganly to improve the solution quality, but also
to refine, in this way, the estimation of solutipasd residuals. Those estimates may be used in the
adaptive mesh generation. This is the main prold&the following Chapter. Besides the global error
estimators discussed here, specially developedr(fgular cloud of nodes) local error indicatord w
be considered, and used to examine the convergatecef both the solutions and residuals.
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Moreover, the global criteria, developed for erestimation in the FEM analysis may be
applied here as well. When including the local HEDMerror estimates, they provide especially high
quality (2-th order) estimation for solution and residuabesy when compared with those obtained by
means of the existing smoothing procedures of gid order. It is worth stressing here that these
global error estimates with HO correction termsutih developed for the MFDM analysis, may be
also effectively used in the other meshless metbods the FEM.

Presented was a variety of 1D and 2D benchmark.tbkiny aspects were investigated. The
most interesting was high capability of the HO M&@ution to the a’posteriori solution and residual
error estimation, for b.v. problems posed in batlbcal or global formulation.

CONVERGENCE: REGULAR MESHES (n = 16 - 169)
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Fig.5. 39 Global error estimations of the low order soluton U of the local b.v.p. formulation
on the set of regular meshes - 2D benchmark no.1
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Fig.5. 40 Global error estimations of the low order solutiom u‘" of the local b.v.p. formulation
on the set of regular meshes - 2D benchmark no.2
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6. Adaptive solution approach
6.1 Introduction

Every numerical solution may suffer from certairpnecision. For the reliability of the results,
obtained from the numerical analysis, thereforeppr estimation of the computational errors, ag wel
as their minimisation is one of the main challenigrethe discrete analysis nowadays [2, 7 + 9, 16 +
18, 40, 51 + 59, 76 + 100] . The process, wheraracy of approximation (mesh density, and/or local
approximation order) is controlled on the basiswbr, is called the adaptive solution approach. It
main goal is to obtain required accuracy eithgh@awhole domain or only in the chosen subdomains,
using possible the smallest number of unknownsréegof freedom). The adaptive solution approach
involves

A’posteriori error estimation,

Proper adaptation strategy,

Effective algorithm for discretization refinements(allyh, p or hptype) and for repeating
calculations with partial use of the previous resul

In the present Chapter, an adaptation strategygrues for the MFDM solution approach will
be proposed, discussed and tested. It is baseleohidzka type mesh generator and on a’posteriori
error estimation. Adaptation criteria, developedthe FEM but based on the improved HO MFD
estimation of the residual error, will be appliedrdqa Moreover, several error indicators will be
proposed, possibly more subtle for irregular mesties the criteria mentioned above. They allow for
effective estimation of the solution, and reside@hvergence on both the set of regular, and styong|
irregular, adaptively generated, meshes.

A variety of 1D and 2D benchmark tests was examineatder to evaluate the quality of the
adaptive mesh generator. The results obtainedregular cloud of nodes are compared to the ones
obtained when using regular meshes. These redalislycshow the advantages of using rather the
adaptive approach, than introducing very fine nfesm the begin of discrete analysis.

6.2 Problem formulation

Many types of adaptation techniques are appliedadaws in the discrete methods. Among them one
may distinguish

)] mesh refinementh(— adaptation approach), which results in insertind/or removal of
nodes,
(i) nodes relocationr (— adaptation approach), which results in shiftirogles to the zones

with the largest amount of error,

(iii) mesh refinement in the chosen subdomasrsgdaptation approach).

(iv) raising order of the local approximatigmgdaptation approach),

(V) combination of both (i) and (iv) togethdm(— adaptation approach); usually an additional,
mathematically based strategy for optimal choictheh andp adaptation parameters [14,
101, 102] is required then.

The optimal adaptation strategy should be chosemlyndue to the method nature. In the
FEM [2, 17, 119 - 120], much easier is to raise ititerpolation order of the shape functiomps—
adaptation approach) than to add new nodes. Mehement, applied in the FEM (element
subdivision), is possible and works effectivelyhaltgh it is much more complex than in the meshless
methods. Adaptation dftype results in the FEM in the significant chag¢he whole element mesh,
which might be computationally complicated and ticoesuming for the mesh generator used.

In the meshless methods, however, one may ingrtove or shift nodes with much ease.
Adding, removing or shifting nodes involves only amtopology changes in the closest
neighbourhood of the new/old node. Therefbre,adaptation strategy might be easily used alsloan
MFDM [51, 75, 85, 88, 89, 90, 91, 100, 92, 94, 96]. In the present Chapter, an extension of
adaptation criteria fromulated in [75], togethethwsome new concepts will be discussed. Higher
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Order correction terms for MFD operators, amongyrather applications, may significantly improve
estimation of the true residual error obtainedMiBfDM solutions. Such estimation may be applied in
adaptation using an error based criterion of nedesde.g. the Liszka type). Due to high quality of
the HO MFDM solutions, it is expected to work munbre effective than by using the other criteria.

A variety of 1D and 2D benchmark examples were éxath Each time, the set of strongly
irregular meshes was generated, by using the ineprddO residual error criterion and other
smoothing techniques. The solution and residuale@mence on these meshes were measured using
several discrete error indicators, that seem tonbeh more sensitive for the mesh irregularity than
those integral ones, commonly used in the FEM [8].1

6.3  Adaptive solution approach in the MFDM

Adaptive approach in the MFDM, like in the otheisaete methods, is based on error
analysis, especially the a’posteriori one [2, 12, 118, 40, 43, 75, 89, 91, 92, 96]. Various créeof
the both local and global estimation of the solutamd residual error were defined, and testedén th
previous Chapter. They all may be applied herdv@asiew nodes generation criteria. However, for the
purpose of the adaptive MFDM, several special MKF@rded criteria are proposed as well. These
provide control of both

0] magnitude of the residual error in selected locetio

(ii) solution convergence examined at nodes commoretsuithsequent meshes,

and, therefore, may applied in adaptive generatfdhe set of irregular meshes.

6.3.1 Residual error based criterion

Analysis of the a’posteriori error, especially tiesidual error estimation, is widely used in the
h-adaptive mesh refinement technique in the MFDM.[The MFD operators are applied in order to
evaluate the a’posteriori residual error for argcdgte solution obtained.

Using the locally defined boundary value probleml)2and (2.2), one may consider the
corresponding true residual errors

r=o-f in W

_ (6.1)
,= 4g-g onfw

whereu is an approximated discrete solution. The follmywequirements (constraints) may be taken
into account then

HE/?d in W
(6.2)
HEQJ on W

Here A, and/, are assumed magnitudes of the admissible errel fefreshold inside the domalV,

and on its boundar§{W, respectively. The above norrﬂ'# may be taken

® globally over the whole domaiW, evaluating then the global residual error (6.1),
(i) globally over the chosen subdomaMé,i =1,2,...n, like in the FEM,
(iii) locally at any required poin® of the domain or on its boundary.
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In the MFDM, a finite approximation of the residwators (6.1) may be introduced at any pdtht
By means of expansion of the nodal coefficientthefMFD operator U, into the Taylor series, the
true residual errorr, at the pointP may be presented in the following form (see (5.8))

ro= Ju-f] = [Lu+D +R- ] (6.3)

Like in the previous Chapter, herku. is the basic MFD operator value (wjtrapproximation order
assumed),D; is the correction term, involving the higher orderms (higher order derivatives,

singularities, jump terms up to, and including 8 p order ,0<s£ p), andR presents the higher

order terms neglected due to the Taylor seriesation.
Two residual criteria, based on two different eations of (6.3) formula may be applied. The most

simplified, low order one uses onlyu, value (like (5.6))

Jlu- & ¢, (6.4)

[l

It measures residual error resulting from

(i) solution error u- u™,

(i) truncation error R, resulting from the level of the local approxinsatiassumed,
(iii) MFD operator Lu, quality (error due to neglecting the correctionterm).
The improved criterion form contains also the cctiom termD. (see (5.7))

JLu +D - | £h (6.5)

[

Therefore, it is influenced only by the (i) ang @rrors from the above list. The most importarthist
the residual criterion (6.5), as opposite to (6ddks not depend on the precision of the MFD operat

Lu,. It will be applied here as the most precise fooinodes generation criterion. The quality of the

local approximation is individually controlled biget correction term$, and may depend on the way

the higher order terms are evaluated.

The question arises, where to check the residitarion (6.5). It may be expected that the
largest errors appear somewhere among the nodpecigly, when the boundary value problem is
posed in the local form, the residuals (6.4) and)(@re equal to zero at the nodes, due to the
collocation requirement for the low order solutidrherefore, the most primitive way in 1D is to
evaluate residual errors close to the mid pointsvéen neighbouring nodes (Fig.6.1a), while in 2D
problems they may be found close to the centregrafity of the Delaunay triangles (Fgi.1lb),
generated on any arbitrary irregular cloud of nod&oothing is built into the MFD operator
generation procedure, by means of the MWLS techmiqu
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Fig.6. L Approximate residual locations in 1D and 2D

However, approach based on residual error norrapeésially effective when using the mesh
density based node generator of Liszka type [5%; 53, 75, 85, 100]. The MFDM local residuals are
checked then at points, which belong to the meshlewvel denser than the one currently analysed
(Fig.6.2). This approach may be easily extendednaie removal of nodes is needed. The local
residuals are evaluated then at points locatelerciosest neighbourhood to the nodes, which belong

to one level coarser mesh (Fig.6.3).

The exemplary adapted mesh, obtained by using mesérator of Liszka type, is shown in
Fig.6.4. The MFDM solution is obtained in the olddes, and on that basis, the residuals (6.3) are

evaluated in potential nodes locations. New nodegi@nerated according to the (6.5) criterion.

In practical calculations, beside the residual reariterion (6.5), also additional error based
criteria may be applied, e.g. the upper limit fergentage number of new nodes among all possible

node locations.

r
@) O O
@) O O
@) ©) O
@) O O

mesh density r+1/2
o o o o
A A A
0 o o o
= A A A
o o o A 0
A O A

©  OLD NODES

A

POSSIBLE LOCATIONS OF NEW NODES

Fig.6. 2 Potential locations of the new nodes
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Fig.6. 3 Potential old nodes to be removed

Fig.6. 4 Example of 2D adaptive mesh

6.3.2 Analysis of the solution convergence

In the adaptation process, one deals with a sétagfular, more and more dense meshes. Usually,
each mesh contains all nodes of the less densé@wution convergence rate

bk :M £h, (6.6)

k
o]

is examined at those nodd?, i=12,...n which preserve the same locations in the subse¢quen

meshes..,.k- 1Kk,..., and/?e is an imposed error threshold value resulting ftbewrequired solution
precision. Use of any other nodes though possiiie]d be less effective.
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Using both error criteria (6.2) and (6.6) defindabee, one may generate a series of more and
more dense meshes, as established by an adapiiv®rs@rocess. It is worth stressing that both ill
conditioning and very slow convergence solutionramena may be detected and also controlled this
way. However, both criteria (6.2) and (6.6) shob# satisfied then in order to ensure appropriate
solution quality of the analysed boundary valuebjam.

The above error criteria may be also applied ¢odtiaptive solutions obtained by means of the
global MFDM, or by other discrete methods like &#€M. Moreover, in the MFDM, any global error
criteria (in the integral form) may be applied aallw

Beside mesh moaodifications based on error criteaigp further mesh changes may be
necessary due to requirements imposed on mestydensi

6.3.3 Mesh smoothness condition

It is convenient to define, and use the notionrm@gular mesh density in order to control mesh
modifications. The mesh density for both the regalad irregular meshes was defined in Chapter 2.
Density of the regular mesh is in the inverse pripo to the side of the square assigned to a node
(2.5). The notion of the mesh density of regulasimig4, 56] may be extended for arbitrarily irreagul
meshes [75]. One may use the Voronoi tessellatioarder to find the Voronoi polygons (in 2D,
Fig.2.7, or polyhedron in 3D) assigned to each ndgienverting each Voronoi polygon into an

equivalent square (cube) of the same surface afégor volumeV, ), one may determine the local
mesh density 7, at a node, according to the formula (2.7), in the same waytavas done for the

regular mesh. Mesh density (X, y) at any arbitrary point(X, y) of the domainW is obtained
through an appropriate approximation of known natasities.

The following strategy is proposed for controllimgesh smoothness, especially for avoiding
rapid changes in the mesh density

@ perform the Voronoi tessellation of the domaiv and find the value characterising the
mesh density change between each pair of nétlesid P,

A
ij rij ’

rij2:()$_)$)2+(y_ Y)z (6.7)

new node
---- extremal slope

max —
/7| -y

hEh,

dmissib

Fig.6. 5 Adaptive mesh modification due to smoothness reduements
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(if) check whether’s; £/, is satisfied in the whole domaiW, where /1, denotes an

admissible gradient of the mesh density change,
(iii) at each nodd? for which this condition is violated, find the gabour nodeP, with the

maximum/?ij slope value,

(iv) insert a new node at the point, closest to the aidpetween each pair of nodés and
P, which belongs to the one level denser mesh (Fip.6

(V) repeat the whole procedure until everywhere theligra of the mesh density change is
small enough, namely, £/,

OTOTOoTO = cr = <> 0
olo]e]o o
¢lo]ejo -] o o o o o

olofjofjo o

olofo X o o o o o o o o
olofjelele X o
olojo]e X o o | o o | o o
dlofole]e o

m VA VAN N - !
) : +

Fig.6. 6 2D mesh with smooth transition zones

The exemplary mesh, with smooth transition betweasrse and fine zones, obtained by using
Liszka's generator and above given algorithm, espnted in Fig.6.6.

6.3.4 General strategy of the mesh refinement

Both, residual error based, and mesh smoothnessiarimay be applied in the MFDM
solution approach, using Higher Order correctiomge The MFD approximation is provided by the
appropriate correction terms of the MFD operatbtesh modification is based on the concept of the
generation criteria, followed the a’posteriori @éremalysis and Liszka's sieve method [54, 75]. The
proposed solution approach consists of the follgvateps

0] choose the formulation of the boundary value pmobleptimal for the analysed
physics domain,

(ii) plan and generate the initial coarse mesh by thekhis method,

(i) perform Voronoi tessellation and Delaunay triantjatg generate the mesh
topology information,

(iv) select the nodes to the MFD stars, e.g. using \@nogighbours criterion,

(V) generate the MFD formulas, by means of the MWLS@amation,

(vi) generate the MFD equations, in a way dependenh@rdoundary value problem
formulation considered,

(vii) impose the boundary conditions,

(viii) solve the appropriate SAE and obtain the low osdéution,

(ix) find the Higher Order corrections, for the MFD agters from inside the domain

and on its boundary, by appropriate formulae comtposand other techniques,
mentioned in Chapter 4,

(x) solve the modified SAE (only the right hand sidetitd SLAE is modified) from
the (viii) step and obtain the Higher order solatio
(xi) find the potential locations of new nodes using lever denser mesh (add %z in 2D

problems or 1 in 1D ones) than the one appligtdactual mesh,
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(xii) examine the residual error criterion (6.5) at ptiédihocations of new nodes. Insert
new nodes at points where this criterion is viaafadmissible error norms are

exceeded),
(xiii) examine the mesh smoothness by evaluating gradfehie mesh density change
(6.7) at each node, and insert new nodes wherentbethness criterion is violated,
(xiv) unless all error norms admissible for the finalgohs (6.2) and (6.6) are satisfied,

return to the (iii) step of this algorithm.

This way old nodes remain in their locations and modes are added. However, one may
also wish to remove the old nodes sometimes, ehgnvithey are totally surrounded by examined
points with sufficiently low values of residual err However, only those nodes, belonging to the
actual mesh, that do not belong to one level coanssh (-%2 step in 2D problems, or -1 in 1D ones),
and are not prescribed as fixed ones (e.g. in tineecs), may be removed according to the strategy

worked out.

The proposed adaptive solution approach may leepssented in the form of the flow chart

(Fig.6.7).

- Formulation (local, global, ...)
- Basic coarse generation) (

- Mesh topology generation

(at nodes)

-~

- MFD formulas generation (MWLS)

- MFD star classification and generation

.

LOCAL FORMULATION ‘ ’ GLOBAL FORMULATION

|

/\

’ variational principle‘ ’ functional minimization‘

- collocation technique for
MFD equations generation

|

|

S

- MFD star generation at Gauss point

- aggregation

o]

higher order
solution

- imposition of the boundary condition
- SLAE solution

l

- low order derivatives calculations
- higher order derivatives compositiof
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- correction terms composition

/

S

- selection of the potential locations of ne
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l

- a’posteriori error analysis
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| NO

- adding new nodes due to residual criterior)
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I

fe——

- adding new nodes due to smoothness criterjon
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‘ - postprocessing ofinal results

Fig.6. 7. Adaptive solution approach - flow chart
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The HO approximation technique, combined withliheadaptive mesh generation is expected
to work effectively with the multigrid solution apgach [10, 51, 75, 85, 100, 93], reducing
computational time spent on analysis of large bawnsalue problems. In the multigrid approach, one
deals with the set of meshes, varying from coasdtne. Usually, each finer mesh includes all nodes
of the previous one. Multigrid approach, which veaplied in the present work, uses original concepts
of prolongation and restriction [51, 75, 85, 10®jolongation procedure extends the solution obthine
for a coarse mesh to a finer one. Residuum catxuilgr the finer mesh is reduced then to a coarser
mesh by means of the restriction. The whole salufimcess needs to be used twice. At first for the

low order solution, corresponding to the low ordesidual errorri(L) =0, and later on for the higher

order one, relevant to the HO residual ent;SP =0. This problem will be discussed in the following
Chapter.

6.4 Global error indicators for regular and irregular m eshes
6.4.1 Problem formulation

During the adaptation process, one deals with &teok meshes, usually strongly irregular
ones. As the final stage of the adaptation approack of the main interests is estimation of the
convergence of both the solution and residual. dfoee, besides the locally defined (at any required
point of the mesh) solution and residual errorgshemesh should have its own representation,
characterising both the domain discretization (nmasdulus, number of nodes, etc.) and the measured

error. Usually, this representation is given ash# of (n||q|) or (h||q|) where n — number of

nodesh — mean mesh modulus aM - error norm, evaluated in the whole dom#giin

h h h h h h ; :_7h
o o av
Yzh % h h h ¥%h Yh n=7
h,, = h
O '0) av

Fig.6. 8 1D regular and irregular mesh with the same numbeof nhodes and mean mesh modulus,
but with various nodes distribution

representation mesh no.1 mesh no.2
nodes numbem 7 7
meanh h h
integral |h| =,/ h?dx 6h? Jon
integral |h| = hdx 6h? 7h?
. =1 2 6
discreteh = (= )2 —~h h
(N i ") 7

Tab.6. I Comparison of various modulus representations fotwo meshes
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However, this approach, though commonly used inHEBI, does not exhibit sufficient sensitivity to
the mesh irregularity. Therefore, the optimal repreative pair of(h,||d|) should take into

consideration also the distribution of irregulatbcated nodes [89, 90, 91]. It will allow then for
distinction between meshes with the same mean meslulus (or the same nodes number), but with
their various distribution. For the illustrationrpose, such two exemplary 1D meshes are shown in
Fig.6.8. Various representations of the mesh digetton (Fig.6.8) are shown in Tab.6.1

6.4.2 Error indicators

Beyond the FEM based global error criteria, disedssbove when used in the MFDM based
error analysis, several other, possibly more subtl®r measures were developed and applied,
especially for arbitrarily irregular meshes. Thase so called error indicators, proposed and exedni

in [89, 90, 91]. They determine a pe(iﬁ,é) of a local mesh modulul , and a local solution or

residual errore representing the cloud of aN examined points in the whole mesh.

e e, e ¢ €
e, €5
e, €6
e7
O s 4 O s 4 (@) l O b 4 O 4 O l O b 4 O }
0 1 2 3 4 5 6 7 8 9
h, h, h, h, hg hg h, hg hg

Fig.6. 9 1D local representation of irregular mesh

W (h=yW.¢)
W

Fig.6. 10 2D local representation of the irregular mesh

After obtaining MFD solutions on the single mesheaalculates at each investigated point
P,i=12,.N
0] the local mesh modulul, evaluated using mesh density notion, definedafor
arbitrary point of the irregular mest (=1 - length of a node interval in 1D -

Fig.6.9, h2 =W - surface area of a Voronoi polygon in 2D — FiQ;CIS.h3 =V -
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volume of the Voronoi polyhedron in 3D), and fouatdpoints belonging to the one
step more dense mesh but not appearing yet irutinently considered mesh,

(ii) the local amount of (solution and/or residualpegstimateg , found at the same
points ash .
(he.e) h=h(h)
* (e s=%
X o' €=€(€) finite representation
(.1’ &) . of the set of pairgh,e
[ | (hsv es) e
®(h,,e,) ° - error indicator (h ,é)
(he. &)
o (h:.e) o
o (N.e)

Fig.6. 11 Cloud of points (h,e) and its representative pair

Evaluating those pairs at each investigated pahown for 1D case in Fig.6.9 and for 2D case in
Fig.6.10), leads to the cloud of arbitrarily distrfed points(h,e) - Fig.6.11. The optimal

representatior(ﬁ,é) of all pairs(h : e) is sought and called the error indicator [89,®1], This can
be performed in many ways. Some of them are preddiglow.

The error indicators, proposed here, can be divid® three groups [89, 90, 91], as follows

) integral type error indicators
_ 1 1 1 1 1 1 1 1
1. h=(= Rdy2»(= 2 e=(= édgex»(— BxmW 6.8
(WVv X >>(Wi 7) (V\év )<>>(Wi & (6.8)
2 h=l hdwws it ,_e:—l e do— = (6.9)
W, W, W, W,

(i) discrete type error indicators

w
=
I
~

)E s €)2 - inertia radius (6.10)

4. ﬁ=% h ,é=—|t K - center of gravity (6.11)

(iii) error indicators of combined type

(6.12)
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In the adaptation process, each mesh has its qwesentative pair of(h,g). As it was shown in the

previous works [89, 90, 91], the best results dotaioed for the simplest pairs of the discrete
indicators (6.10) and (6.11) (the centre of grgviowever, all of the above will be tested here.

Distribution of (h,€) provides estimation of the convergence rate otthesidered quantity, and tests
guality of the error indicators as well.

6.5 Convergence analysis

When the final adopted mesh is obtained, and thassible error norms are reached, usually
required is estimation of the solution and residwmalvergence rate. Therefore, the following strateg

is proposed
(1) find representative pair ah,e) for each mesh in the adaptive process and calieat

together (usually in a graph with the logarithniale, Fig.6.12),

_ y =log(€) 1=1,2,...m
(h,e),
medium mesh \ o
S

(¢]

o m - number of
\ adapted meshes

_ a - convergence
y = axx +b (h,®e), rate
coarse mesh

\(h.9),

X = Iog(ﬁ) fine mesh

Fig.6. 12 Study on convergence rate and indicator quality

(i) Approximate results (using linear LS regression),

V=axx +b AR
T " x _ (6.14)
A= i:1)q izlx B= = Y % =log,, h
" X m " y y, =l0g,, &
i=1 i=1

(iir) Estimate convergence rate of the measured quantity (solution and/or resigual
(iv) Evaluate the quality of the error indicator appl@tained upon pairgh,€) by means

of the mean deviation
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Bmean:\/l (aXXi +b - y|)2 (615)
m

i=1

The smallest error norm (6.15), the better qualfterror indicator is. Besides this error norm
B,...v typical for numerical calculations, some otheryrba also applied, including statically based

ones e.g. well-known correlation coefficient

c= = (6.16)

- R (e

=1

m

hi and énean =

e

= (A 1
where =— —
hmean m i1 m =1
Both (6.15) and (6.16) formulas were applied ircakdtions. It will be shown that they yield
similar results, providing proper evaluation of #reor indicator quality. Therefore, the more sgwsi
one (6.15) is recommended here, moreover it nesdsclomputational effort.

6.6 Numerical examples

A variety of 1D and 2D benchmark tests were dortee @daptive solution approach was
applied together with a study on the solution aegidual convergence. Many aspects were
investigated, especially in the early stage of ysial Tests were performed in order to determiseta
of the optimal adaptation parameters, like the adiiie threshold of error norms, percentage of new
nodes in adaptive meshes, type of the error ingisahnd many more. Some of those results,
representative for the solution approach, are ptedenere.

6.6.1 1D tests

Analysed was the same 1D boundary value probletheotecond order, as in the preceding
Chapters, given in the local formulation

w'(x)+aw(X = f(3, A (0,4

(9+aw(y= (3, H (0.4) 617
w0)=w(4)=0, a=1
Considered were three right hand side functiofi§x) corresponding to three different analytical

solutions, exhibiting various features. Two of themamely 1D benchmark no.2 and 1D benchmark
no.3, will be discussed here. Their analytical sohs and right hand side functions are presented
once again in Fig.6.13.
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S w(x) w(x)
benchmark no.2 benchmarkm
benchmark no.2 : /\ benchmark no.3

f (x) f(x)
\\x\ - o -

Fig.6. 13 1D benchmark no.2 and no.3 - analytical solutionand right hand side functions

Many aspects of the proposed approach were téBtednost interesting are:

- application of the higher order estimators to appete adaptive mesh generation,
examinations of adaptively generated irregular regstaking into account nodes distribution,
concentration zones, boundary treatment, as wéthpsovement of solution and residuum,
comparison of the results obtained when using ileegmeshes with the results obtained for
regular meshes with the same number of nodes,
examination of the error indicators on the setsegilar and irregular meshes,
convergence rate, and improvement of solution gutdr irregular meshes,
comparison between results obtained using cormecterms and other Higher Order
approximation methods, especially the multipoirgrapch [15, 83, 81, 82]

Examination of the error indicators on the setefular meshes — 1D benchmark no.2

First examination of the indicators will be done the set of, a’priori given regular meshes.
The set of 50 regular meshes was applied, stafitimg the mesh with 5 nodes only. Considered was
benchmark no.2, with smooth and regular analysohition.

In Fig.6.14 and Fig.6.15, in the logarithmic scalegsented are, solution convergence and
residual convergence, respectively. Shown areltnweorder and higher order solution errors, as well
as the low order and improved, higher estimatethefresidual error. Near the graphs and in the

legends as well as in Tab.6.2, presented are cgenee ratesg'"" for low order solutiona™™ for

higher order solutiona™ for low order residualsa™’ for higher order residuals) and convergence
(HT) (H)

. . a . . ..
improvements for solutlon,T for residual), as well as examined are all ernalidators.
a

a(LT)

Examination is performed in two ways, both usingoernorm (6.15) B) and the correlation
coefficient (6.16) €).
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Fig.6. 14 Solution convergence, set of regular meshes, Gearindicators — 1D benchmark no.2
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15 Residual convergence, set of regular meshes, Garindicators — 1D benchmark no.2
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. L 2.integral| 3. discret¢ 4. discrete 5. mixed  6.adiX
integral
gtn ath 1.8630 1.8966 1.8630 1.8966 1.8630 1.8966
B 0.0045 0.0048 0.0045 0.0048 0.0045 0.0048
ctn 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998
efh attm 4.8442 4.8751 4.8442 4.8751] 4.844p 4.8751
(HT)
a A‘LT) 2.6002 2.5705 2.6002 2.5705 2.6002 2.5705
B 0.5160 0.5712 0.5160 0.5712 0.5160 0.5712
ctHD 0.9974 0.9971 0.9974 0.9971 0.9974 0.9971
r a) 1.4254 1.8385 1.4254 1.8385 1.4254 1.8385
BV 0.0121 0.0511 0.0121 0.0511 0.0121 0.0511
cV 0.9993 0.9982 0.9993 0.9982 0.9998 0.9982
r () at 3.0970 3.5590 3.0970 3.5590 3.0970 3.5590
(H)
a A(L) 2.1728 1.9358 2.1728 1.9358 2.1728 1.9358
B 0.4226 0.5023 0.4226 0.5023 0.4226 0.5023
ctt) 0.9948 0.9953 0.9948 0.9953 0.9948 0.9953

Tab.6. 2 Solution and residual convergence, set of regulaneshes, 6 error indicators — 1D
benchmark no.2

In Tab.6.6.2 in bold are shown the convergencesrasewell as convergence improvements.
Each indicator works properly. It is worth stregsthat indicators no.1, 3 and 5 give the same tgsul
close to the moment of inertia of the scatterea fi@m the single mesh. The same observation may
be made for the results obtained using indicator,m and 6 (result is close to the centre of igrav
of the scattered data taken from a single meshy.cimvergence rate of the higher order solution is
close to 5, due to mesh regularity which reveataragtry of the MFD operator in the internal nodes.
Improvements order is close to 2 each time, whieaggabout 100 times faster convergence of the HO
solution than the low order one.

Adaptive solution approach - 1D benchmark no.2

This time the set of irregular meshes will be getexl using a’posteriori residual error
estimation and additional techniques. The procafsis the assumptions

after obtaining higher order solution, Wi(H),i=1,2,...n, the residual estimate

(H) s e . . .
) =1,2,..n- lis calculated at every point between two neighimgunodes (location

of the potential new nodes, is given by the Liszkse generator),
new nodes are generated, q‘H) 3h,j=12,..n- 1, where the threshold value is

h=0.9¢" this way new mesh consist of all old nodes amthall amount of new ones

max !
each time,
the smoothing condition, posed in 1D problems oe tivo neighbouring intervals

M£ 2 or uf& implicates from the general rule (6.7) and isoklee node by
Xa~ X Xa~ X 2

node. In locations, where this condition is viothteach time a new node is inserted between
appropriate two nodes<(,, X or X, X.,),

on each mesh, solution and residual errors areiateal using 6 error indicators (6.8) + (6.13).
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Fig.6. 16 Irregular adaptive meshes for 1D benchmark no.2

M Windows BG! LEX

STRONA 2/4

NRSIATK LICZBA WEZLOW

Fig.6. 17 Irregular adaptive meshes for 1D benchmark no.2 eont.
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Fig.6. 18 Irregular adaptive meshes for 1D benchmark no.2 eont.
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Fig.6. 19 Irregular adaptive meshes for 1D benchmark no.2 eont.

50 meshes were generated adaptively, starting framcoarse regular mesh with 5 nodes.
Those meshes are presented in Fig.6.16-19. Astiibepn is not very sophisticated, these meshes are
quite regular inside the domain, with a small coiion near the boundary, where the MFD
approximation is of worse quality. Therefore, congan of adaptive cloud of npdes with a set of
regular ones will be done for the 1D benchmark net&re significant lack of regularity appears.

Examination of the error indicators on the setroégular meshes — 1D benchmark no.2
The set of 50 irregular meshes, generated uspagteriori error estimation for the benchmark
no.2, was applied in the convergence analysis. fdkethe regular meshes, convergence for true

solutions (Fig.6.20), and for residual estimatdg.@21) are presented separately. Convergence, rate
improvements, error norms and correlation coeffitieare collected in Tab.6.3.
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Fig.6. 20 Solution convergence, set of irregular meshes,éror
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indicators — 1D benchmark no.2
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21 Residual convergence, set of irregular meshesgéror indicators — 1D benchmark no.2



As opposite to the regular meshes results, thue gwicators results differ from each other, in
the case of irregular meshes. The best results @i (in the sense of least square error B and
correlation coefficient) are obtained using the @est indicators, namely no.3, no.4 and no.5, for
solution error convergence (Fig.6.20), while in tesidual convergence (Fig.6.21) one may observe
that there is no significant difference betweers¢hestimators.

1. integral] 2.integral 3. discrefe 4. discrete. mied | 6. mixed

etm ath 1.7020 1.7209 1.7455 1.7841 1.7170 1.7881
BT 0.9846 0.9415 0.7842 0.7226 0.8660 0.7733
cth 0.9471 0.9503 0.9586 0.9628 0.9532 0.9605
gim) atm 3.9806 4.0085 4.0298 4.0934 4.0443 4.1182
a(HT)
— 2.3388 2.3293 2.3087 2.2944 2.3555 2.3032
a
B(HD 0.7506 0.7255 0.4436 0.4370 0.4387 0.4862
cim 0.9921 0.9925 0.9954 0.9955 0.9954 0.9951
r© a®® 1.6601 1.8565 1.6261 1.8508 1.4387 1.7668
B 0.0602 0.0302 0.0250 0.0477 0.0220 0.1069
c 0.9963 0.9985 0.9984 0.9976 0.9982 0.9941
r(H) at 3.5182 3.6776 3.5710 3.7586 3.5077 3.7418
(H)
a o) 2.1192 1.9809 2.1961 2.0308 2.4380 2.1179
a
B(H) 0.1918 0.2429 0.2652 0.4322 0.3378 0.4403
ct) 0.9974 0.9970 0.9965 0.9947 0.9953 0.9946

Tab.6. 3 Solution and residual convergence, set of irregal meshes, 6 error indicators — 1D
benchmark no.2

Adaptive solution approach - 1D benchmark no.3

The problem marked as benchmark no.3 is much mmphisticated and demanding that the
previous one. Especially, due to the polynomiakpeaded in the first half of the domain. The exact
solution and the right hand side function exhilatge amount of gradients. Therefore, nodes
concentration is expected there.

The initial regular mesh consists of 17 nodesylaty spaced. 50 meshes were generated
using similar techniques, as for the benchmark ,nméntioned above. These meshes are shown in
Fig.6.22 — Fig.6.25, whereas in Fig.6.26 preseigdle last fine mesh, with mesh density evaluated,
together with the first derivative of the right lleside function (Fig.6.26a) as well as with thedesl
error (Fig.6.26b). Such comparison patrtially expaihe location of the nodes concentration zomes i
the domain. The other zones come from worse quallitie boundary approximation.
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Fig.6. 22 Irregular adaptive meshes for 1D benchmark no.3
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Fig.6. 23 Irregular adaptive meshes for 1D benchmark no.3 €ont.
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a) #50 MESH (n = 117, h min = 0.0039063), f(x)

ro, f(x)

b) #50 MESH (n = 117, h = 0.0039063), ™ (max = 1.42e-3), ro

Fig.6. 26 The final adaptive mesh, a) density andf '(X) , b) density and F'(x)
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Fig.6. 27 Solution convergence, set of irregular meshes,gror indicators — 1D benchmark no.3
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Fig.6. 28 Residual convergence, set of irregular meshesgéror indicators — 1D benchmark no.3

1.integral| 2.integra] 3. discrefe 4. discrete. mied | 6. mixed

glth atth 3.9879 3.3869 2.4116 1.8541 1.8762 1.6905

BT 4.0209 2.6428 3.1583 3.5205 3.4833 3.6676

c(tn 0.8996 0.9358 0.9236 0.9156 0.8723 0.8974

gHh aim 8.7063 7.3789 5.6141 4.4039 5.2824 4.3239
a(HT)

) 2.1831 2.1787 2.3280 2.3752 2.8155 2.5578

BHD 9.6060 4.5001 2.3432 3.0104 4.4533 4.2584

ctHh 0.9457 0.9755 0.9884 0.9857 0.9756 0.9792

r aV 3.0475 2.6444 1.9674 1.5853 1.5476 1.4948

B 3.4140 2.2069 1.2089 0.9133 0.9432 0.9614

c® 0.8631 0.9150 0.9538 0.9674 0.9428 0.9618

r(H) at) 6.6313 5.7668 4.2557 3.3525 3.6609 3.1422
a(H)

0 2.1760 2.1807 2.1630 2.1147 2.3656 2.1020

B(H) 11.4281 5.4679 2.0090 0.5455 1.2099 0.4797

ctH) 0.8972 0.9529 0.9828 0.9955 0.9860 0.9955

Tab.6. 4 Solution and residual convergence, set of irregal meshes, 6 error indicators — 1D

benchmark no.3

149




Examination of the error indicators on the setroégular meshes — 1D benchmark no.3

Convergence for the true solutions (Fig.6.27) aodtheir residual estimates (Fig.6.28) are
presented separately. The convergence rates, ieqmeus, error norms and correlation coefficients
are collected in Tab.6.4. The best summarisedtsggaking into consideration both the solution and
residual convergence, were obtained using simpte erdicator no.4, of the discrete type, and il wi
be used consequently in the following tests as.well

Comparison of the convergence results obtained Dnbenchmark no.3 for regular meshes and
adaptive irregular cloud of nodes

Discussed is here a comparison of the solutiog.§F29a), and its residual convergence
(Fig.6.29b) obtained on the set of irregular megjsetid lines) presented above with those ones for
the set of regular meshes (dashed lines) consisfitige same number of nodes. Calculations were
performed using the discrete indicator no.4. Amiight be expected, the higher order solution and
residual errors have slightly smaller values arsiefaconvergence for irregular meshes, even though
the lack of the MFD star symmetry appeared. One coaglude, that it is worth to perform adaptation
process in the MFDM with the HO approximation irseaf problems which exhibit rapid changes in
solution and/or its derivatives as well as in thef of right hand side function.

REGULAR vs. IRREGULAR MESHES - SOLUTION CONVERGENCE
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Fig.6. 2@ Comparison of solution and residual convergencernothe set of regular (dashed lines)
and irregular meshes (solid line) - 2D benchmark n@

Comparison of the convergence results of the landl variational solutions — 1D benchmark no.3

Though only the local formulation was analysed, #move tests were also done for 1D
problem posed in two variational formulations, givie Chapter 3. The residual error, evaluated for
variational forms, may be applied as the nodes rg¢ine criterion. Furthermore, variational forms
may be also solved on the above set of irregulahes In Fig.6.30 shown is a comparison of the
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Fig.6. 30 Solution convergence, comparison of three formut#ons, set of irregular meshes, 1D
benchmark no.3
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Fig.6. 31 Residual convergence, comparison of three formulimns, set of irregular meshes, 1D
benchmark no.3

solution convergence of the local form (for thetharsor indicator no.4) with the solution convergen
of the first non-symmetric (named “varl” in Fig.6.3and Fig.6.31) and Galerkin symmetric
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formulations (named “var2” here). In Fig.6.31 praee is comparison of the residual convergence for
those formulations. Improvements of both the sofutind residual are close to 2 in each case. The
residual convergence is very similar for all foratidns, whereas the least errors are obtainechéor t
variational symmetric (Galerkin type) formulation.

Comparison of the results with the other Higher @rchethods — 1D benchmark no.3

Compared are convergence rates, evaluated onethef segular meshes, of several MFD
solutions, namely (i) standard, low order one (L@®) Higher Order one (HO), provided by correction
terms, (iii) — (v) three MFD solutions, using sgecimultipoint [15, 32, 81] approach of various
approximation order (4-6), and finally, (vi) thedHier Order solution, obtained using direct Higher
Order FD operators (Hackbush, [29]). The resulys<i(v) are similar, however, the direct HO FD
operator (vi) provide the least accuracy (Fig.6.32)

Solution errors sin(ﬂ)+ P (X), 0< x< 2
w(Xx) = 4
> sin®X), 2<x<4
4
3 ) % ) aw(¥+w(3= (3, A (0.4
_ —m— e(HO) w(0)=w(4)=0
z / 4 e(MP4ord) © ()
E: 64 |—>< e(MP50rd) =t
= r . —%— e(MP6ord) —t [\ true solution
> ®7 | -e—e(HODF) Y

log10(h)

Fig.6. 32 Comparison of the convergence on the regular mesh, using several MFD techniques -
1D benchmark no.3

6.6.2 2D tests
Analysed will be Poisson problem, with the essébiandary conditions
N2w= f(x y) inW

w=w on W
W={(x}), O0£x£l, O£y£l}

(6.18)

Two cases will be examined corresponding to twatrigand side functiond (X, y) resulting from
two different analytical solutions, namely

3. 2D benchmark no.1 (Fig.6.33)
w(x y)=sin(x+y) , OE xE1l OE yE1 ® f(X,yF- 2sink vy (6.19)

4. 2D benchmark no.2 (Fig.6.34)

x-05° y 05°
02 0.2 e (6.20)

® f(xy)=-6x 6% exp(x,y)

W(x y)=- X- Y+ exp-
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BENCHMARK NO.1 - EXACT SOLUTION BENCHMARK NO.1 - RIGHT HAND SIDE

BN

BN

Fig.6. 33 Exact results for the 2D benchmark no.1

BENCHMARK NO.2 - EXACT SOLUTION BENCHMARK NO.2 - RIGHT HAND SIDE

Fig.6. 34 Exact results for the 2D benchmark no.2

The same 2D boundary value problem was analysethénprevious Chapters, although

attention was laid upon different aspects thehénfollowing section, considered are
- preliminary convergence tests performed on thefsetgular meshes,

adaptive solution approach, based on a’posteraiiination of the residual error, and mesh

smoothing,

solution and residual convergence rate as wehlis improvements obtained when using the

Higher Order terms, providing HO approximation,

comparison with the other MFD solution approacteeg. (multipoint approach).

Convergence tests performed on the set of regutshes — 2D benchmark no.1

Considered were more and more dense, regular meastireaumber of nodes systematically
increasing. First mesh consists of 3x3=9 nodesulBef®r the benchmark no.1 presented are in Fig.6.
35 (solution convergence), and in Fig.6.36 (redidigmvergence) in the logarithmic scale. Two

formulations of the boundary value problem werelys®al, namely local and variational symmetric.
The simple error indicator no.4 was applied focuakitions.
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Fig.6. 35 Solution convergence for the set of regular mesketwo formulations — 2D benchmark
no.1
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Fig.6. 36 Residual convergence for the set of regular messgtwo formulations — 2D benchmark
no.1

Convergence tests performed on the set of regutshes — 2D benchmark no.2

The same set of regular meshes was used for amglgseinvergence results for the benchmark no.2
Results are presented in Fig.6.37 and Fig.6.38.itlddlly, convergence rates for both the
benchmark tests and for both formulations are shiovihe Tab.6.5. Improvements (bolded) of using
correction terms are close to 2.0 each time, whiefans that the appropriate HO error is decreased
about 100 times faster than the low order one.
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Fig.6. 37 Solution convergence for the set of regular mesketwo formulations — 2D benchmark

no.2
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Fig.6. 38 Residual convergence for the set of regular mestetwo formulations — 2D benchmark

no.2
2D benchmark no.1 2D benchmark no.2
variational variational
local form form local form form
solution convergenca’" 1.57 2.34 2.75 2.10
solution convergenca"'" 5.08 4.62 4.51 3.94
G
solution improvementw 3.24 1.97 1.64 1.88
a
residual convergenca'" 1.46 1.37 1.40 1.44
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residual convergenca'"’ 3.58 3.51 2.62 2.67

(H)
. . a
residual improvement —- 2.45 2.56 1.87 1.85
a

Tab.6. 5 Solution and residual convergence, set of regulaneshes, two formulations, 2D
benchmarks no.1 and no.2

Preliminary tests, performed on regular meshesealepotential power of the approach in 2D
problems. In the following tests, irregular meshel be analysed, generated using the adaptive
solution approach.

Adaptive solution approach — 2D benchmark no.1

Like in the 1D tests, after solving the boundaafue problem for the low order and HO
solutions, a’posteriori error estimation of theidesl error is evaluated in the potential locatiohshe
new nodes. They are inserted, if the local residuedr is larger than the threshold value, namely

h=0.9¢") where rl") denotes the maximum residual error value from paitential nodes

max !
locations, where a threshold error value is excgedéerwards, mesh smoothing is done in order to
avoid abrupt changes in the mesh density. The leasitse regular mesh consists of 4x4=16 nodes.
50 meshes were generated, the last, finest onést®n§110, irregularly distributed nodes.
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Fig.6. 39 16 chosen meshes from the set of 50 adaptive ig@ar meshes - 2D benchmark no.1

Both the exact solution and right hand side fuorc(i6.19) do not exhibit any large gradients.
Therefore, concentration of nodes is expected nefr the boundary, where the values of the residual
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error are the largest, due to worse quality of apipnation. Some of those meshes (basic, intermediat
and final ones) most representative for the wheteare presented in Fig.6.39. The mesh density for
the final mesh with 110 nodes is showed in Fig.6.40

FINAL ADOPTED MESH - MESH DENSITY (max = 1.7624, min = 0.34348, mean = 0.62433)

Fig.6. 40 Density of the final adopted mesh - 2D benchmarko.1
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Fig.6. 41 Solution convergence on the set of irregular mesis - 2D benchmark no.1
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Fig.6. 42 Residual convergence on the set of irregular mesb - 2D benchmark no.1

Convergence of the both low order and higher osdéutions, and residuals are presented in
Fig.6.41 and Fig.6.42, respectively. Additionallpnvergence rates are collected in Tab.6.6, togethe

with corresponding ones, calculated on the se¢@idilar meshes, with similar number of nodes.

2D benchmark no.1 E?r%l#]a{_;nbeggs adaptive irregular meshes
solution convergenca" 1.57 1.55
solution convergenca‘*™ 5.08 3.96
(HT)
solution improvementw 3.24 2.55
a
residual convergenca'” 1.46 1.42
residual convergenca‘ 3.58 3.95
NC)
residual improvementT 2.45 2.87
a

Tab.6. 6 Solution and residual convergence - comparison bgeen regular and irregular meshes

- 2D benchmark no.1

Adaptive solution approach — 2D benchmark no.2

The set of irregular meshes was generated fdota formulation of the 2D benchmark no.2,
using the a’posteriori residual estimation as thaggation basis. Here, meshes are characterised by
strong irregularity. This is caused by the formtbé analytical solution and the right hand side
function of the differential equation. Therefor@des should be mostly located in the middle of the

square, where those functions have the largestegtzd
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Altogether 60 meshes were generated. Sixteen chmsemare shown in Fig.6.43. The mesh
density of the final mesh, with 179, is presente#tiy.6.44.
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Fig.6. 43 Chosen meshes from the set of 60 adaptive irregulmeshes - 2D benchmark no.2

Concentration zone is located in the middle ofdbmain, whereas on the boundary only few
nodes were added, opposite to the previous test.

Comparison of the results with the convergenceherset of irregular meshes — 2D benchmark no.2
Convergence of the solutions and residuals onetmasshes, with both the low and Higher

Order approximation, is presented in Fig.6.45 @®ofu convergence) and in Fig.6.46 (residual
convergence). Convergence rates for both reguthireggular meshes are collected in Tab.6.7.

benchmark no.2 regular meshes adaptive irregulahese
solution convergenca" 2.75 2.01
solution convergenca"™ 451 4.29
(HT)
solution improvementw 1.64 2.37
a
residual convergenca'” 1.40 0.94
residual convergenca'" 2.62 2.32
at
residual improvementT 1.87 2.47
a

Tab.6. 7. Solution and residual convergence - comparison bgeen regular and irregular meshes
- 2D benchmark no.1
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FINAL ADOPTED MESH - MESH DENSITY (max = 1.9271, min = 0.31087, mean = 0.74471)

Fig.6. 44 Density of the final adopted mesh - 2D benchmarko.2
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Fig.6. 45 Solution convergence on the set of irregular mess - 2D benchmark no.2
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Fig.6. 46 Residual convergence on the set of irregular mesh - 2D benchmark no.2

Observed is significant convergence improvementréntban 2.0 in logarithmic scale gives
more than 100 times faster convergence) of bothsthietion and residual errors, even though one
deals with the set of strongly irregular meshesnelihe MFD operators are far from being symmetric
ones. On the other hand, one should rememberthatorrection terms individually adjust any MFD
operator to the assumed drder, independently on the quality of the MFD raper applied.

Comparison of the results with the other Higher @rchethods — 2D benchmark no.2

The proposed approach uses the higher order terthe iTaylor series expansion, in order to
raise the rank of the local approximation. Thisrapgh was compared with the other higher order
techniques, especially with the multipoint approfith 32, 81, 82]. A comparison was done first on
the set of regular meshes for the considered 2Dhdeny value problem (2D benchmark no.2).
Examined and compared were solution convergenes.rdhe results are presented in Fig.6.47. The
classic MFD low order and higher order solutiorssdul on the correction terms, are compared with
two different types of the multipoint solutions,dasolution based on the HO MFD operator [22]. The
HO solution, based on the correction terms, ishliygbetter in this case than the other HO solgjon
although convergence of the multipoint solutionfagter then.
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Fig.6. 47 Comparison with the other HO techniques — true sloition error convergence 2D
benchmark no.2

6.7 Summary

An adaptive HO solution approach to analysis ofrfatauy value problems, based on the
meshless FDM was presented. Solution process iesluble original concepts of higher order
approximation, a’'posteriori error estimation, smnot smoothing, nodes generation, and mesh
modification, as well as convergence estimationgh(lquality error indicators) and an adaptive
multigrid solution procedure. It will be discussadhe following Chapter in a more detailed way.

Many 1D and 2D benchmark tests analysed so facatelithe potential power of the approach
in fast solving (high convergence rate) boundatyergroblems, as well as in the error analysis and
adaptivity. The total number of nodes in a congdemesh may be significantly reduced, without
compromising the quality of the MFD solution impeav by raising the rank of the local
approximation.

The question arises, whether it is right to congtkcadditionally the computing algorithm,
and to perform the adaptation, instead of applyiog the beginning, a mesh with many nodes (or
degrees of freedom). It appears that, in spitegrafving power of computers, there still exist
problems, both in mechanics and in other domainshgtics, molecular biology, genetics, and many
branches of technics where this is not possiblebtain valuable solutions, without the adaptive
approach.

First of all, adaptation is needed in large ang Varge b.v. problems (like 3D time dependent
ones) with millions and millions of degrees of leen, where, without adaptation, the task would be
to large, especially for the regular meshes. Saotiner dypical situations are e.g. the need of egligci
accurate approximation in the very small part af targe area, the excessive cumulation of the
rounding errors, as well as drastic worsening efdabnvergence due to a large number of unknowns.
Besides, in case of large boundary value problewen tens percent savings of the calculation time,
thanks to adaptationally chosen discretization, megult in savings of several days or hours.
Sometimes it may have an essential meaning foanhé/sed problem.

Adaptivity applied in the MFDM solution approachatte with the set of usually strongly
irregular clouds of nodes. Nodes are inserted dwgppropriate generation criteria. The computationa
cost of such process is higher than in the casegeflar meshes only. The a’posteriori error esfiomat
is required then. However, if the HO correctiomisrare used, the quality of the final solution & w
as convergence rates of both the solution and wesid are slightly better than in case of regular
meshes.

During the adaptation process, generated are clofidseodes, usually denser and denser.
Those meshes, especially the final one, are pgskést chosen for a b.v. problem in question. The
most effective analysis based on such stronglhgidee meshes, may be done using the multigrid
solution technique. It will be discussed in thédaling Chapter.

162



7. Multigrid solution approach

7.1 Introduction

The MFDM approach yields simultaneous algebraic Médations (SAE). In the case of
linear boundary value problems, these are linearattans (SLAE). The SLAE may have non-
symmetric (for local b.v. formulation) or symmetnature (for global formulations). In the last case
they might be solved by means of similar procedlikesthose for the FEM discretization [7, 17, 30,
119, 120]. On the other hand, non-symmetric eqnatinay use solvers developed e.g. for the CFD
[1]. However, in each case the best approach seerbe development of solvers specific for the
MFDM and taking advantage of this method naturepe€mlly, the multigrid adaptive solution
approach seems to be effective [10, 29, 51, 75985100, 92, 94, 95, 96].

The most important problem, in the case of largaBLis solution efficiency. Below is given
a rough classification of methods most commonlydufse solving the SLAE (Fig.7.1). These are
selected according to the solution time needed.\Whe multigrid approach is applied, almost linear
time dependency may be achieved, especially fobtlimded SLAE.

t
solution time ~ n3- Gauss-Jordan

~n*— Cramer
(for SLAE) ~ bn2-Gauss-Jordan

bounded

~ b n— multigrid

“Zn-CFD

> n
number of

] unknowns
b — band width

Fig.7.  Comparison of the solution time needed for diffeent SLAE methods

In this Chapter, a revision [51, 75] of the muliigtechnique (concepts of the prolongation and
restriction) will be presented. Besides, shown | how to integrate the general multigrid idda in
the MFDM adaptive solution approach. Higher Ordppraximation, provided by the correction
terms, may be applied here, without any significardnges of the multgrid solution algorithm. Two
simple, though instructive, 1D examples will be whoFinally, presented will be the comparison of
calculation time for the standard solution approaict the one using multigrid procedures.

7.2 Problem formulation

The general idea of multigrid analysis was propdsgd\.Brandt [10] and further developed
by W.Hackbush [29]. New concepts of basic multigpiicedures, especially the prolongation and
restriction, were proposed, developed by J.Orki& pnd later applied in the MFDM [51, 75, 85,
100]. Solution algorithms, designed for solvingubdary value problems and extended for using the
Higher Order approximation (provided by correctterms) in the MFDM and, were presented in [49,
92, 94, 95].

In the multigrid approach, one simultaneously desth a series of meshes varying from
coarse to fine. They may be given a’priori (nonfatlee multigrid solution approach) or obtained
during an adaptive solution process, based on #pos error estimation (adaptive multigrid sobuti
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approach). Usually, though not necessarily, eawdr finesh contains all nodes of the previous coarser
ones.

M. o o ® |w=f-D @V
0 1 2 3 e
W,=w, =0  w
i=0...3
B . B ® o | ® - (L)
0 1 2 3 4 5 LW=T-Digw
W, =w, =0 — w
i=0...5
3 o— —=m ® A n— Lw = f -D;,  w"
0 1 2 3 4 5 6 7 8 w=w=0 w®
1=0...8
4 oA m— —o A o —m—A—o Lw={-D w
Wo =W, =0 w
i =0...10

® nodes of the basic mesh (1)
new nodes of the mesh (2)

|
A new nodes of the mesh (3)
) w™  higher order solutiontW = f -D;

low order solution Lw = f

new nodes of the mesh (4

Fig.7. 2 Standard solution approach

In the standard MFDM solution approach, one hasotee appropriate SLAE for every mesh
separately (Fig.7.2). At first, for the basic, londer solution, and then, after doing the HO cdioec
for the Higher Order solution.

In the multigrid solution approach, the exact soluobtained for a coarser mesh, is extended
to a finer one by means of the so called proloogaprocedure. Conversely residuum evaluated on a
finer mesh is reduced to a coarse mesh by theiatéstr procedure. Correction, evaluated on the
coarser mesh, using the same SLAE, as for thequrelyi prolonged solution, is extended to the finer
one, once again by means of the prolongation proeedProlonged correction yields, in the simplest
case, the final solution, exact for the finer megkually in more sophisticated cases, additional
smoothing approach is also required.

The basic concepts of the proposed prolongatiorrestdction are described below.

7.3 Prolongation
The prolongation procedure consists of three esdeteps
(1) Generation of points at potential locations of tiev nodes. There locations depend on
the strategy adopted. In the non-adaptive multiggdroach, they are determined a’priori

by the given series of meshes, from coarse to fimnéhe adaptive multigrid approach,
considered are points located somewhere betweendties. The best strategy, worked
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(ii)

(iif)

out so far, is to assume locations of new nodesitdd by the Liszka's type mesh
generator, based on an increase of the mesh demkity problem was discussed in the
previous Chapter.

Examination of the local residuals at each selegtédt without placing a new node there,
and inserting nodes at these points where the athieghreshold error value is exceeded.
Here, various additional strategies may be alsdiethpe.g. further limitation of the
choice by prescribing the maximum percentage of neges in the mesh etc. The residual
estimates are evaluated by using MFD operator, itllitional correction terms,
providing the independence from the quality of D operator applied. These
problems were discussed in the last two Chapters.

(]
w

(]
° old mesh

new mesh

Fig.7. 3 Prolongation by solution smoothing

Generation of the prolongation formula. in the siasnultigrid approach, it may be found
from smoothing the nodal solution (Brandt [10], Kaash [29]) from the old, coarser
mesh (Fig.7.3).

However, in the MFDM, a new approach was develapd81, 75] and will be used here.
For the local formulation of boundary value probdemprolongation formula is derived

from collocation condition. The MFD operator is gested then at every new node
finally accepted. Two situations may be distingaish

a) The MFD operator at the new nod, i1 I™" is built including this node anth

old nodes (Fig.7.4) only (no other new nodes ak®lired). From the collocation
condition

m
Ly, = (T e &
j=0

one finds the explicit prolongation formula [38] 54

165



b)

7.4 Restriction

m m, m) —_ —_ 1 m m
' L§+j)q+j+|'i'()lil_r ® ui_W if' _ (1')|uf
= i = (7.2)
® uiNEW= _aijUjOLD"'b
j
u=f
LUy = f,
1 .
U :E' fi' jloLi+jui+j o 1 INEW

Fig.7. 4 Prolongation at the new node

The prolongation formula (7.2) extends the solutipy) , ]=1,2,...m found at the

old nodes to a solution, required at the new node , il ™"

MFD coefficients resulting from the relation (7.1).

. Herea; andh are

The MFD operator at the new nod®,il I™" is built including this node, and
additionally m. old nodes, anan, new nodes. Following the collocation requirement

m.+m +1
(mp+my +1) — iT | NEW
I‘i+j l"+j - t ! o (73)
j=0

one obtains the implicit prolongation formula fbetsolution on the finer mesh

m

m i
(m+mg +1)  OLD (m+m+1) NEW (rp+ m+l)  NEW _
Li+j e . Iy + L Y = f
j=1 i=1
. o (7.4)
® uVEV= 1 f- (m+my +1) OLD (m+m+1) NEW
i L|(mc+mf+1) [ T+ U ot U
. j=1 j=1

In this case, when the MFD star consists of thgelamumber of the old nodes
(m; >1), additional techniques, e.g. smoothing, have ¢oalpplied. It is worth

stressing that the formula (7.4) is quite suitdbtesffective iterative solution process.

Prolongation approach of the same type also haldshie variational formulation of b.v. problems
aP (u°®°,u™™)= 0 as well. It may be introduced at each new noderaisg the local variations

du™" 1 0 and gu®® =0. Such an approach could be used not only in th®MFbut also in the

After the prolongation, the restriction is the segtanost important procedure in the multigrid salnti
approach. It will be discussed here in a new oabiorm proposed and developed in [51, 75].
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On the most fine mesh, one evaluates residuals
r=u-f (7.5)

however, instead of solving SLAEU = f, on that mesh evaluation of appropriate residtmisa
subsequent coarser meshes is done, using the iiofj@gsumptions [51, 75]:

® The “virtual work”

dW = roudw (7.6)

w

done by residuals (residual forces) on the virtual displacemedits is the same for both
the old and new meshes.

(i) Virtual displacements of new nodesl"™" are found from the prolongation formula (7.2)
determined above, namely

O'UiNEW - aij dujOLD (77)
j
One may evaluate appropriate MFD expressions ofithgal work on the new mesh, (7.8)

NEW NE! NEW OLD, OL NEW _
AW »  VouMEMWIEY o Ot OFW Y =

f c

— NEW oL NEW OLD OL NEW _
= a, dul WY+ r Ot OFPWNEY - (7.8)

f S c

— NEW NEW OLD: EW OLD
= rMVa WM 4 CPWEEY ol

c f

and on the old one (7.9)

AW >  TOPARLOE (7.9)

c

wherecl 1°%° fi | NEW,

Taking advantage of the linear independence ofittaal displacementsa’ufLD from each other, one
may obtain the required relation between the redsdon the old mesrTCOLD and the residuals

r*=V r °° determined on the new mesh

+OLDyp OLD OLD _ NEW
( e VV(? ) u c - re—a
f

fc \/\4\IEW _FCOLDVylEW l1-[(:OLI (710)

1
—OLD _ NEW NEW OLDy p NEW
L =spem  froaWr o H W (7.11)
WP
A f

In the above formulas, given are
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(i) residuals r’**" , r °*° for new and old nodes of the new mesh,

(i)  surface areas of the Voronoi polygohd™", WP"°, WE" for both the new and old
meshes,
(iiy  residualsr{"™" andr>-° for new and old nodes of the new mesh.

7.5 Use of the Higher Order correction terms

In the standard MFD multigrid approach, raisingesrdf local approximation was possible
due to use of the so called HO MFD operators (Haskb[29]). They were built on larger number of
nodes, or, more general, on larger number of dsgofefreedom. The same multigrid solution
algorithm was used in order to reduce the apprtgpriesidual error, which appeared after applying
such modified MFD operator.

In the HO approximation approach, proposed here,dwes not need to generate new MFD
operator. Instead of assuming new degrees of frmedme has to consider appropriate correction
terms of the same basic MFD operator, resultingnftbhe Taylor series expansion of the sought
function. Those terms modify the right hand sidehaf MFD residual defect, which may be reduced
using the same prolongation and restriction promsiu

The approach involves two steps

® First, residual error on the last fine mesh (withHD correction) is considered, namely
rO =Lag® - f (7.12)

where U™ - is the prolonged solution from the previous nesstWhen (7.12) is restricted to
the basic mesh, it provides the appropriate cameddu‘™ of the prolonged solutiod ™’ .

As the final result, one obtains the low order 8oly which is exact for the considered fine
mesh

u® =g +py® (7.13)

(i) Afterwards, when the low order solution™ (7.13) is obtained and the correction terms
DY) = D(u‘L)) are evaluated, considered is improved form of résidual error (7.12),
obtained by modification of its right hand side

r =Lu®-p®- 1 (7.14)

After substituting to residuum (7.14) the formu(@sl2) and (7.13), it may be simplified to
the following form,

DM =0 (7.15)

Here, the residual defect (7.15) comes directlynftbe HO correction, resulting from raising
the approximation order, fropith to Zo-th.

When the residual defect (7.15) is restricted tolihsic mesh, it provides the appropriate HO

correction DU of the low order solution (7.13). As the final ulis one obtaines the HO
solution, which is exact for thgp2h polynomial

168



u™ =u®+pu* (7.16)

It is worth stressing, that the best quality Higk¥der solution is usually required, only for
the last, finest mesh. Therefore, an additionalaitee solution smoothing of the Higher Order
solution, corresponding to the (7.15), is not neagson the intermediate meshes. For those meshes,
one needs to apply thg + 3 = 3 of the multigrid cycle. In a particular casee Higher Order
solution is obtained only for the last mesh.

7.6 Non-adaptive multigrid solution approach with HO approximation

The above given concepts of the prolongation astticon procedure are integral parts of
the multigrid analysis. In the standard, non-adeptmultigrid approach, one deals with the set of
regular of irregular meshes, given a’priori. Usyalach new mesh contains all nodes of the old.ones
However, this assumption does not hold, if nodesamoved from the subsequent meshes.

In the multigrid approach, the appropriate SLAE aodved only for the first, usually the

coarsest mesh. The solutio®l”’ is prolonged then step by step, to the last,sfimeesh. After
evaluating residuals (7.12) for that mesh, theyrastricted to the first mesh, where the equivalent

correction termDu‘” is calculated. The final corrected solution (7,1act for the last mesh, is
obtained when residuals for this mesh reach zero.

= 2 (Rlz)
Lu = f -D, ® Ui((;)) L(Dui(”) =(ri(L))(R1) 0Dy L(Dui(H)) :(E(H)) © DUt
u" _33 0B Duf” = Du" =0 | DUl = D™ =0
1=0...
. (r(L))(RZI) + hi H) \(Raa) + hi
+ smoothing i l smoothing (fi ) l smoothing
_r,, (Optional) (optional) (optional)
ui (Duv(L))(Pu) (DU-(H))(PH)
(r_(L))(RH) r(H) (Re)
+ smoothing | * smoothing | * smoothing
., (optional) [ (optional) (optional)
4 . (Dui(” )‘Pza) ... (Dui(” ) )(Pza)
e smoothing (ri(L))(Rn@m) - + smoothing ri(H))(Rmaml) -+ + smoothing
l (optional) | (optional) | (optional)
g®=»  low order I (Du®)™* " HO (Duc )
D =Lgfer - f1 0
' ' : O =gCesw 4Dy )™= 1 =Lu® -D®P- £ 0|yt =y 4 (pyt ) e
U, =Uu =0 Yy =y +(oy") o u™ =y +(Dy")
U, =u, =0
P - prolongation from mesh (i) to mesh (j) - optional HO solution on the mesh (1)
R, - restriction from mesh (j) to mesh (i) m - number of meshes

Fig.7. 5 Non-adaptive multigrid analysis with HO approximation

When the low order solution (7.13) is found, appiate HO correctionD may be
evaluated, resulting from additional terms of theyldr series expansion of the MFD operator. The

residual defect (7.15) is restricted again to thsibmesh, when the equivalent correctba™’ is
calculated. The final HO solution (7.16), exact floe assumed approximation order, is obtained by
means of correction prolongation.
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regular

The exemplary (non-adaptive) multigrid solutionalthm, for the given set of meshes (e.g.
meshes from Fig.7.2), is presented in Fg.7

The whole non-adaptive multigrid approach constse following steps

(1
(ii)

(iif)
(iv)

(v)

(vi)
(vii)

determination of a set of meshes, regular or ifeggones,

generation of the mesh topology (in 2D: Voronoiygons, Delaunay triangles) for all
meshes

selection of MFD stars for all meshes

generation of the MFD formulas fdou (complete set of low order derivatives) ahd
by means of the MWLS approximation for all meshasg of these formulae for
composition of difference operator, correspondmghie differential operators, appearing
in the boundary value problem formulation,

derivation of the Higher Order correction terniy, corresponding to th®u and Lu for
the last mesh only,

generation of the MFD equations, depending on thblem formulation, for all meshes
imposing of the boundary conditions, for all meshes

(viii)  solution of LU = f for the basic mesh, and obtaining the low ordartem u®,

(ix)
(x)

(xi)

evaluation of the correction ternfi3, for the basic mesh,
solution of Lu™) = f -D® equation for the basic mesh, and obtaining thdéfi@rder

solutionu

prolongation of the solutio@™ through the intermediate meshes to the last neeghin

the case, when the MFD star, used for prolongatontains only one new node

NEW _ 1 I OLD, 1 f

u—r=-—  my —

i= 0,1,...,n"*" - prolongation formula for

the new nodes in the new mesh,

u"= =y i=0,1,...n°° - prolongation formula for the old nodes

(common for two meshes).

The above given explicit formulae hold only for thienplect case, when each MFD star
consists only one new node. However, MFD star t liisuch way, are of worse quality
than the ones using additional new nodes. The @nmolidecomes implicit one then and
should be treated in an iterative way.

The above formulas may be presented in the mabtition
uNEW+OLD = M XU OLD +f (717)
where

1 0 0 0 .. 0O
My My My My .. 0
0 1 0 0

Z{Mij} =
Mo Mype M Mg

- prolongation matrix,

((nNEW+ nOLD)' nOLD)

0 0 0 o .. 1
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(xii)

(xii)

(xiv)

(xv)

(xvi)

(xvii)
(xviii)

(xix)
(xx)

(xxi)

optional smoothing steps for intermediate meshdsesidual calculation on the last mesh
rO =Lag® - f (7.18)

residuum restriction to the basic mesh

1 L . -
PP =—x W™+ W ¥mx i 1,Z..n°" - restriction formula
Vvi j=0
for the new nodes in the new mesh, which may btesrin the matrix notation
rOLD = R >1.OLD+ NEW (719)
where

1 nNEW+OLD
R ={Rt , = - X \W - restriction matri
(nOLD' (nOLD+ nNEW)) { Rl} Fﬁ VV. =1 M' ] ICt IX

solution correction ternbu‘™ calculation for the basic mesh

L(Du®) =r (7.20)

prolongation of the correctioBu™ through the intermediate meshes to the last mesh

(Du®)™ % =m (m®)>? (7.21)
the final correction of the low order solution tbe last mesh

u® =g® +pu® (7.22)
evaluation of the correction terms for the lastimes

optional smoothing steps, residual calculation

r =Lu®™-p®- f (7.23)
repetition of the steps (xiii) — (xv) for the resign r "
the final correction of the Higher Order solutian the last mesh

u™ =g +py™ (7.24)

postprocessing of final results, on the last mesh.
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Lu, =1 s

() Lut f D Lu * f+D; D Lu =f+D
Pn-1n Fon-1 pn-l,nArnvnl P, 1',1/
. p23 /,' \\ /«'/ \\\ I/I,'
@ / \ I3, P23 / \ I3, Pza
I r
ﬁpn 21 \/plZ = \v/
S P P

B  S-—exact solution for the given mesh
D — defect of the FD equation
LI P —correction yielded on the given mesh

B H— HO solution for the corrected FD equation

Fig.7. 6 Non-adaptive multigrid solution path for HO MFDM

The above given algorithm for the non-adaptive tsmhuapproach, may be illustrated in the following
diagram (Fig.7.6). For the sake of simplicity, stiag iteration steps are omitted here, followihg t
assumptions that prolongation formulas are foumagusiFD stars with one new node only.

7.7 Numerical examples

The above given algorithm uses original concepti®Higher Order correction terms applied
to the multigrid cycle. It will be illustrated omwb simple 1D examples. Both of them are dealindpwit
the beam deflection, and two different types ofrmary conditions (essential and natural).

7.7.1 Simply supported beam

Consider the following test problem (test no.1)

w'(x)=12x¥- 32 A (0,4

(7.25)
w(0)=w(4)=0

The true analytical solution of the problem is prézed by the polynomiaW(x) = X' - 16 X.
Given are two regular meshes, with 3 and with &esqFig.7.7).

h=2 h=2

N = m

0 1 2
h=1  h=1  h=1  h=1

@. O B O H

0 3 4 2

B - Nodes of the old mesh (common for two meshes)

© - Additional nodes of the new mesh

Fig.7. 7. Set of regular meshes
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At first stage, the exact solution for the meshlrie.obtained. In the present example, one uses the
classic three-nodes difference operators

Wo- 2wt W
2 ® w"=-32 (7.26)
w,=w, =0

Prolongation is performed by means of the FD caliion technique, at new nodes of the mesh no.2,
but using only one new node in the FD star.

Wo - 2V\l3,+ V\ﬁ:_zo

2
W, - 2]\-/v+ V_V3:1V\4L) +10
11—24\%=76 ® i (7.27)
— - L)-
w,=0 , w,=0 Y 2V\é 38

Remaining nodal values , at nodes common for batkh@s, remain the same. Namely= V\{L).
Above relationships (7.27) may be written in thenmanotation

IN

1
W, 2 10
W, = 1w + 0 (7.28)
W 1 -38

2

By substituting (7.26) into (7.28), one obtainedlpnged solution from mesh no.1 to mesh no.2

IN

1
A 2 10 -6
W, = 1 X-32)+ 0 = -32 (7.29)
W 1 -38 - 54

2

Examination of the solution (7.29) quality may kexfprmed by the evaluation of the residual defect
on mesh no.2, namelf” =LT - f, i= 3,14

r -2 1 0 W, -20

1
rl(L) ==x1 2 1 xw, - 16 (7.30)
r 0 1 -2 w, 76

and substitution of (7.29) into (7.30)
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r 0
(Y = -12 (7.31)
r 0

Restriction from mesh no.2 to mesh no.1 require®MIscretization of

(i) Virtual work on the mesh no. W, = 25"
(i) Virtual work on the mesh no.2W, =1>¢{" w, + ) vx 1+ kv,

Here V,,i=1,3,4 denote non-zero nodal variatior®®elation between the variations on those
meshes may be obtained from the prolongation farGul28)

1
Vs 2
v, = 1% (7.32)
A 1
2
AssumingW, =W, one obtains the sought restriction formula
FU 0 & L0 L0 X
2507 =g X Y HyT X (7.33)
2 2
due to arbitrary value of the variatiof. It may be also written in the matrix form
1 1 1 rs‘L)
V== = = xr® (7.34)
4 2 4 W
Iy
Substituting (7.31) into (7.34), one obtains th&edevalue restricted to the mesh no.1
1 11 0
rW== = = x 12 =-6 (7.35)
4 2 4
0
which allows for obtaining the equivalent low ordmution correction (7.20))\/\4” ,1=0,...,40n
that mesh, using the equation (7.26)
Dw, - ZDML) +Dw, =T =_g
22 . ® DW- =12 (7.36)
Dw, = Dw, =0

The correction (7.36) is then prolonged, using fadan(7.28), to the mesh no.2.
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1
D) 2
D = 1 x@Y 1o (7.37)
Duf? 1

2

The solution corrections (7.37) may be found, bigssituting there correction (7.36) and residuals
(7.31). Finally, they are added to the previoustglgnged solution (7.29), corresponding to the
residual defect (7.31)

w o W, Dwy -6 6 -12
wh = w - DwWY = -32- 12= - 44 (7.38)
w” W, Dw’ -54 6 -60

The above solution (7.38) exact for meshno.2, which means that the same result may bénobta

directly by solving the SLAELw, = f, i=3,1,4, for this mesh namely
-2 1 0 w - 20 V\/3L) - 12 O.8®\i;)

izx 1 2 1 xw =16 ® w’ = -44= 092" (7.39)
0 1 -2 w, 76 V\/4L) - 60 0.95\&”

The above solution was found by assuming tHea@proximation order, therefore it exhibits the non
zero error, when compared to the true nodal resgﬂl)s, i =1,3,4. In the standard multigrid approach

it may be raised by applying new HO MFD operatoackbush, [29]). In Fig.7.8, presented is suth 4
order MFD operator, which may be applied for thesmeo.2

h h h h
O O O O O
0 3 1 4 2
W Ly = W,+ 16w,- 30w+ 16w, w,

125
Fig.7. 8 HO FD operator

However, an idea of the MFD HO approach consideigedsing of the same low order MFD
operator once again, but this time enriched by tamdil terms assuring precision within the
polynomial order assumed, here tiHeohe. As it was shown in previous Chapters, thakktianal
terms come from the development of the nodal cdiefits of the MFD operator into the Taylor series,
with respect to the central node of the considdvieD star. They consist of the Higher Order
derivatives (up to and including th&" #rder here), as well as singularities and jummseof the
function and/or its subsequent derivatives.

The appropriate HO correction terms, for the MF@rapors on the mesh no.2, are
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3 2 - =
1 12
W, - 2w+ w, 1
L, -D,= 8T ST W gz sy (7.40)
1 12
W 2W4+ W 1 5 v
Lw,-D, > - —x1%
1 12
Their evaluation was presented in Chapter 3. Higinder derivatives (here onlw,'v, 1=3,1,4) in
the MFDM approach, may be calculated by
0] an appropriate formulae composition inside the doraad use of the previous, low order
solution, as well as by
(i) use of differential equation from the domain buttimhally enforced on the domain

boundary.

The problem of effective approximation on the baanydvas presented in details in Chapter 4.

fo'2 W0'2\;V3+Wl+ W~ 2\2’\f' W,
1 1
12

|v_W(I)I'2V\)3I+ V\z _
W3 - 12 -

W0'2W3+V\ﬂ ) W- 2V\f’ Wt_,_ W1'2W4+W2
2 2

v W 2w+ W 12 1 _
W= 2 - 2 -
1 I
W, - 2wt W, o W- 2w,+ W, +f
WII _ 2\/\)I + V\lé 12 12 2
w, = 124 = 7 (7.41)
hence
wy =-32 %(- 20+ 16 2
w' =-20 X 16+ 76= 24 (7.42)
W, =16- %76+ 160= 24
The HO correction terms values (7.40) are founeragrds
D,=0 =0 =2 (7.43)

The modified residual defect is found next usinge thHO
r=Lw- f-D,, i= 3,14

r . -2 1 0 w” -20 2
M o==x1 2 1 xw” - 16 - 2
T 0 1 a2 ww 76 2
4 4

The residual values (7.44) are found using thedoder solution (7.38)
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-2
o= -2 (7.45)
-2

Residuals (7.45) are restricted then to the mesh nsing the (7.34)

r{ -2
I I S VP R (7.46)
42 4, 42 4

The equivalent solution correction is obtainedtmmesh no.1

Dw, - 2DW"™ +Dw, _
22 -
Dw, =Dw, =0

r—l(H) =_2

® DW"=4 (7.47)

and later it is prolonged to the mesh no.2, insdi®e way as in (7.37)

1
W L
DA = 1 x@B" = 0 (7.48)
oW 1

2

The correction (7.48) value is obtained by subttitu(7.47) and (7.45) there

1
D™ o . -2 3
Dw" =1 >4—2 0 =4 (7.49)
Dnf" 1 -2 3

2

This time, the solution correction (7.49) implicatieom raising approximation order from®2o 4.
The final Higher Order solution for mesh no.2 isaded by adding (7.49) to (7.38)

wioow®? pw” 12 3 - 15
w o= W - DW= -44- 4= - 48 (7.50)
w®” o ow?  Dw’ 60 3 -63

In the considered example, this is allse exact analytic result, because the it is expressed by the 4
order polynomial.

7.7.2 Cantilever beam

Test problem no.2 (Fig.7.9) was considered in ¢ilewing formulation
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oy — P 7
w(x)—E(ZI-X) X (0,4), (7.51)
w(0)=0, w'(0)=0

with EJ=1, P=1, |=1

¢p

w(X)

2

y, W

Fig.7. 9 Cantilever beam under concentrated force - testm?2

Two regular meshes are considered, with 3 and &8noespectively (Fig.7.10). For both meshes, the
natural boundary condition (for the deflection @)glvas discretized using a fictitious external node
and the central MFD operator

| W - Wf1 _ _
For mesh no.1w, » o =0 ® w,=w,

| W3- Wfs
Formeshno.2w, » ———==0 ® w, = w.

2k
2
ﬁ Y
T ﬁ : e X

:
|
~ M
N

O B O L] 4 |
3 0 3 1 4 2

B - Nodes of the old mesh (common for both meshes)

© - Additional nodes of the new mesh

Fig.7. 10 Two regular meshes for the cantilever beam
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Low order solution, exact for the mesh no.1

W - 2w+t W _ 5
1? W =0

W ZWE W) @ wi=1 (7.52)
; w =3

WOZO 2

Prolongation from the mesh no.1 to the mesh nalo@ation at nodex; = 0.5 and X, =1.5)

3
2 _ - =
28 (W, - 2wt w)= = o W= Lo 2 (7.53a)
_ 2 16
w, =0
1 1o 1 1
Z(w- 2wt w)=2 @ WE S S v (7.53b)

By completing the above formulas with the identi#yations at the hodes common for both meshes,
one may determine the prolongation operator betwease two meshes

w10 3

— L)

;120 wY 10 (7.54)
W, 21 1 w 161

W 0 2 0

N

Prolonged solutionfrom the mesh no.1 to the mesh no.2

W, 1 0 3 5

W 2 0 1 0 16

ot -1 x 1 -1 (7.55)
A 21 1 3 161 16 31

W, 0 2 0 48

Residual defect calculation on the mesh no.2

- 2 0 0 0 W 4 1

(L) -2 1 0 0 w 3 0

rs( =2 a1 1 (7.56)

I 1 -2 1 O , 2 2 20

r 0 1 -21 W, 1 0

Restriction from the mesh no.2 to the mesh no.lrasidiual defect on the mesh no.1

W=, FY v

N
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W=, v £ v 3 v
=W Sl Sy v Y e, vy (7.5)
1 1.1 1 1
=Vog 3 i ry) +—2f1(L)1+—4r 4) A7 Y)
ro 1
(L) (L)
F 12000 " 12000310 11
W, = ® ° == x 2 == X =
=V T 40121 4012120 40
r®d 0

Correction evaluated on the mesh no.1

le(l-) _ ZDV\/OL) + D\I\éL) _1
17 4 D" =0

L _ L) L)
Dy’ - DWI+DW’ () g pgo= L (7.58)
2 1
1 8
DIV(()L) :O DK[(L) :1
2 4
Correction prolonged to the mesh no.2
DwiY 10 0 10 0 1
D 12 Oxméu __1r3<L) 12 o)gl _1)30 12 (7.59)
Dw® 21 1 D&Y 8 0 21 182 820 163 '
Dws" 0 2 r 0 2 0 4

Final correction of the previously prolonged saati(7.55) dow order solution, exact for the mesh
no.2

W W, DwY 5 1 4 1.09w"

we oW Dwf _ 116 1 2_ 1 14_ 1.05w" (7.60)
w” W, DwP 1631 16 3 16 28 1.04w" '
W W, DwY 48 4 44 1.03w"

Higher Order correction terms for the boundary Mépigrator - the mesh no.2

Development into the Taylor series

' wp Lo 1
W, +—W, +— +—— o + .
L ot T2 T T 352t TR W )zw'+iwu +R(W,..)
b "0 ZXE W_EWI 1‘ " _1V\g|+ _1\/{%)/.,. R(\){‘ ) 0 24 o} -
? 0727 8™ 8™ 3 2\ Ve
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hence

W, -
by — '3
Lw,-D®=_—2 .

Lo —XW, (7.61a)
2
Higher Order correction terms for the domain MF2i@por - the mesh no.2
Lw, -D —22( - 2wt V\é) i—w}
12 22
Lw, - D= 22 (w,- 2wzt w) el 22V\é
(7.62b)

Lw,-D,= 2°(w,- 2w+ w,

1 IV

Lw, -D,= 2°(w- 2w+ w) 1—2?%&

Evaluation of the Higher Order derivatives (fornautsomposition, expressing boundary derivatives in
terms of the internal nodes, use of differentcalagion)

W' == ( ) ( )”:
"‘)' (1w "@J’ W1 22 223 &=
2& 2 } 2
2 2
W =w :4x2-2g +1 =0 (7.62)
-1
W = % (V\Q-ZV\E+V\'L):4—2- 2<1+—; -0
vV _ 1_1 | V\}I Iy — 1 —
W= 2 (W - 2wy + W )=4 1- 2240 =0

Evaluation of the Higher Order correction term&{J.

1
ng):-Zl , D,=D, =D, =0Q 9 (7.63)

The improved MFD representation of the natural lolaup condition

1 1
Gw=qg+DP =" =~ @ = W+ — 7.64
2

Residual defect calculation on the mesh no.2

181



rO‘H) 2 0 0 O Wél‘) 1 1
rs‘H) -2 1 0 0 Wl(L) 12 10
T2 o 1 0w 2376 0 (7.69)
1 4
rt 0 1 -2 1 w 4 0
Residual defect on the mesh no.1
1
(A 2 000 0 1
0 :1 xl' :.i (7.66)
r_l(H) 4012160 120
0
Correction evaluated on the mesh no.1
le(H) _ Z)V\}OH) + DV\{H) :i
12 12 D™ =0
H) _ H) 4 H)
Dvg ng Dv, =0 ® DMW:-l (7.77)
1 24
D) =0 D) =L
212
Prolonged correction to the mesh no.2
Dwi™ 10 0 10 0 1
D) 2 0 H) r{H 2 0 1 0 2
L _1 X IIM{H I N 14 =1 (7.78)
Dw/” 21 1 D 8 0 21 1 242 820 483
Dw™ 0 2 r 0 2 0 4

The correction of the previous, low order solut{@r60) for theHigher Order solution, exact for the
4" order polynomial

w oW Dw 5

A f 32 11
W™ owY bWt 116 1

131 40
N (7.79)
16 27 48 81

422 128

W T wb T pw® 16 31 48
w o ow Dwp 48

A W NP

The above solution is also the exact analyticalltebecause the last one is the polynomial of3fie
order.

Analysed were 1D tests, with different types of taary conditions (essential, natural). They proved

correctness of the non-adaptive multigrid approgebposed in [51, 75] and extended here for use of
the Higher Order approximation, provided by cotimtterms.
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7.8 Adaptive multigrid solution approach with HO approximation

As opposite to the non-adaptive multigrid solutiapproach with the HO approximation
considered above, adaptivity is applied here [88Jution procedure is combined with simultaneous
design of subsequent meshes. It is based on thitsre$ an a’posteriori error analysis, especialty
the improved estimation of the true residual erfbnerefore, sufficiently precise Higher Order
solution is needed not only on the finest mesh,disb on all intermediate ones. This solution is
applied then to Higher Order estimation of the deal error at points being the candidates for
insertion of new nodes.

®

Ly, * fi Lu=f s
D Lu * £+D, p

D

L 1 f =f =
Y : Lu f' S Lu = f+ P23 r P23 M3

Lut f+D, p

f/pﬂ M P

B  S-exact solution for the given mesh

- P - correction yielded on the given mesh

B 4 - HO solution for the corrected FD equation

D - defect of the FD equation

A — adaptation / error analysis

Fig.7. 11 Adaptive multigrid solution path

The following steps of the general solution apphoare needed then

(1
(ii)

(iif)
(iv)

(V)
(vi)
(Vi)
(viii)
(ix)

design and generation of an initial (basic) ceangsh,

generation of the mesh topology (Voronoi polygobsjaunay triangles in 2D), for the
current mesh

selection of MFD stars for this mesh

generation of the MFD formulas fdou (complete set of low order derivatives) and by
means of the MWLS approximation for all meshes; afsthese formulae for composition
of Lu (a difference operator, corresponding to diffentperators, appearing in the
boundary value problem formulation),

derivation of the Higher Order correction ternt3, corresponding to théu and Lu,
for the current mesh,

generation of the MFD equations, for the currentsimedepending on the problem
formulation,

imposing of the boundary conditions for the curnaeish,

solution of Lu™™ = f for the basic mesh, and obtaining the low ordértem u™, exact
for that mesh
evaluation of the correction terni3, for the basic mesh
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(x)  solution of LU’ = f -D® for the basic mesh, and obtaining the Higher Ostéution

u™, by means of the HO solution smoothing,

(xi) one level denser mesh generation, with proposedi$ation of new nodes,

(xii)  generation of the MFD operatorsu and derivation of theD terms at points being
candidates for new nodes insertion,

(xiii)  a’posteriori residual error evaluatia™ =Lu") -D™ - f at points being candidates
for new nodes insertion, and acceptance of thoderevresidual error exceeds its

admissible value”r(H)H 3 h additional nodes generation criteria may be algaied

adm ;
and satisfied here,

(xiv)  solution U™ prolongation to the new mesh, in a way dependingumber on the new
nodes in the MFD star; simple explicit formula (7tBay be used in the case when the
MFD star consists of one hew node only; smoothiegations may be needed, if the MFD
star contains more than one new node (7.4),

(xv)  optional smoothing steps and residual error caliada r”) =LT™ - f for the new
mesh,
(xvi)  residuumr®) restriction to the basic mesh,

(xvii)  solution correction calculatioll(Du‘L)) =1V for the basic mesh,

(xviii) solution correctionDu™ prolongation to the new mesh,

(xix) final correction of the low order solutiau’™) for the new mesh,

(xx)  evaluation of the correction terni¥" for the new mesh,

(xxi)  optional smoothing steps and residual error caficntar ) =Lu®” -D® - |
(xxii) repetition of the steps (xvi) — (xviii) for the idgum r ")

(xxiii) final correction of the Higher Order solutia”) for the last mesh,
(xxiv) repetition of steps (xxi) — (xxiii) until convergesais reached,

(xxv) repetition of steps (xi) — (xxiv) until sufficiesblution precisiorﬂr(H)H3 h,,,, is reached

in the proposed new nodes locations of the nexhri@sresponding to the step (xiii)),
(xxvi) final postprocessing of the results performed anlaist mesh.

The above proposed solution steps may be alsomisss@n the form of the adaptive solution path
(Fig.7.11). Here, for the sake of simplicity, snfong iterations are omitted. They may be needed, if
the MFD star, used in prolongation procedure, doatmore than one new node. However, smoothing
iterations may be performed simultaneously with It iterations, improving the HO solution. The
whole algorithm of the multigrid adaptive solutiapproach with the HO approximation is presented
in the form of the flow chart in Fig.7.12.

7.9 Numerical examples

The above proposed algorithms of the non-adaptaval adaptive multigrid solution
approaches with the HO approximation were applethé series of 1D and 2D numerical tests. Sets
of regular and irregular meshes were generatediiftarent types of the boundary value problems.
Those results were presented in the previous Cisaispecially valuable mentioning are the sets of
strongly irregular meshes for the 1D benchmark lerb (3.31), generated using the HO estimation
of the residual error. MFD solutions on those meshere obtained with the full application of the
multigrid approach. Some of those results are ptegebelow.
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enter data, domain,
formulation, method

!

Nodes generation (mesh density control)

!

Topology information

!

Generation of MFD operators (MWLS)

!

Generation of MFD equations, discretization of
boundary conditions

!

Low Order (LO) solution determination

!

Calculation of HO derivatives, correction terms
and modification of MFD equations

!

Higher Order (HO) solution determination

!

Adaptive generation of new nodes

!

Topology information

!

Multigrid approach
for LO solution

l

Calculation of HO derivatives, correction terms
and modification of MFD equations

|

Multigrid approach
for HO solution

}

Solution and residuum
convergence estimation

Final postprocessing Break off

of results

criterion

Fig.7. 12 Flow chart of the adaptive multigrid solution approach with the HO approximation
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® 20 meshes generated for the 1D boundary valuegarobb.2 (3.33) (Fig.7.13)

o £ £ £ o
o L £ £ £ £ o
- - - - . . . . .
o - L £ - £ £ £ £ £ o
e L £ - £ £ £ £ Lt
G = = = = = = = L

Fig.7. 13 Set of 20 irregular meshes, generated for the 1Benchmark problem no.2
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(i) 20 meshes generated for the 1D boundary valuegobb.3 (3.34) (Fig.7.14)
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Fig.7. 14 Set of 20 irregular meshes, generated for the 1Benchmark problem no.3

For better comparison, and justification of the e®doncentration zone presented are the exact
analytical solutions as well as the right hand didections of the differential equations, for bdth
benchmark problems (Fig.7.15).
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TRUE ANALYTICAL SOLUTION - 1D BENCHMARK NO.2 RIGHT HAND SIDE FUNCTION - 1D BENCHMARK NO.2
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Fig.7. 15 True analytical solutions and right hand side furetions - 1D benchmark problems

Comparison of the solution time between standaddnanltigrid solution approaches was investigated.
Two various situations were examined: HO multigejgbroach on regular meshes (5, 9, 17, 33, 65,
129, 257 nodes,... - Fig.7.16), and adaptive HOtigrid approach (Fig.7.17). Calculations were
performed for the 1D benchmark no.3.

In every case multigrid approach speeded up theafdysis. Results show potential power of the
multigrid approach in order to reduce the compateti time involved in the analysis of large
boundary value problems.

In the case of regular meshes (non-adaptive midtgpiution approach) tested the speed up factor fo
the solution time was

T= LsTanDARD — 45.69 (7.80)

MULTIGRID

and in the case of irregular meshes (adaptive grigtsolution approach) the speed up factor for the
solution time was

T= LsranparD =10.12 (7.81)

MULTIGRID

One should realise that the solution time, in casenultigrid approach, strongly depends on the
software and hardware type used. Effective implegatem of the algorithms as well as use of parallel
computing may additionally increase the speed wpofa (7.80) and (7.81). Moreover, significant
achievement of solution time is specially expeaten dealing with larger numbers of unknowns.

7.10 Final remarks
A new adaptive and non-adaptive multigrid HO salatiapproach developed in order to
analyse boundary value problems is presented. i8olptocess includes original concepts of higher

order approximation, a’posteriori error estimatiogplution smoothing, mesh generation, and
modification as well as an adaptive multigrid smotprocedure [51, 75, 85, 92, 93, 94, 95, 96, 100]

188



The Higher Order approach is based on the Tayldesexpansion and use of relevant
correction terms rather than on adding new nodestire MFD operators. The approach seems to be
very effective — it needs two steps, using the shamc MFD operator. Quality of the final MFD
solution depends only on the truncation error @f Traylor series. HO approximation terms may be
used not only to improve the solution quality blgoato refine estimates of solutions and residuals.
Those estimates are used in the adaptive meshagemeri_ocal error indicators are proposed and used
to examine the convergence rate of the relevanitgya

F— Without Multiarid (TotalTime: O Thl, 12 Iminl. 11 Isek]) =
— With Multigrid (TotalTime: O [h], O [min], 16 [sek])
NUMBER OF MESHES: 11

set of reqular meshes  standard approach
solution \
time

multigrid
approach

meshes

Fig.7. 168 Comparison of computational time for the HO standwrd and HO adaptive multigrid
solution approaches for regular meshes

Withowt Bukigrid (Total Temns: 13 (Rl G fmind. 539 [s=k]])
Wich MuMegrid cTotalTime: 1 [l 17T [Fraea], 45 [sek]b
HUMBER OF MESHES: 3D -
solution . 7
L set of irregular meshes 7
time} 7
-~
standard approach v
g
" multigrid
approach
___— meshes
FE SH MHLIEER }

Fig.7. 17 Comparison of computational time for the HO standwrd and HO adaptive multigrid
solution approaches for irregular meshes

Used were original concepts of the prolongatiod aestriction, applied to both types of
approximation, the standard MFD operator as welth@simproved one, with additional correction
terms. The multigrid approach effectivity was piosity tested on an adaptive process reducing
computational time needed to analyse a boundanevaioblem on every step of adaptation.

However, so far only 1D and 2D simple linear benalk problems were solved, using the
above approach. Knowledge of the true analytichltiem allowed for examination of the solution
error estimates as well as for the MFD solutionsioled during the multigrid cycle. In the following
Chapter, some more sophisticated problems will ba&lysed, with a non-linearity of geometrical
nature. Moreover, some less typical applicationthefapproach will be presented, namely reliability
of the structure estimation, engineeering analgéisailroad rail as well as analysis of the beam
deflection using the fuzzy sets approach.
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8. Chosen applications in mechanics
8.1 Introduction

In the previous Chapters, presented was the geld#BIM solution approach for analysis of
the boundary value problems. It uses original cptgef the Higher Order approximation, providing
the correction terms for the MFD operators. Thosgection terms, when evaluated in the accurate
manner, may significantly improve the following asfs of the MFDM solution approach

® MFD approximation in the domain,

(i) MFD approximation on the domain boundary,

(iii) taking into the account jumps and singularitietheffunction and/or its derivatives,
(iv) improvement of the MFDM solutions quality;

(v) improvement of the MFDM solutions effectiveness;
(vi) a’posteriori solution and residual errors estimatidefined in the both local and
global forms,

(vii)  residual based generation criteria of new nodélsdh-adaptation process,
(viii)  the multigrid solution technique.

One of the most interesting features of the HO aggn seems to be a possibility for obtaining
MFDM solutions of much better quality, for the saeleud of nodes at non-significant additional
computational cost.

A variety of 1D and 2D benchmark examples, posethénlocal and/or global formulations,
were executed in order to test the HO MFDM algongh Those concepts were integrated and applied
in the adaptive multigrid solution approach, usihg HO approximation. Final tests concerned
capability of the approach to high qualityadaptive mesh refinement. Knowledge of the exact
analytical solution allowed for examination of tiested features of the approach. The results aye ve
encouraging, and show potential power of the amrothough tests executed so far were rather of
very simple nature. In this Chapter, some slightlyre sophisticated problems, though applied to very
simple structures, will be analysed, starting froypical problem of the linear and non-linear
mechanics [121]. Presented will be

a. 1D tasks

(1) non-linear analysis [58, 119] of the simply suppdrand cantilever beams [72], with
a) non-linear constitutive law [121] (physical nondarity),
b) large deflections [58] (geometrical non-linearity),
(ii) analysis of a beam deflection, based on the fuetg approach [67] and on the
MFDM algorithms [75],
(i) estimation of the reliability [38, 39, 79] of a e 1D structure,

b. 2D tasks

(iv) stress analysis in
a) a square prismatic bar
b) arailroad rail
subjected to pure torsion,
(v) non-stationary heat flow in a railroad rail, sulbggtto cooling process.

In the first tests (i), solved were simple non-iine.v. problems. However, the main goal of thesest
is to present the possibility of the HO correctterms integration into the standard iterative sotut
approach of a non-linear problem. Moreover, thecessive over-relaxation method is applied, in
order to speed up the iteration process. New cdaacepevaluating the relaxation parameter are
proposed [97, 101]. They are expected to providestbnificant solution convergence and calculation
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time improvement, when compared with the standacglaration techniques. The following two tests
(i) — (iii) are 1D problems of rather simple natuas well. However, the discrete analysis of theses
requires multiple solving of boundary value probderiherefore, effective and fast numerical tool is
needed.

The MFDM approach may be used in variety of engingeapplications. The 2D problems (vi) — (vii)
present some chosen examples of such numericgisandtspecially, the railroad rail analysis may be
treated as part of larger research, focused oratladysis of the residual stresses [36, 41, 86, 99].
Those simple tests give hope how much could besgdiowards effective solving more sophisticated
2D and 3D problems, when using the MFDM with HO ragpmation.

8.2 1D non-linear analysis

The non-linearity in mechanics [58, 121] may haw® imain sources, hamely geometrical
(e.g. large deformations, large strains) and maysones (e.g. non-linear constitutive law). In the
present section, the general MFDM solution apprdactanalysis of the non-linear boundary value
problems is presented. The quality of the MFD apipnation may be raised by considering HO
correction terms. Those terms are involved in teadard MFD iterative solution approach, applied in
the case of non-linear problems. Proposed is als®va concept of acceleration of the standard
Newton — Raphson method [119], used for iteratolat®n of the Simultaneous Algebraic Equations
(SAE).

8.2.1 Problem formulation

Consider the locally formulated boundary value pob

u=f inW
(8.1)
u=g on W
For linear problems, the differential operatormay be presented in the form
(W=agu+ay+ay+ay+. (8.2)
with functional coefficientsa =g(x) , 1=0,1,... The MFDM discretization leads to the

Simultaneous Linear Algebraic Equations (SLAE) tHeuach group of problems was considered in the
previous Chapters.

For the non-linear problems, the differential opgra may be presented in the following general
form

u ﬂ( p) u

(U) = F(U,ﬂ,...,w

(8.3)

Solution of (8.17) may be obtained then by the methf successive iterations, solving the approgriat

SLAE on every step of calculations.

In the most primitive method of simple iteratiomgie solves the linear problem, corresponding to

(p-1)

(8.1) and (8.3), in which the derivatives value,s‘lﬁ,...,‘"—_u
X ﬂX(p 1

iteration step. However, convergence of this metiagt be poor or not sufficiently fast.

Much faster are those methods, in which the vabigsined from the SLAE are treated as the

correction terms, added to the unknown functioPAmong them, one may distinguish Newton —

Raphson method and its numerous modifications.rTé@nmon feature is using of the tangent (or

secant) incremental matrix, while they differ fraach other in the manner of calculating the right

are evaluated from the previous
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hand sides of the SLAE. The incremental ma&& is derived from the Taylor series expansion of

fu
(8.3) with respect to the unknown functien
(W=F +E Du+..»F +E Du (8.4)
Tu Tu

where Du - corrections of the solution, arfe - result of the previous iteration step. In thesin —

Raphson method, the right hand side of the SLAEasofrom the difference between the functiai
the differential equation (8.1) and the currentuealof the left hand side of (8.1). The initial
approximation is improved, during the iterationgess, untill the final precision is reached.

In the practical applications, the Newton — Raphsosthod is combined with the incremental

approach, where the total non-homogeneity of tistesy is divided inton (n> 0) increments (e.g.

load increments). For each increment, the iterdtieeton — Raphson is applied separately. Moreover,
additional acceleration of the convergence mayliained by using appropriate relaxation or the-self
correcting approach. The general incremental NewtoiRaphson method with the correcting

paramete (@ =1.2, 1.3 [53] may be given in the following form

oy LR EL2en (65)
Tu n n

F . . . , ,
WherejT— is the incremental Jacobian matrix (8.4)- assumed number of increments,, - left
u

hand side value of (8.1), on the previous iteratitep. The geometrical interpretation of (8.5) I0r
case is shown in Fig.8.1.

F(u)

! Dy,

Fig.8. L Incremental Newton -Raphson method with the selfarrecting approach
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Evaluation of the incremental matrix (8.4) maygdseformed in several ways. Among them one may
distinguish

)] N-R method with the tangent incremental matrix,lexged using analytical methods,

(i) N-R method with the secant incremental matrix, eatdd using numerical differentiation,
(iii) Modified N-R, in which the incremental matrix isdaied after several iteration steps,
(iv) Initial NR, in which the incremental matrix is emated once for each increment,

(V) N-R method, in which the incremental matrix hasdtegonal form.

In the MFDM analysis, symbolic derivation may beddor evaluating the tangent matrix on eviery
iteration step [44, 45, 53, 115], followed by apption of the MFD formulas, generated by the means
of the MWLS approximation,

F, (ui(k-l),___,(q(p))(k'” o =K (q(k-l)'”_( l_ffp))(k-l) )xf<D kD

] . Fqu T qu" T ﬂ(_p)q oo
CF L (u (k-1) :ﬂ L R L
u; ( i (q ) ) ﬂui ﬂuj ﬂU"i ﬂq TILip)I ﬂllJ

F.
Here differentiation %,520,1,...@ may be performed analytically, by symbolic openas,
U
(s)
while derivatives

,$=0,1,...,p come from an appropriate MFD formulae, generated a

u,

composed for the set of partial derivatives, at lthsic stage of the approach. This approach was
successfully applied in several systems, desigoedhe discrete analysis of the boundary value
problems (e.g. FIDAM [53] and NAFDEM, [43, 45]).

In the present work, the approach is used togethier a new concept of acceleration of the NR
convergence. Instead of using self-correcting nekthwith arbitrarily chosen coefficienga , the
modified relaxation technique is proposed.

In the most iterative methods, for both the SAE S@E, the constant relaxation parameteris

chosen in such a way as to minimise the spectdalsaf the error dumping matrix [104]. Evaluation
of such m is difficult, so it is obtained approximately, ledson trial and error values ofi1 and

observing the convergenceri=1.2, 1.4). In the proposed optimal relaxation method (FR).8
proposed by J.Orkisz [101], and developed by J<2r&nd author of the present work [97], the variant
relaxation parameterg?®’ or /¥, /¥ are chosen in such a way that they minimise ¢hexed

residuum magnitude of the current soluti@ .

R - ~(p) |0

F o = F(u(k>,,,,,(u<m) ) f (0
® Dr®=r®. D (8.7)

kD = (U(K y (u(p))(k'l))_ f D

The relaxation parameter(s) is/are variable. Irhataration step their values are found by means of
simple calculations. Two situations may be distisgu

@ one relaxation parameter? is found by minimising the magnitudé of relaxed residuum
r of current solution

r® =rt+pfo@®-r C)=r C9% AP DY (8.8a)
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| =(F0) F® (8.8b)

Ao ey )

() =y (4 K[k (k1)
drP (oofpo LT A7(E U eso

(i)  two relaxation parameterg?®’ and /“ are found after two iteration steps by minimisthg
modified residuum functional

| :(f(k))t F = (r(k-l))tr (k 1)+(,ﬁk))2( D(k))t D(ko+( ,u<))2(D(k1))t I

+2/7§'<>(r(k-1))t p® 42 /k)(r“‘ 1))t P KD 42 /(k)(mm)t p (KD (8.92)
hence
kD) 3D M D) pk 1)
(I’ ) or B t (D ) b
,ﬁk) _ (D(k)) D(k-l)
o®) pm
(D—(k))t D ((D(k))?g(kl)( D(k-l))t pk D (5.9b)
o (r(k—l))tD(k y 4 ”90)( D(k))t k)
7= (D(k-l))t D
and finally
u® =y kdy ,ﬁk)(a(k) - utk 1))+ /(k)(u(k D ¢k 2)) (8.99

F u D pEkD
/( 1 )

(u(k- D pFEk 1))

(u(k—l)' F(k 1))

u u® G ykD

Fig.8. 2 Search for the optimal relaxation
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As it was shown in [97, 101], the relaxation disag above may significantly raise the convergence
rates of the iterative methods, and reduce the atatipnal time.

The convergence of the N-R iterative method shbeldontrolled by estimating both the solution and
residual errors

u® - gD

Ju®]

, F(u"‘),..., ut (k’)- F
T G T

e=H £eyn =
HF(U‘O),...,(U“’))(O))- £

£w,., (8.10)

adm

Here, ,,,, and w,,, denote the admissible error values, for solutioth @siduum respectively.

In the MFDM solution approach, the non-linear ageyis integrated with the solution process. One
may combine here the features of iterative proecsiaf the Newton — Raphson method (8.5) and
smoothing of the HO solution. Both methods deahulite same coefficient matrix of the set of MFD
equations, both with a modified right hand sideteeclheir modification may include here

® corrections derived from the NR method
. (k-1)
dij(k) - ,:ui (u 1)’___,(q(p)) )><q“‘ Do kD (8.11)

(i) optimal relaxation of the solution, with use of gra@ameter (8.8), or two parameters (8.9)

(iii) corrections derived from the Taylor series expansiothe MFD operator value

(p+1) 2p)
W _ o Tu 7"u
D =0 XD g (8.12)

evaluated by using appropriate formulae composition

The rough derivatives, derived from the MWLS apjmation without correction (8.12), are
evaluated only for the first iteration of the N-Ryaithm. On the next iterative steps, each MFD
formula is improved by its appropriate correctiomfiich are consequently added to the right hand
sides of the SLAE. Higher Order derivatives val(@d2) are upgraded in the same time as the
corrections (8.11) are getting smaller and smallee convergence is controlled by the (8.10) aster

The whole solution algorithm, which deals with dorear MFDM analysis on the single mesh, is
presented in Fig.8.3 in the form of the flow chart.
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- Formulation (local, global, ...)
- Introduction of cloud of nodes
- Mesh topology generation

- MFD star classification and generation
- MFD formulas generation (MWLS)

l

- generation of MFD equations
ITERATIVE (dependently on b.v.problem formulation) | INCREMENTAL

APPROACH - imposition of boundary conditions APPROACH
}

- solving SLAE for
current load increment

NO I
— . NO
- higher order solution - low order derivatives calculations
stabilized? 1 - higher order_derlvatwes compc_>§|t|on _full load applied?
- NR convergence reache(l? - HO correction terms composition
- relaxation parameter evaluation YES
YES

- load increment increase

- postprocessing of final results
(e.g. a’posteriori error estimation)

Fig.8. 3 The non-linear MFDM solution approach

8.2.2 Preliminary tests

Algorithm proposed above was tested on the simfebg&nchmark test, dealing with the large
deflections of the simply supported beam underanmifloading (Fig.8.4). Mainly investigated were

@ solution and residual convergence of the iteratre¢hod,
(i) influence of the relaxation parameter on the iterstnumber.

In the theory of the large deflections, the govegrdifferential equation may be written in the form

w'(x)  _
[L+(W(X)°]? 2EJ
w(0)=w(x ) =0

P(x- %), (8.13)

where X_ denotes the location of the sliding support, oa tiight end of the beam. In the present

example, assumed was the constant beam lehgtiondition, which may be written in the integral
form

L
ds= 1+ (w) dx= L (8.14)

(L 0
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v

Fig.8. 4 Simply supported beam with large deflections

After the MFD discretization with nodes, the iterative procedure

Z—é‘]qxx‘o)(x(o) >E) for k=0

1 ) ]
Z_E‘qux(k 1)()&1) ')E)’Kl- _,(\Ni(k 1) _DI(« 1))2]3/2 +D|(k 1)’ for k %

i=12,..n

W..i(k) —
(8.15)

(k-1)

may be applied to solve differential equation (3.13ere, X , k=1,2,... are nodes locations,

w'*P and w"® are derivatives values, obtained using the MWL$raximation, D'™* and

I
D"i("'l) are correction terms, corresponding to these dgvies. For relaxation purposes, the residuum
of the current solution may be defined as

K) — w 1 ®) [ K _
i - [1+(WI-(k))2]3/2 - ZEqu)g (X( - X_) ’ 1= 112!'--|n (816)

In Fig.8.5 presented are results for logé= 20 and n=100. The standard N-R and relaxed N-R

(with one or two parameters) were applied. For egigtroach option, the final approximated solution
is presented on the left, while on the right théutson and residual convergence is shown. The
standard N-R, which is the fast tool by itself, uiegd 324 iterations, while the relaxed ones reduce
this number to 186 (with one parameter) and 118h(two parameters). One may conclude, that it is
worth to apply the relaxation procedure, which reagificantly improve the convergence and reduce
the calculation time.

197
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Fig.8. 5 Comparison between three iterative approaches

8.2.3 Simply supported beam with a non-linear constitugilaw

The simply supported beam, under concentrated fosse considered (Fig.8.6). The boundary value
problem was posed in the local formulation

E(w)xJ w(® =M(3, xI(0, 1), w0)= wh=C (8.17)

Assumed was a non-linear stress-strain relasion f (€) (Fig.8.7).

The basic regular mesh was introduced, withodesx, 1=0,1,2,...n- . The following non-

linear algorithm was proposed in the adaptive MFBMlysis with HO approximation, provided by
correction terms:

v

AN N

»
»

Fig.8. & Simply supported beam under concentrated load
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(i)

(ii)

(iif)

(iv)
(V)
(vi)

(vii)

Fig.8. 7 Non-linear constitutive law s =s (¢, applied in calculations

division of the load (concentrated forB into the defined numben, of force increments
DP

generation of the set of the MFD formulae up to #order, by means of the MWLS
approximation with appropriate HO correction terfigp to the 4 order) at nodes

X, 1=0,1,2,...n- 2(m(i) - number of nodes in the MFD star for the no¢gle m - MFD
operator coefficients)

m(i)
w» o omyxwg -0° s=L2 , i=0,1,..n-, (8.18)
=1

i

generation of the MFD equations inside the domdierg, by means of the collocation
technique)

m(i)
My W k =1

i _ Wll , — 1
m(i) ' -W+D®@ o k>1
m, xw, -0? k>l L (8.19)

j=1

WiII » Lw =

E=f(e) , Eaxy = 00 0 1O1
M)+ ED® , k>l

enforcing the boundary conditiong, =w,_, =0,

solution of the appropriate SLAE,
evaluation of the solution derivatives (using thé&/MS technique), corresponding to the strain
and stress here, and their HO correction terms,

W',WI ® V\II”,VV ® Di(l)Di(Z)

(8.20)
g=-w+D, s=Ee

evaluation of the internal forces

fi =B J >(V\/| - [?2)) (8.21)
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(viiiy  evaluation of the residual forces
fres,i = fint,i - fext,iz Ei‘]x( WI - Di(Z)) + M( X) (822)

(ix) solution of the SLAE for the sub-increment of tbhad

EJxLDy =f,;, i 42..nh -2
W = w + Dy
(x) relaxation of the solution
(xi)  repetition of steps (vi) — (x) as long as the resstémain stablg f,. | £ e,4,
(xii)  a’posteriori estimation of the residual error,la points between the neighbouring nodes,

(8.23)

r=Ex fw', -1) M, (8.24)

(xvi) nodes generation, in a specified number of new siddeations, due to the appropriate
improved residual error criterion,

(xvii) repetition of the steps (ii) — (xvi), until the athsible residual error level is reached,

(xviii) increase load by subsequent increment; repetiticgteps (iii) — (xvii), until the total load is
applied to the beam

(xix)  postprocessing of the final results.

In the first test, examined was the regular mesth @B nodes. The total load valuB,=1, was
divided into n, =10 increments ofDP =0.1 value. In Fig.8.8 presented are: bending moment
distribution, and nodal deflections, continued bgams of the MWLS approximation, for the specified
load increment?, = 0.8.

-8.48 8.16 0.72 1.28 1.8% 2_an
T T T T 8.604
LOAD (P = B_80)
- — @8.358
- l’ - 8128
o VAN AN - -8.12
- - -8.36
| | | | —o]
-8.48 6.16 0.72 1.28 1.84 2._hy
-8.48 8.16 0.72 1.28 1.8% 2_an
T T T T 6.197
DEFLECTION (MFDH) {max = B8_1647)
- - a.118

-8.19
L}

—-8.458 a.16 a.72 1.28 1.84% 2.5

Fig.8. 8 Bending moment and beam deflection, while applyigthe load increments
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In Fig.8.9, presented is convergence of the incntéahdterative N-R method, for the node loaded by
the concentrated force (maximum deflection).

A rough regular mesh with 13 nodes was used ass& bmaesh for the solution and residual
convergence estimation. Generated were 20 megdar and adaptive irregular ones, according to
the solution algorithm, given above. Results fogutar meshes are presented in Fig.8.10, while
Fig.8.11 and Fig.8.12 show results for irregulagsn

In Fig.8.10 and Fig.8.11, presented are

- the final mesh, with distribution of the residualog (solid line) and mesh density (dashed line),
located on the bottom of the figures,

- convergence of the solution (on the left top)the maximum (dots) and mean norms (triangles),
in the logarithmic scale,

- convergence of the residuum (on the right top) tha maximum (dots) and mean norms
(triangles), in the logarithmic scale.

Complete set of irregular meshes is shown in Fig.8.

=M, [IF 0.04 0.10 0.1a 0.2z .22
oooooy 1 | | | S 0.55
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04500
ooooor - 0.4z

04000

03500

ooooor - 0.3l

0.3000

0.2600

0.2000

ooooor - o.1em

01500

01000

ooooor - o.o07m

0.0500

oooooo -0.051
=, 03 o

0.04 0.10 0.1a 0.2z 0.2

Fig.8. 9 Incremental iteration approach results, for the deflection in the middle of the beam

The convergence rates are presented in Tab.8.&eTdoncentration zones may be observed, while
dealing with the adaptive meshes (Fig.8.12), namelgr the boundary and near the concentrated
force. These results may be compared with the oi¢ained using the regular mesh (Fig.8.10).
Residual error distribution exhibits its largeskwsss in the mentioned locations.

regular meshes irregular meshes
convergence rate . .
mean maximum mean maximum
solution 4.19 3.67 3.5 3.18
residuum 1.86 1.38 1.87 1.67

Tab.8. L Comparison of the solution and residual convergese rate between regular and
irregular meshes
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Fig.8. 1 Final regular mesh and convergence of solutionral residuum error distribution
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Fig.8. 11 Final irregular mesh and convergence of solutiomnd residuum error distribution
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Fig.8. 12 Set of adaptive irregular meshes

It is worth stressing that the error level on thmegular cloud of nodes (Fig.8.11) is smaller, when
compared to results obtained for the set of regulshes (Fig.8.10), with similar number of nodes.

8.2.4 Cantilever beam with large deflections
Testno.1l
Considered was large deflections problem of theilexer beam, loaded with a concentrated moment

M (test no.1) and, in what follows, with a concated forceP (test no.2). The boundary value
problem, posed in the local formulation

wi®) 1
[L+(W(X)° ]2 EJ

M(x), w0)=0, w'(0= 0, ¥ (OL’ (8.25)

was transformed to the form, using the paramettation x = x(9 , w= W 3, shown in Fig.8.13.
This transformation was performed in order to allesvy large for beam deflection analysed in all
four sectors of the co-ordinate systesi ((0, 20)).

The parametric co-ordinates

- dx o dw

==2, w=— 8.26
ds ds ( )

allow for evaluating derivatives required in th&efiential equation (8.25)

203



, dw ds w
W=—-X%— =—, W' = % =,

W XX W 8.27
e L woex W ®.27)
X

Therefore, the curvature, which appears in (8.2%)y be presented in the following parametric form

1 WX - W W'
7=_2_2§= 3 (8.28)
(x +w)? 1+ (w)* 2
L
Y, W,

Fig.8. 13 Cantilever beam with large deflections

After simplifying the denominator of (8.28)

2 2 2 2
2 +
X+W:2( + dw :di d\ﬁ:dézl (8.29)

ds  ds a8 d5

one obtains the parametric notation of the bearect&n problem for large deformations, equivalent
to the form (8.25)

S G e ot et
WXty @ T g WET (830)
(X +W )2 WXW +X X 8 x =4

where f (X, w) = - M (x, w) . Additional conditions are applied

on the boundary
w0)=0 , w'(@0)=0 , x(0)=( (8.31)

Moreover the beam preserves the constant lehgth
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L

ds=L ®

0

L L2 2
x+ wds |
0

during the whole deformation process.

(8.

32)
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d) after 30(force increments

Fig.8. 14 Large deflections of the cantilever beam under a@entrated moment — non-adaptive
HO MFDM solution approach — test no.1

Regular mesh with 20 nodes was introduced, for tb& no.l, with concentrated moment
M . . .
f(M) :E_J at the unbounded end of the beam, with 1. Calculations were performed according

to the MFDM solution algorithm, proposed in thepoeis sections. However, the adaptive approach
was not applied here. The load was successiveledsed, following the subsequent deformation
forms of the beam. The mesh remained unchangediltRese presented in Fig.8.14. It is worth

stressing the quality of the solution representethb ideal circle despite how bigg the deflecimn

Test no.2

More sophisticated test no.2 deals with beam l@adig the concentrated following force. The
following form of the right hand side function fsen

1
oW P =R (w- W POx- (8.33)
where P, and R, are load projections in the ‘X’ and 'y’ axis, resgively. The full MFDM algorithm
with adaptation and HO approximation, proposedéngrevious section, was applied here.

When the mean residual error

205



2

rX:\/ w- fxx + x+fxw (8.34)

evaluated at the points between two neighbourindespowas larger than the admissible threshold
value €,,,, = 0.01, the mesh was refined — new nodes were insertéditidnally, the set of meshes

was analysed using the multigrid technique, disetigs the previous Chapter.

The results are presented in Fig.8.15 — Fig.81A%hé initial state (Fig.8.15a), the basic regufesh

with 5 nodes only, was introduced. Depsite insgrtiew nodes into the mesh, during the deformation
process, the residual error (8.34) raised, becaliiee increased load value. As a consequence, new
nodes were again added (Fig.8.15b-c). The adapévef irregular meshes is shown in Fig.8.16 —
Fig.8.18.
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DIBD [ - -B3B0

DEZO [ 1 =2 N

waeo - @) INitial state | om0
regular mestwith 5 nodes

I | I v >
_m < R o o ™ e @ =@ S@ LoRsiE ) OIS @DEE DBE AeAD

b) after 20force incrementand 1
adaptive mesh refinemefit3 nodes)

- ededo@ [

-OAD DAl 0S8 D52 DB 4AD =0 AT L E -] WEE WIBE AeAD
T T T T T T ! 1 I 1 1 1

A0D — — B ] [~ -

@dam — ResiE )

o.s=0 [ B

c) after 50force i KM d) after 90force

os=e [

incrementg21 nodes) = incrementg{32 nodes) |

omse [ - eese

4400 [~ - oo

L I | I L I ! ! ! ! ! |
DD O 0= D5 o 1D ~0A@ Bl .58 DES o.BE 4.A@

Fig.8. 15 Large deflections of the cantilever beam under amentrated following force; adaptive
HO MFDM solution approach — test no.2

The process summary is presented in Fig.8.19. Ggemee of the residual error (8.34) is shown, in
the logarithmic scale. In the top graph, the meaadlilean norm is applied, while in the bottom one,
results are given in the maximum norm. The resid(@®u34) decreased during the adaptation process
of the new nodes, which were inserted as long @satimissible error level was reached (horizontal
dashed line). The residuum (8.34) increased, wieanload increment was added, although mesh was
immediately refined then. Therefore, the residu@i4) was kept each time on the same threshold

levele,,,=0.01
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Fig.8. 16 Set of adaptive irregular meshes - test no.2
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Fig.8. 17 Set of adaptive irregular meshes - test no.2 (ctp
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Fig.8. 18 Set of adaptive irregular meshes - test no.2 (caop
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Fig.8. 19 Convergence of the residuum - test no.2

8.3 1D fuzzy sets analysis
8.3.1 Introduction

In the classical structural mechanics [14], dynamnd static loads (e.g. concentrated or
uniformed) or boundary supports have unambiguofizgd locations and values.. However, much
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more precise numerical modelling may include alscentainty of some data. Uncertainty of this type
may occur in physical structural parameters, tharpaters of probability distribution, as well as in
the processes of design and planning, constructiamage, preservation and strengthening. These
processes may include e.g. human mistakes andsemsonvell as uncertain boundary conditions.
Uncertainty in the above mentioned processes inflee the physical structural parameters. The
effects of uncertainty may be described mathematibg fuzzy sets theory [67, 79].

In the fuzzy sets analysis [67, 79], which becammre and more popular nowadays, one
deals with the fuzzy models of the entering dati#éh wpecified membership function, characterising
the data randomness. Sought is the fuzzy modéleoptoblem solution, corresponding to those fuzzy
data. As the results, obtained is usually the wkantaly of solutions, stating the fuzzy solution ded
(e.g. displacements, stresses, ...). Such modeldlevaluate fuzzy asnwer based on fuzzy data. So
called defuzzification process may show the maaswaable solution. Such approach may be useful,
e.g. in case of designing or optimisation of thractire, according to the assumed admissible iter
and constraints (e.g. limited maximum deflectiorgmitude). Information about the sensitivity of this
structure to changes of some parameters may alsbtbmed in this way.

The fuzzy analysis is much more complex than thaddrd one and require, in general case,
solution of series similar boundary value problefitsose problems differ from each other e.g. by the
problem parameter values, and the form of rightdhside (of their equations). Moreover, the results
of singular problems have to be composed in thpgravay. Therefore, effective and precise solution
tool is needed on each step of analysis. Such isogirovided here by the HO MFDM solution
approach.

8.3.2 Problem formulation

Consider functionf : xTA ®™®  f(XA , defined either by the explicit formula
f=f(x) (8.35)

or by the appropriate differential equation, e.g.

ﬂf ﬂ( p) f

F f—,
I ﬂX(p)

=0 (8.36)

2 4 5 X 3 5 g 1%

Fig.8. 20 Membership functions of the input data

An uncertainty of data elemen¢ ,i=1,...,n is characterised by a fuzzy s¥ = ()g,np = /)@),()) ,

where /7{x ) is the membership function, corresponding to #relomness of ) distribution. The

greater functional valueﬂ()g) are, the better assessment criterion is satisliethis Chapter, the
normalised membership functions
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sup m(x) =1 (8.37)
X X

are considered. Exemplary triangular membershiptions are shown in Fig.8.20.
The fuzzy setZ =( f,m f)) of the functionf is sought (Fig.8.21), described in terms of tnez{

randomness of the input argumer{txl, Xz,...,Xn} . When the functionf is defined explicitly

(8.35), the problem may be solved analytically.tie case of an implicit form, e.g. differential
equation (8.36), problem needs numerical treatment.

)

[

Fig.8. 21 Fuzzy distribution of the output function f

There are two main approaches [67] in order to thepfuzzy setsX, ,i=1,...n into the result
spaceZ, namely

0] extension principle,
(i) alpha-level optimisation.

8.3.3 Extension principle

In the first case (i), the fuzzy seiX, , i=1,...n are linked with the aid of the Cartesian product
X,” X, ...X,. The extension principle specifies the mappinghef fuzzy input set into a new

fundamental seZ, obtained together with the membership functieff ). The membership values
are computed by the means of the max-min operator.

The continuous fuzzy input variables, i =1,...,n posses an infinite number of elements. However,
for numerical treatment, only a finite sample afreénts from both fuzzy numbers may be considered
(Fig.8.22). All combinations of elements from ,i=1,...,n are to be evaluated using (8.35) or

(8.36). With an increasing number of combinatiofglements from the fuzzy input variables, the
numerical solution converges to the exact resulfffo

The accuracy of the membership function of a fuzsult essentially depends on the number and on
location of elements from the fuzzy input sets tin@ chosen for numerical evaluation. The mapping
model as well as the form of the membership fumctb the fuzzy input sets affects the numerical
effort and the accuracy of the fuzzy result. Thenarical effort concerning application of the
extension principle increases exponentially witk thumber of fuzzy input variables (here, space
dimensiom).
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Fig.8. 22 Mapping algorithm on the inputs level

Therefore, the extension principle, though verypdemin concept, is not applied in fuzzy structural
analysis. For this reason, a capable numericalntqub, the so called alpha-level optimisation, is
briefly presented in the subsequent section.

8.3.4 Alpha-level optimisation

All fuzzy input variablesx ,i=1,...n are discretized using the same number of alphelddy
which correspond to the specified membership valwé@ ,1=1,2,...n. For each fuzzy input

variable X on thek level, computed are elements of the fuzzy re(sl[ll‘f”,/ﬁk)), by means of the

mapping model (8.35) or (8.37) (Fig.8.23). Onceltrgest f %) and the smallestf ) element on
thek level are determined, two points of the memberéiigtion /7{f) are known. In the case of
convex fuzzy result variables, the{ f) is completely described. The determinationfdf’ and f

min
replaces the max-min operator of the extensiorcpiie.
The search for the smallest and the largest elesrisrformulated as an optimisation problem. The
objective functions

max
min

f(%,...%) ® c (X T X® (8.38)

have to be satisfied. The requireme(ys,...,x,)T X represent the constraints of the optimisation
problem.
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Fig.8. 23 The alpha-section approach

8.3.5 Preliminary example

Results of two simple tests will be presented, ideo to illustrate above discussed techniques.
Consider e.g. the test functioh: A’®A  : (x,%® f, given in the explicit form

F (%, %) = (X~ 3+ (%~ 6)F 2 (8.39)

Fig.8. 24 Fuzzy result randomness, evaluated using extensi@rinciple

In the simplest solution approach, namely extenpiamciple, the intervalsq T (2,5) andx,1 (3,8)
are discretized usingn, and n, points, respectively. Discretization with the samamber

n, =n, =50 of points was applied. Results are presentedgr824. As it may be observed, results
are not very accurate and smooth, due to too smatber of points. In addition to that, the solution
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approach given above is very time consuming, mabdgause of the large number of min-max
searching procedures.

Results for the considered function (8.39), usalgha-level optimisation approach, are
presented in Fig.8.25. The main advantage of thpeoagh is that one finds the extreme values of
membership functiorf explicitly, without the additional min-max opeamat, performed on the set of
discrete values of. However, this approach holds only for convex mersbip functions.

Fig.8. 25 Fuzzy result randomness, evaluated using alphayel optimisation

The above example, though trivial, reflects themfaatures of the fuzzy analysis. The main target i
to determine the fuzzy randomness of the solutiorterms of the fuzzy randomness of the input
variables.

8.3.6 The MFDM analysis of the simply supported beam

In the previous section, given were outlines offtiezy sets analysis, using the alpha-sections
approach. It will be applied here for solving thmubdary value problem for simply supported beam
deflection [79]. Fuzzy randomness concerns suchtipprameters as load location and/or the load
value (Fig.8.26). The MFDM is used here as a tdéolumerical analysis needed in the alpha sections
approach. In the precedding example, there waseerd for numerical analysis because the explicit
analytical formula (8.39) was given.

In the first problem (test no.1), fuzzy randomnekthe load (concentrated force and moment)

locations are considered. Triangular membershiptians of inputs/ = 7fx,) and ;3 = rfx,) are

presented in Fig.8.26. Sought is the fuzzy rand@sirté the beam deflectiorrr= /ﬁu) which is

given in the form of the differential equation. Balary value problem is posed in the local
formulation

u'x=f(x , f(>o=-MEgX) (8.40)

u@)=u(4)=0 , xi (0,49

The beam was discretized with 50 nodes, regulgdcead. In the alpha-level optimisation approach,
applied here, one has to solve many boundary vatablems (8.40), for the fixed load locations
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x,x In the first test, applied were, = n, =10 sections. The partial results, derived in several

steps of calculations, corresponding to the sulm®ggections, are presented in Fig.8.27. Deflestion
for all nodes were evaluated. Their fuzzy modepragimated at nodes, is presented in Fig.8.28. The
fuzzy randomness in the middle of the beam is shiomiig.8.29. Finally, Fig.8.30 presents the 2D
model of fuzzy membership function of the beameitsion.

T
b.v. problem . Xl (2.3) s

(beam deflection) with - " ;
fuzzy data x! (1525 m

(variant locations of
concentrated loads

u"(x)= f(», x (0,4)
ui@=u4)=0

x1 (15,25 %1 (2,3

x1 (1.5,2.5
%1 (2,3)

Fig.8. 26 Beam deflection problem with 2 fuzzy input data test no.1

a=1 a =0.67

a=0.33 a=0

Fig.8. 27 Results of beam deflections on the several solati stages - test no.1
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Fig.8. 28 Fuzzy model of beam deflection - test no.1

Fig.8. 29 Fuzzy randomness of deflection in the middle ohie beam — test no.1

In the considered example, the total number of IBd4ndary value problems were solved, each for
various load locations, specified by the subsequections. As it may be observed (Fig.8.28 —
Fig.8.30), the results do not exhibit the highateorof smoothness, due to the coarse regular nmesh a

presence of concentrated loading.

In order to improve the results, a finer irregutaesh with 66 nodes was considred. Mesh refinement
was performed in the intervals of the load variadidFig.8.31). Additionally, the load valud®,and
M, were also applied with some uncertainty (Fig.B.3herefore, fuzzy analysis was performed with
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4 fuzzy input data (test no.2). Their triangularnmbership functions are presented on the bottom of
Fig.8.31.

The n, =n, =20 number of sections was used, which gave the tataiber of 11,119 boundary

value problems solved, each yielded the high guMiED solution at nodes. The results are presented
in the similar way as in the previous test no.1Fim8.32 — Fig.8.34.

Significant improvement of the results may be obseér with the smoother deflection (Fig.8.32) and
smoother membership function (Fig.8.33 and Fig)8.34

Fig.8. 30 Fuzzy randomness of the beam deflection (2D view)}est no.1

Fig.8. 31 Beam deflection problem with 4 fuzzy input data test no.2
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Fig.8. 32 Fuzzy model of beam deflection - test no.2

Fig.8. 33 Fuzzy randomness of deflection in the middle ofhe beam — test no.2
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Fig.8. 34 Fuzzy randomness of the beam deflection (2D view}est no.2

8.4 1D reliability estimation
8.4.1 Problem formulation

Another example was also chosen to show the arappifcation of the MFDM approach, as
the effective and precise numerical tool. The belity estimation problem for the simple 1D struetu
will be analysed [39, 79]. In mechanics, reliagilis understood as probability of situation when
failure, due to appropriate criterion, does notespp For the simply supported beam, presented in
Fig.8.35, given is the probability distributionthie concentrated force locatigp( X) .

failure location

safe
location

Fig.8. 35 Safe and failure locations, due to the probabilif distribution

The force location may fall into the sat/, or failure W, zones. The force locations in the failure

zonesW, produce non-admissible solutions, for beam detiast violating the applied criterion
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=Wy~ W2 0 (8.41)

Here w, . is the maximum beam deflection caused by the fif@de location, andw,, -

max

admissible deflection (Fig.8.36) given. Therefdhe probability of failure may be defined, as folk

p(x) xd W
— W (8.42)
p(X) xd W

Wi +W
and the reliability is the probability of the resersituation

R=1- P (8.43)

safe
solution

Aure solution g£0

Fig.8. 36 Admissible and non-admissible solutions

In the discrete analysis, applied here reliabititya considered beam was estimated using the Monte
Carlo simulation method, and the MFDM solution agmh. In the Monte Carlo simulation method
[20, 67], one deals with many force locations, @nty chosen, due to the probability distribution.
For each fixed location the beam deflection probigmolved using the MFDM approach. The failure
criterion is checked, and the load configuratioexamined then, whether it results in safe or failu
solution. The probability of failure and reliabylimay be estimated, as follows

n, n- n,
P»— , R=1- P» (8.44)
n n

here n, denotes the number of failure locations and- number of safe locations, derived from the

Monte Carlo simulations and MFDM solutions. Thegenumber of random solution needed requires
fast tool for solving the boundary value problenmthwufficiently high precision.

8.4.2 Numerical example of the MFDM analysis

The above proposed solution approach, using thetéGarlo simulation method [20], and the basic
MFDM solution approach [75], is given below

(i) assume the admissible beam deflectigp,, used in the failure criterion
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(i) choose a random force location on the beam, basdtiet Gaussian type probability
distribution p(Xx)
(iii) for fixed force location, solve the boundary vapreblem

w0 = F(0) f(x):'—M(EXjP) 605

u@)=u(4)=0 , xi (0,49
using the MFDM approach, and randomly chosen |lgadata

Details of the MFDM solution approach

a. beam was discretized with 33 nodes, regularly shace

b. solution approach included the MFD schemes gemerdiy means of the MWLS
approximation, HO approximation using correctiomnts, as well as an improved
a’posteriori error estimation,

c. mesh refinement in the closest neighbourhood obdundary and force.

(iv)  find the maximum nodal value of beam deflectiqy,,

(v) check, whether the failure criterion (8.41) is sf#d, if not, increase the number of
failuresn, ,

(vi) finally, estimate the beam reliability (8.44).

In Fig.8.37, presented is the exemplary resulhefrandom procedure, with the force location fixed,
as well as the beam deflection problem solved,faihare criterion checked. The force was located in
the failure zone, in this case.

simulation
P(X
Y (Monte Carlo)
X
_’
safe failure safe
Bending Beam deflection
moment
uadm

Fig.8. 37 Exemplary Monte Carlo simulation with the MFDM analysis
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The tests were performed in 100 series, each onsisted of 2,000 Monte Carlo simulations. That

gives the total number of solved boundary valueblemms equal to 200,000. The final results are
presented in Fig.8.38. Shown are

® the exact reliability value, evaluated using forai(8.42) and (8.43) — dashed line,
(i) numerical estimation of the reliability (8.44), fincone of the 100 series — light thick line,

(iii) numerical estimation of the reliability (8.44), aaged from all 100 series — dark thick
line.

High convergence rate may be observed, when thexging method is applied. The final numerical
results are very close to the theoretical valuleeafim reliability.

Reliability
n=2000MC simulation$ 100 series 2 10

(iif) mean value of 100 series _
simulated by Monte Carlo followed (i) exact value
by the MFDM analysis

/
\

(ii) one of 100 series
consisting of 2000

MC simulations and MFDM
analysis

number of simulations

Fig.8. 38 Reliability estimation convergence

The above given 1D examples, though of very simm&ure, shows, that there is still need for
exploring new solution methods, and developing dkisting ones. Analysis of many sophisticated
problems of mechanics may be easier and faster theme, presented will be some 2D tests.

8.5 2D analysis
8.5.1 Stress analysis in a prismatic bar

Formulation of the b.v. problem: Find the sheassdr

F=\r24 2 (8.464)

where
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_IF o, _TF (8.46b)

[zx - ﬂy ) zy ﬂX
in a prismatic bar of square cross-sect(m a) subjected to the torsional momekt. Consider the
local formulation of the boundary value problem

F=-C inW

8.
=0 on W (8.47)

m 2

whereF - Prandtl function andC - torsional angle, antl =2 FdW.
W

The MFDM solution approach with HO approximationsaesed as a numerical tool for analysis of the
problem (8.47), and evaluation of the stresses6j8ih postprocessing. The low and higher order
MFDM solutions were obtained, and were comparedth wie known analytical solution [121] given
below

2 2 ¥ -1)"
FO(x, y)= C a. y i & Lcosh k -x 1 cos k -y 1 (8.48)
4 2 & n01cosh k.a 2 2
2
¥ -1)"
tO(x,y)=C -2 ¢ %+ 8 Lcosh k x —; sin k -y—; (8.49)
A n=0 k? cosh ka
2
(n) _8C ¥ (' 1)” . 1 1
t(Xy)y=— ——————sinh k, x-= cosk y — (8.50)
Y A o 2 k,a 2 2
. cosh
2
where kn:M , n=0,1,..
a

The number of terma in above formulae, sufficient for further calctibms, was derived from the
simple convergence test, based on controlling i e

F™ (%, Yo)-F ™2 (%, )|
F™ (X, Yo) |

_|
e=
‘

Results for poin =0,y, :1 , located on the boundary, where the stresses)(8ré6he largest,
X 075

are presented below (Fig.8.39). It may be obsertleat, for the accuracy Ieve&adm=10'12, it is
sufficient to use onlyn =6 terms in (8.48) + (8.50).
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Fig.8. 39: Convergence test for number of terms ithe true solutions (8.48) + (8.50)
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Fig.8. 40: Prandtl function (I row) and stress results (%' row)
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Considered was the regular mesh, wifii 6= 36 nodes. Results are presented in Fig.8.40. In the
first row, shown is the low order, HO and analytisalution (8.48) for Prandtl function (8.47), wnil

in the second row, presented is the total stfe¢8.46), obtained after differentiation of the lowder,

HO and analytical results. In Fig.8.41, shown &s titue error solution, separately for Prandtl fiorct
(first row) and stress (second row). Each times@néed are the maximum and mean values.

Due to smooth true solution, it is hard to distiisfuthe difference between the low and HO solutions
especially when using sufficiently dense meshes.



In Fig.8.42, shown is the solution convergence la get of regular meshes, varying in number of
nodes from4” 4= 16to 30" 30= 90(

1 LO ERROR (max = 0.0014, mean = 0.013) HO ERROR (max = 0.002, mean = 0.01)
0.8
0.6
0.4
0.2
0
LO STRESS ERROR (max = 0.089, mean = 0.54) HO STRESS ERROR (max = 0.067, mean = 0.19)
S _ K ! XSS 0.0
0.8 ( \ 0.8 '
0.6 0.6
0.4 0.4
0.2 0.2
. LB S
0 0.5 1 0 0.5 1

Fig.8. 41: Solution and stress true error for loworder and HO approximation

SOLUTION CONVERGENCE
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Fig.8. 42: Low order and HO solutions convergencen the set of regular meshes
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8.5.2 Stress analysis in railroad rail

Find the shear stress (8.46) in a railroad raijesttbd to torsional momenitl [86]. Given is the local
formulation (8.47) of b.v. problem. The rail cont@nd considered cloud of 300 nodes with Delaunay
triangulation are presented in Fig.8.43.

Results of solution (first row), and shear stressc¢nd row) for both the low order and HO
approximation are presented in Fig.8.44, togethtr the maximum, mean and minimum values. The
contour maps in Fig.8.45 present the same resiittagh in different manner.

RAILROAD RAIL CONTOUR CLOUD OF NODES (300) WITH DELAUNAY TRIANGULATION (463)
e Httie Bttt Bl N T T T Tr -
| | | | | |
| | | | | |
| | | | | |
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| | | ] | | | |
| | | | | | | |
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Fig.8. 43: Rail contour and cloud of nodes with Oaunay triangulation

8.5.3 Heat flow analysis in railroad rail

Formulation of the b.v. problem:
Find the distribution of the temperaturd (X, y,t) in the railroad rail (Fig.8.42), for the non-

stationary heat flow process, given by the difféiedrequation

KT = kL (8.51)
fit

with the following boundary conditions

T(x, ¥, 1), =100 (8.52)
and initial condition

T(x y,t=0)=500 (8.53)

This example may be considered as the computationdkl of the technological cooling process in
railroad rail manufacturing. This is an introdugtgrart of the residual stresses analysis in railroa
rails [75, 86].
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Fig. 8.44: Results for shear stress analysis in tevad rail — colour map
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Fig. 8.45: Results for shear stress analysis in tevad rail — contour map
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Considered was the same cloud of 300 nodes, & iprevious example (Fig.8.43). The MFDM with
HO approximation was applied for the spafial y) approximation. The time space was divided into

10 intervals (tk,tk+1> , k=0,1,...,¢ of the same lengttDt . Time integration was performed by
means of three different schemes (Fig.8.46), namely

Ch1 : .
(unknown) Q$§ _ O%QD\_O _

: _ i
(known) D o

c¢) improved HO
implicit formula
(Crank — Nicholson)

a) explicit formula b) standard
implicit formula

Fig. 8.46: Three different schemes for time integitzon

explicit formula, giving values on the unknown tinbevel ‘k+1” one by one, being
conditionally stable, depending on the time stBp, which can not be too large; for the mesh
used in the present test, the time step value dvée tsmaller tharDt.. =0.04, unless the
results become unstable,

standard implicit formula, which is unconditionalstable and leads to the SLAE on the
unknown time level K+1”,

improved Crank Nicholson implicit formula, also wmclitionally stable and providing SLAE
on the unknown time levek+1”.

crit

Below presented are results (Fig.8.47 + Fig.8.6R}Hose three different time schemes, with theesam
time step Dt =0.01.

In Fig.8.47, Fig.8.49 and Fig.8.51 presented asalte (temperature distribution) obtained at the¥%

, ¥4 of the process and at the end of the processeath time scheme respectively.

In Fig.8.48, Fig.8.50, and Fig.8.52 shown is thwaffitemperature distribution after 10 time steps,
whent =10x[D =0.1. The left graph on the top presents the temperatistribution at the end of the
process, scaled to its present maximum value, whidegraph on the top right shows the same
temperature distribution, but adjusted to the maxmtemperature value in the initial state.
Additionally, at the bottom presented is the temapge (maximum and mean) change on the
subsequent time steps.

Results (temperature distribution at the end ofptfeeess) from all three time integration schen)es a
+ b) and c) are compared in the Fig.8.53. Theyegeented in the form of contour maps.
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TEMPERATURE for t = 0.02 TEMPERATURE for t = 0.05

TEMPERATURE for t = 0.07 TEMPERATURE fort = 0.1

Fig. 8.47: Partial results for the a) explicit schme

Fig. 8.48: Final results for the a) explicit scheme
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TEMPERATURE for t = 0.02 TEMPERATURE for t = 0.05

TEMPERATURE for t = 0.07 TEMPERATURE fort= 0.1

Fig. 8.49: Patrtial results for the b) standard impicit scheme

Fig. 8.50: Final results for the b) standard impliéct scheme
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TEMPERATURE for t = 0.02 TEMPERATURE for t = 0.05

TEMPERATURE for t = 0.07 TEMPERATURE fort=0.1

Fig. 8.52: Partial results for the c) improved impicit scheme (Crank — Nicholson)

Fig. 8.52: Final results for the ¢) improved impliét scheme (Crank — Nicholson)
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T(x y,0.1) T(x y,0.1) T(x y,0.1)

a) explicit scheme b) standard implicit c) C-N implicit
scheme scheme

Fig.8.53: Distribution of the temperature for t=0.1for three time schemes a)-c)

8.6 Summary

Several chosen engineering applications of the MFB#&ptive solution approach were
presented here. The approach uses original contepe HO approximation provided by correction
terms of the MFD operator.

The pupose of analysis of several engineering@yablems carried out here was done rather
in order to show a variety of types of b.v. probéethat may be effectively solved by using the HO
MFDM, than to solve particulary large and complealrproblems.

The full MFDM solution algorithm was successfullypied in several non-linear 1D
boundary value problems. The meshes were adaptieihed, using appropriate criterion based on an
improved estimation of the residual error. Adaptivesh refinement allowed for obtaining the optimal
problem discretization with high quality HO MFDM lation. The HO correction terms were
integrated with an iterative process, designed\fiewton — Raphson method. Proposed were original
concepts of optimal relaxation of the solution, impng the convergence rate and reducing
calculation time.

The MFDM approach was also applied in tests, teéqtire solving series of boundary value
problems. These were the fuzzy analysis and MoaroGimulation in 1D as well as stress analysis
and heat flow problems in 2D. 1D examples were ehdsom the beam deflection area, for the sake
of simplicity. 2D tasks concern typical engineerfiejds, e.g. railroad rail analysis. Due to sirojbli
of the computational model, very large number ofirimtary value problems may be solved fast,
providing high quality results. The results obtainestified applying the MFDM solution approach,
including the HO approximation, to those less tgpjroblems.

Results presented above concerned boundary valokleprs of rather simple nature.
Therefore, 2D problems with complex domain geomshtguld be considered in the next step of this
study. However, full application of the mesh getmraf Liszka type is required then. Development
of such generator is an independent research tedkcompleted yet and will be finalised within
several months. Therefore, analysis of 2D engingegproblems as well as further testing, especially
3D examples, is planned as the next step of teisareh.
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9. Software development

First attempts to desgin a fully integrated systemMFDM analysis were made in the 70’s,
due to development of the meshless finite diffeeemethod. That version allowed for fully automatic
calculations to be carried out as in advanced progrof the finite element method and was able to be
preferred in non-linear, optimisation and time-degent problems. The set of computer programs,
called FIDAM (Finite Difference-Arbitrary Mesh, [P3was designed, programmed (in 1977 in Algor
code) and tested by T.Liszka [53]. It was usedaifoalysis of both linear and nonlinear problems in
applied mechanics.

The next step was the development in the 80’s e€iafly designed environment and package
of procedures, called NAFDEM (Nonlinear Analysimik@ Difference Element Method, [44, 45]
written in Fortran 77 language by J.Krok). It alledvfor mixed FEM AND MFDM analysis [45]. It
had a special preprocessor JKJK realizing sophistit symbolic operations [44]. It is still the most
developed tool for MFDM/FEM analysis.

In the recent years, emphasis was laid upon denelopof programs for chosen extensions of
the basic MFDM approach, e.g. for physically basggproximation [36] applied in the residual
stresses analysis of railroad rail [86] as wellorsexamination of the MWLS approximation [80].

However, the above mentioned program packages@nd sther not mentioned here, do not
allow for effective examination of the HO approxima, discussed in this Thesis. Therefore,
completely new programs of test nature were dedigmel generated in order to control ever single
aspect of the approach and its influence on theoappation quality. All results, presented in the
previous Chapters in the form of tables and figunese obtained using those implementations.

Computer algorithms were designed separately fomad® 2D testing. First, they were based
on the classic FDM, with regular meshes and infetfum schemes only. Then they were consequently
developed towards examination of the following fees

- arbitrarily irregular clouds of nodes, allowing f@daptive and random distribution,

- the MWLS approximation, for MFD schemes - generatiad postprocessing,

- various MFD schemes, allowing for effective appnoeation on the boundary, including
a. simple multipoint schemes,
b. use of generalised degrees of freedom,
c. use of boundary condition and domain equation §ipdadn its boundary,
d. other combined techniques.

- a'posteriori solution error estimation, in the Ibfmm (at any required point),

- &’ posteriori residual error estimation, in thedbform (at any required point),

- convergence analysis on the set of regular meshes,

- generation criterion for new nodes, based on imgulastimation of the residual error,

- mesh smoothing, based on appropriate smoothingrieiitavoiding abrupt changes in mesh
density,

- a'posteriori solution error estimation, in the gibk(integral) form, over the chosen interval
(hierarchic, smoothing and residual types),

- development of error indicators for irregular mesh,

- convergence analysis on a set of adaptive irreguéeshes,

- multgrid analysis on a set of regular and irregutashes for standard (low order) and HO
approximation.

Program codes (named HOMFDM1D for analysis of 1§k¢aand HOMFDM2D for analysis
of 2D problems) were written in the C++ languagé] [Ry the Author of the Thesis, and applied in the
Microsoft Visual C++ environment. All codes are da®n the object-oriented programming style [24,
25]. Appropriate classes result from the MFDM natug.g. point, node, cloud of nodes, Delaunay
triangle, Voronoi polygon (last two in 2D programaihd MFD star. Most of the graphs were prepared
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in the Matlab environment [11, 61], especially dweconvenient visualisation package. The last
Figures, concerning the railroad analysis (Cha@levere made using the graphical system, prepared
by I.Jaworska et al. [31].

Both programs, for 1D and 2D analysis, use extecndke designed for generating 2D mesh
topology, taken from [106]. It provides the follows topology information

- list of all Delaunay triangles, given by their vegis (mesh nodes),
- list of all Voronoi polygons, given by their edgdises between their vertices).

Below given is the exemplary set of data needediatysis of nonstationary heat flow in railroai, ra
analysed in the previous Chapter. Before the smiwlgorithm starts, one has to provide the foltayvi
information:

geometrical information (boundary),

number of nodes,

- number of nodes in the domain MFD stars,

number of nodes in the boundary MFD stars,

the basic approximation ordgs,

- number of Gauss integration points, needed in pos#igsing,

- type of boundary approximation (standard, use akgalised degrees of freedom, use of boundary
condition, ...),

- type of time integration scheme (explicit, implj¢it

- boundary and initial data, resulted from the typb.w. problem,

- time step and number of time steps,

- the admissible error level and maximum numbereayhtions, needed in iteration processes.

As the results, one obtains the variety of textilteswhich are plotted to the default output (scre
file, ...). Among them, one may distinguish

topology information (Voronoi polygons, Delaunajigles, nodes neighbours, ...)

- list of nodes belonging to subsequent MFD stars,

- the MFD formulae, up to theth order, obtained at each node by means of M\WiBaximation,
the low order and higher order solutions for funictand its deritavies up to thp-th order at each
time step,

- the low order and higher order solutions obtaineshah point of interest (postprocessing)

Afterwards, such set of results is used in the lycgb postprocessor (Matlab).

The problem of 2D topology generation combined it mesh generator of Liszka type is
being currently developed by a third person. Howgeue the moment of writing the Thesis, that
computer program has not been completed yet. Tdrerefomputational tools implemented so far still
does not allow for obtaining in 2D some useful fieas including

- conversion from an arbitrary mesh to the Liszkgfse mesh,
- information about neighbour nodes,

- the optimal domain tessellation into the Vorondigons,

- list of nodes of one level denser mesh,

- list of nodes of one level coarser mesh.

These problems, though currently developed arefulbyt prepared for demonstration, without an
appropriate mesh generator. Therefore, only sirhpl@nd 2D examples were mostly examined in the
previous Chapters, using the complete MFDM angjysith the adaptive multigrid solution approach
included.
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However, research time, which was initially pladne be devoted to solution of complex 2D
examples, was effectively used for several oth@résting aspects. Especially, two new topics were
preliminary investigated:

- development of the MFDM based on the Meshless LBetiov-Galerkin approach,
- astudy on acceleration of iterative solution mdto

Some recent results of these attempts were alrpagigented in the Chapter 3 (MFDM
discretization of the MLPG5 formulation). A newlevkloped acceleration approach by means of
relaxation technique was successfully applied amglémented in the non-linear analysis, discussed in
the previous Chapter.

All computer programs mentioned above, though ptedwery promising results so far, still
have the nature of prototypes need further devedmprespecially towards solving of 3D boundary
value problems. Planned is also their adaptatiasttiter chosen engineering applications.

All of the computer codes and executed files adosed to the present Thesis.
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10.Final remarks

An adaptive HO solution approach to analysis ofrigtauy value problems, based on the
meshless FDM, has been presented. Solution praoeksles original concepts of higher order
approximation, a’'posteriori error estimation, swmot smoothing, nodes generation, and mesh
modification, as well as an adaptive multigrid sion procedure.

The MFDM is one of the basic methods for analydigshe boundary value problems of
mechanics. It is also the oldest, and thereforsiplysthe most developed, meshless method. In the
meshless methods, approximation of the soughtifuméd built in terms of nodes. They may be totally
irregularly distributed and are not bounded by giwen a’priori imposed structure like finite elenien
or mesh regularity. Such cloud of nodes is alse frem any mapping restrictions.

The characteristic feature of the MFDM is replacetmef differential operators with finite
difference ones. Therefore, any formulation of bloeindary value problem, which involves function
and its derivatives, may be used for the MFD amalyRecently developed are the so-called global-
local formulations [4, 5], where an appropriateiatonal principle is satisfied only locally, over
specially specified sub-domains. The weight functio the one of the Petrov-Galerkin approaches
(MLPG5), applied here, may have non-zero valuey am those sub-domains. This feature may
significantly simplify the numerical integrationette.

In the MFD analysis, any mesh generator, desigmet developed for the FEM, might be
applied. However, it is most convenient to use amgenerator specially designed for the MFDM, e.g.
long time practised mesh generator of Liszka tyiis. based on a control of the mesh density. Nodes
are selected (“sieved”) out of a very dense ragud@kground mesh. Selection is done according to a
prescribed local density requirements. There isarmnectivity a’priori required in the cloud of nade
generated in this way. However, it is convenientdétermine mesh topology after nodes generation.
As a base of such topology, the Liszka type mestemgdor provides Voronoi tessellation (domain
partition into the Voronoi polygons in 2D and Voadrpolyhedrons in 3D) and Delaunay (optimal)
triangulation (in 2D). Knowledge of the mesh togpids very useful for the local approximation. It
allows e.g. for generation of the optimal MFD stars

In the MFDM, like in some other meshless methodge stought function is usually
approximated by means of the MWLS technique. Téchnique is used for generation of the MFD
schemes, as well as for postprocessing of the fegllts. The MFD schemes are found for complete
set of derivatives up to an assumed orpgeat once, rather than for any particular differalntiperator.
Any type of MFD operator may be composed then. ifseds, the MFD equations are generated in a
way dependent on the problem formulation, folloviagdimposition of boundary conditions. Finally,
one obtains the MFD solution, by means of analysappropriate SAE.

There are two main approaches applied in ordemprave the MFD solution. One of them
uses finer meshes-@pproach), whereas in the second one, the appatigimorder is raisedp{
approach). The last one may be performed in sevemgf, e.g. by introducing additional nodes or
degrees of freedom to the standard MFD star. Theratiay is to use so called multipoint approach.
However, the Higher Order approximation approadioppsed here, is based on the Taylor series
expansion of the MFD operator value and use theorder to build relevant correction terms to the
standard MFD formulation, rather than on adding medes into the MFD operator. Those correction
terms consist of the Higher Order derivatives,tistgrfrom the p + 1 order up to and including the
assumed order §+S,0< sS£2[). Correction terms may also contain singularityd/an

discontinuity terms of the sought function andsrderivatives, treated as jumps added to the right
hand side of the SAE.

The HO MFDM approach is very effective. It need® tsteps, using in both the same basic
MFD operator. Each time solved is the same seth@fMFD equations, though with a modified right
hand side. Quality of the final MFD solution depsriden on the truncation error of the Taylor series
only. Such approach does not depend on the quafitthe MFD operator itself. Each one is
individually adjusted by the correction terms te #ame approximation level.
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Among many applications of those correction tenmastly investigated were here

- improvement of the MFD approximation
a. inside the domain,
b. on the boundary,
- solution quality increase from lower to higher arig means of correction terms,
- high quality a’posterori, residual and solutionoerestimation, given in the local and global
(integral) forms,
- improvement of the generation criteria of new naddke adaptive solution approach,
- modified multigrid solution approach, yielding tiFD solution, exact within the assumed
approximation order.

Inside domain, the HO derivatives may be evaluatedn appropriate formulae composition.
Some other techniques may be used as well, e.gmiliépoint approach [51, 75]. However,
evaluation of the HO derivatives may need specedtinent on the boundary. Several approaches
were proposed and tested, e.g. use of the right Isae function of the differential equation
considered and/or use of generalised degreesexfdre.

The MFD approximation on the boundary may be dorseveral ways:

- use of internal nodes only,

- use of internal nodes and additional generalisgdedss of freedom,

- use of internal and external fictitious nodes,

- use of boundary conditions as well as the domaiaiéon specified on the boundary.

In fact, the HO approximation provided by the cotien terms, may be applied to anyone of those,
above listed techniques. Such combination may gdeothe optimal MFD approximation on the

boundary, compared to the one applied inside theadln It is worth stressing that it may be also
applied to nodes located near the boundary, wherestandard MWLS approximation is usually of

lower quality.

In the present work, discussed were not only thenfary value problems posed in the local
formulation, but also in chosen global ones. Cdivecterms may be used there as well, after
following the numerical integration.

HO approximation terms may be used not only in otdemprove the solution quality, but
also to refine estimation of solutions and residu@ihose estimates may be used in the adaptive mesh
generation. Local error indicators specially depelb for irregular cloud of nodes are proposed and
used to examine the convergence rate of both tliiets and residuals. Moreover, the global créeri
developed for error estimation in the FEM analys&sy be adopted and applied here. When including
the local HO MFD error estimates, they provide esply high quality (D-th order) estimation for
solution and residual errors, when compared witds¢hobtained by means of the existing smoothing
procedures of thep+1 order. It is worth stressing here that theserarstimates though developed here
for the MFDM analysis may be also used in the otheshless methods, and in the FEM.

Many 1D and 2D benchmark tests examined so farcateli the potential power of the
approach in fast solving (high convergence rata)ndary value problems, as well as in the error
analysis and adaptivity. The total number of noitkea considered mesh may be reduced, without
compromising the quality of the MFD solution impeav by raising the rank of the local
approximation. On the other hand, the multigrid rapph allows for acceleration of the solution
process. The standard multigrid procedures, likidopigation and restriction, may be modified and
successfully applied to the both low order (withoatrection [51, 75]), and HO (with correction [P3]
MFD solutions.

In the Author’s opinion, the following are originalements in the solution approach presented in
Thesis, and briefly outlined above:
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- first implementation of the HO approximation forbawrary type of boundary value problem
formulation (both local and global),
- formulation of the HO approximation, provided byraztion terms, including
a. use of correction terms for raising approximatioten inside the domain,
b. use of correction terms for effective discretizatiof boundary conditions as well as
raising approximation order on the boundary, anitsiclosest neighbourhood,
- improved local estimation of the solution error,
- improved local estimation of the residual error,
- use of correction terms in adaptation criterion,
- use of HO correction terms for solution error eatiion in the integral (global) form,
- error indicators, used for convergence estimatioa get of irregular adaptive meshes,
- use of HO correction terms in the multgrid solutapproach,
- solution algorithms and computer implementation,
- test programs, for 1D and 2D HO MFDM analysis.

Special test programs were designed and developadiéer to examine the most of features mentioned
above. They were developed separately for 1D andnftidel benchmark problems. Codes were
written in the C++ labguage, with the use of objmodgramming. Most of the Figures were prepared in
the Matlab graphic environment.

In the first stage of research, analysed were 1dD2dh benchmark problems, with known analytical
solutions. Those tests allowed for examination andsome cases, exploration of very interesting
features of the HO MFDM solution approach. Resofitthose tests were presented in Chapters 3 + 7.
As the final stage of research, analysed were chesgineering applications of the MFDM approach.
Special emphasis was laid upon problems, which iredunumerous solutions of the basic b.v.
problems, e.g. non-linear tasks or fuzzy sets aimlffhe HO MFDM solution approach was used as
the high quality numerical solver. Among 2D probsenthe most interesting was the railroad rail
analysis, which may be treated as the part of vesistresses analysis. The same computer programs,
as for the benchmark tests, were applied and sesidte presented in Chapter 8. However, only
simple 2D structures were analysed so far, dubddack of completed Liszka's type mesh generator
that is the part of other research.

Besides unfinished mesh generator, there were aesrer problems, that emerged during the whole
research. Some of them still need further consiaeraThose problems are briefly outlined below

- effective discretization of the boundary conditions

- MFD residual analysis in the boundary zones,

- the optimal generation of the HO derivatives, sogpf@posed was the MFD formulae composition
which is very effective technique; however it inved rather the information from the whole
problem domain, nor from the closest neighbourharag,

- HO MFDM discretization and approximation of th& Qariational non-symmetric formulation,
for 2D boundary value problems,

- the muligrid solution approach, for 2D problemspe&eding on the Liszka’'s type mesh generator
possibilities.

Altogether all experience gained so far in develeptrof the HO MFDM approach clearly indicate
that it presents very general and potentially vamgmising approach to effective analysis of a wide
class of boundary value problems in mechanics pegker in the local or in any global formulation.

However, as it may be seen, a lot of work has siilbe done. Beside further testing and
solving boundary value problems, and error anglyBiture plans include combinations of the
approach with the other discrete methods, espgaidth the Finite Element Method, as well as furthe
development of a special MFD node generator, basedhe mesh density control, higher order
approximation technique, and multigrid solution gadure. Considered is also application of the HO
MFDM approach to analysis of boundary value prolslegiven in the local Petrov-Galerkin
formulation type. The most important directionstioé further research should include the following
topics:
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mathematical foundation of the MFDM with Higher @rdapproximation, and error estimation
provided by correction terms,
extension of the HO MFDM solution approach to 3Dlpjems,
the MFDM approach formulation on the differentiszamifold, with the HO approximation used,
combinations of the MFDM, using HO approximationthamther discrete methods, e.g. Finite
Element Method (FEM), Boundary Element Method (BEM)her Meshless Methods (MM),
Artificial Intelligence (Al) methods, e.g. NeurakelNvorks (NN), Evolutionary Algorithms (EA),
HO approximation problem formulation for other mess methods,
Further development of the MFDM/MLPG approach,
various applications of the MFDM approach with H@peoximation to analysis problems of in
mechanics

0 Analysis of large engineering problems,
Taking into account discontinuities and/or singtikes in 2D and 3D problems,
Constrained optimisation problems, e.g. experimefa@s smoothing,
Damage and fracture mechanics problems,
Sensitivity analysis,
Analysis of problems, based on the theory of fustg approach,

0 Reliability estimation of structures,
software development.

OO O0OO0Oo

The problem of HO approximation was formulated harel tested on a variety of 1D and 2D
benchmark tests. However, this is only the begmrifithe research. All of the analysed problems
gave very encouraging results. These results iteliteat HO MFDM approach may be potentially a
very general and effective tool for numerical asedyof b.v. problems. However, true justification o
the proposed approach should be demonstratedurefah variety of real large engineering tasks.
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Notation

- differential operator inside the domain

, - differential operator on the domain boundary
f — right hand side function of the differential atjan in the domain
g — right hand side function of the differential atjan on the domain boundary
L — MFD operator inside the domain, corresponding to
L, — MFD operator on the boundary, corresponding,to
n — number of nodes
i —node number (central node of the MFD star)
m— number of nodes in the MFD star
j - node number in the MFD star
A — coefficient matrix of SLAE
b — right hand side vector of SLAE
N — number of intervals (in 2D), number of Delaut@gngles (in 2D)
k — integration interval number (in 1D), Delaundgrigle number (in 2D)

N, - number of the Gauss points for integration

| — Gauss point number

R - Gauss integration point

J - Jacobian of the transformation matrix

W - integration weight, assigned to the poiht

| — error functional

M — matrix of MFD formulae

p — basic approximation order

s— rank of additional terms in the Taylor seriepansion
D - correction term

J® _jump (discontinuity) term of thieth order

S - singularity term of thé&-th order

v — test function

p, — order of the local approximation of the testdlion v
u, w — trial functions

p,, — order of the local approximation of the triahttionw
u™®, wb - low order solution

u™ WM - Higher Order solution

u™, W™ - true (analytical) solution

e — solution error

e*" - true low order solution error

e _ true HO solution error

el") _ estimated low order solution error
r — solution residual error

r - low order residual error

r™ - HO residual error

r( - true residual error

p‘®1) - prolongation from mesh ,i” to mesh "

r®) _ prolongation from mesh ,j” to mesh ,i”
U, w - smoothed (prolonged) solution

Du, Dw - solution correction
/' m - relaxation parameters
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