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This paper presents the method of rotor magnetic pulling tensioning force calculation, caused 
by the static radial rotor eccentricity. The method is applied to calculate the total force acting 
on the rotor of high-speed permanent magnet (PM) synchronous machine (PMSM). The 
calculations are based on 2D simulation of magnetic field distribution in the active part of the 
machine, taking into account the saturation of the magnetic circuit and the spatial harmonics 
of the air gap magnetic flux in the no-load mode and in the rated mode.
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S t r e s z c z e n i e

W artykule przedstawiono metodę obliczania siły naciągu magnetycznego działającej na wir-
nik, spowodowanej przez radialną ekscentryczność statyczną wirnika. Metoda ta jest stoso-
wana do obliczenia całkowitej siły działającej na wirnik szybkoobrotowej maszyny synchro-
nicznej (PMSM) z magnesami trwałymi (PM). Obliczenia są oparte na symulacji 2D rozkładu 
pola magnetycznego w aktywnej części maszyny, z uwzględnieniem stopnia nasycenia obwo-
du magnetycznego oraz harmonicznych przestrzennych strumienia magnetycznego w szcze-
linie powietrznej w stanie jałowym pracy i dla pracy znamionowej.
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1. Introduction 

The rotor eccentricity could be the result of bearing tolerances, bearing wearing or 
shaft defects. This problem arises both in induction motors [1, 2] and in permanent magnet 
synchronous motors [3–5]. The rotor eccentricity may increase the load on the bearings. 
Operation with rotor eccentricity affects the acoustical profile of electrical machine [4, 5]. 

The trend of recent years [6–9] shows a growing interest in high-speed synchronous 
machines with permanent-magnet excitation. Such machines are used, for example, in the oil and 
gas industry (rated power P = 6–8 MW and the rotating speed n > 6000 rpm), robotic and space 
technology (rated power P ≤ 1000 kW, rotating speed n ≤ 60000 rpm), in modern micro turbine-
powered units (gas turbine systems), transport systems of magnetic levitation [3–5, 10–18]. 

The permanent-magnet synchronous machine operation with radial static rotor 
eccentricity in no-load and rated modes is studied in this paper.

2. PMSM design specifics

The nine-phase permanent-magnet synchronous generator with rated power of 50 kW 
and a rotating speed of 15000 rpm has been developed, manufactured and tested at the 
laboratory of power engineering and chemical energy of IChS RAS some years ago [10, 14]. 
High-speed permanent-magnet synchronous machines are used in different applications due 
to their high efficiency, robust construction and compactness as well as reliable excitation. 
The permanent magnets are fixed on the rotor with non-magnetic sleeves. Usually, machines 
of this kind are not equipped with a damper winding.

The rotor diameter size (Drot) and consequently the inner diameter of the stator core  (Dinn) 
are limited by the mechanical stress in the rotor structural elements. The winding of the stator 
is usually made with a small number of slots for the pole and the phase (Q ≤ 2). The value of  
Q is limited technologically: it is necessary to place Z slots on a small diameter stator; where 
Z = 2p · m · Q; m is the number of phases. In the case of integer Q (Q = 1, Q = 2), air gap 
magnetic flux contains a significant portion of tooth harmonics (Carter factor is less than 1.6–
1.8). In the case of non-integer Q ≤ 2, additional “winding” harmonics becomes appears [19, 
20]; they are particularly substantial when Q is close to 1. It should be pointed out that recently 
produced high-speed machines have the stator winding with Q < 1. Methods of constructing 
windings with non-integer Q > 1 are laid out in [12], and for Q ≥ 1 and Q < 1 in [21, 22].

Due to certain technological reasons, permanent magnets for high-speed machines 
are manufactured in a way that the minimal to maximal air gap ratio is δmin/δmax = 1; 
consequently, the excitation field in addition to the unity harmonic contains a number of 
higher spatial harmonics. Higher spatial harmonics of magnetic flux cause additional 
problems associated with added losses and heating of active steel and stator winding as well 
as vibrations of the stator core.

One of the design problems is the evaluation of the magnetic pulling tensioning forces or 
magnetic radial forces caused by the rotor eccentricity with the respect to the magnetic flux 
higher spatial harmonics. An evaluation of these forces is essential for the correct calculation 
of the magnetic bearing load.
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3. Simulation model for the no-load mode 

The relative static eccentricity of less than 10% is usually considered acceptable due to 
the practice of electrical engineering. The eccentricity norm is usually less than 10% for 
high-speed machines.

Only the unity harmonic magnitude of the magnetic flux density in the air gap is taken 
into account in the use of the simple analytical method of radial force calculation described 
in [25]. The flux distribution is determined with the assumption of the smooth air gap in the 
no-load mode using equation (1a). It is considered that calculations for the no-load mode are 
sufficient; forces for the rated mode are not usually calculated. 
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where 
b0(s)  –  magnetic flux density distribution along uniform air gap,
ε  –  flux density distortion coefficient due to the rotor eccentricity.
s –  angular coordinate (0...2π). Coordinate s is measured in clockwise direc-

tion from the axis orthogonal to the eccentricity displacement vector.
The distortion coefficient in equation (1a) is in essence the relative eccentricity value, which 

is calculated as a ratio of the shaft displacement value to the length of the symmetric air gap. 
However, in practice, the presence of high-order spatial harmonics in the air gap 

requires a certain adjustment of known and applied methods of radial forces calculation. 
It is advisable to use numerical methods to estimate these forces with account to the real 
distribution of the magnetic flux density in the air gap. The application of computational 
software packages facilitates the solution to this problem; the solution can be received in 
a two-dimensional formulation [26] with accuracy sufficient for practical purposes.

Computations are performed in the 2D domain of the cross-section geometry of 
a synchronous electric machine. Static rotor eccentricity can be characterized by two 
parameters: by the rotor axis displacement value, and by the angle ψ between the direction 
of the displacement vector and the Y axis. The origin of a coordinate system coincides with 
an axis of rotation, the axis (Y) is a vertical (longitudinal stator) axis, and axis (X) is the 
horizontal (quadrature stator) axis. It is convenient do define parameter ε as the ratio of the 
rotor displacement value (relative to coordinates origin) to the uniform gap δ length. 

The result of FEM simulation is the magnetic flux density distribution. To calculate 
the magnetic pulling tensioning forces acting on the rotor, the radial component of the flux 
density and the distribution along the rotor circumference is used. The numerical results 
of the magnetic flux density are defined in the middle of the air gap (not on the stator/rotor 
surface) to avoid steel-to-air boundary effects. 

Numerical calculations have been performed by dividing the circumference into arc 
segments Δsk. The radial component value of magnetic flux density bcalc for each segment 
was measured. The radial magnetic force was calculated using equation (1).

The magnetic flux density can be considered as constant along the air gap length, as the 
air gap length is much less than the rotor radius. The stator internal circumference (Dinn) has 
been chosen as a reference surface for magnetic force calculation. 
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s –  angular coordinate (0..2π) of segment Δsk 
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segment Δsk with index k = 0 occupies position at the intersection of 
negative axis (X) with a stator internal circumference Dinn.

The analytical approach gives from 5% to 15% overestimation of the resulting magnetic 
force in the case of low values of the relative eccentricity (less than 0.05). Numerical 
simulation of the same test case [25] reveals that equation (1a) accuracy could be improved if 
the relative eccentricity ε as a ratio of the shaft displacement value to the rotor radius is used. 
This approach is consistent with the principle of virtual work. The difference in distributions 
of magnetic flux density in the air gap calculated by FEM and (1a) for two cases: ε = Δrot/δ 
and ε = Δrot/Rrot are presented in Fig. 1 and Fig. 2, respectively. 

Fig. 1. The distribution of magnetic flux density in the air gap. Relative eccentricity is 0.125 [25]

Fig. 2. The distribution of magnetic flux density in the air gap. Relative eccentricity is 0.25 [25]
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B0 –magnetic flux density distribution by FEM; Bras1 – magnetic flux density distribution 
by analytical model [25] with ε = Δrot/δ; Bras – magnetic flux density distribution calculated 
by modified analytical model [25] with ε = Δrot/Rrot. 

As can be seen, if the value of eccentricity is more than 0,1, the calculations are incorrect 
where ε = Δrot/δ. Thus the magnetic flux density distribution must be calculated by a modified 
analytical model [25] with ε = Δrot/Rrot.

The study of bearing load estimation includes:
 – the calculation of radial magnetic force distribution fcalc(sk) (k = 0; 1; 2;…; k0) in accor-

dance with (1) and calculation of the average radial force applied to the rotor shaft:

 f s
k

f s k kav k calc k( ) = 





( )∑ =( )1 0 1 2
0

0; ; ;...; ;  (2)

 – the calculation of the resulting bearing force Fbear,res and its two components, Fbear,1 and 
Fbear,2:

 F F Fbear res bear bear, , ,= −1 2  (3)

 F f s k kbear calc k k, cos ; ; ;...;1 00 1 2= ( )∑ ⋅ =( )ψ  

 F f s k k k kbear calc k k, cos , ; , ;...;2 0 0 00 5 1 0 5 2= ( )∑ ⋅ = + +( )ψ  
where:

ψk – angle between the midpoint of segment Δsk and a positive direction of axis (Y).
The rated power, phase voltage and current, rotating speed, frequency, geometric 

dimensions of the stator active part and its winding parameters as well as nonlinear 
properties of the magnetic circuit materials are considered to be predefined. The main aim of 
the investigations is to define the distribution of the radial magnetic force fcalc(sk), the average 
radial magnetic force fav(sk) and the resulting bearing force.

The specifics of permanent magnet synchronous generator constriction are the absence 
of excitation regulation in the rotor magnetic circuit. The study of the load characteristics 
reveals that if the load current is drops from the rated value to zero (the no-load mode), the 
generator voltage increases by 10% to 15% (the reason for this moderate increment is that 
the winding reactance Xad is considerably less than that of the synchronous machines with 
electromagnetic excitation). The magnitude B0 of the air gap magnetic flux unity harmonic 
increases correspondingly, so that B0 > BL1. This results in an increase of the amplitudes of 
higher spatial harmonics caused by the stator tooth design and the pole shape.

These spatial harmonics do not rotate synchronously with the rotor. However, the 
absence of damping winding, typical for the machines of this type, does not diminish the 
effect of these harmonics on the radial magnetic force distribution.

4. The no-load mode results 

The test case of a high-speed permanent magnet synchronous motor with static rotor 
eccentricity of ε = 10% is studied. The generator rated power is 250 kW; synchronous 
rotating speed is 48000 rpm. The radial magnetic force distribution f scalc k

* ( )  in no-load 
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mode is presented in Fig. 3. Line A′ corresponds to the actual magnetic flux distribution in 
the air gar calculated by software package [26], and line A corresponds to the unity harmonic 
of line A′ Fourier decomposition.

The average radial force f scalc k
* ( )  is not equal to the average unity harmonic magnetic 

force f scalc
A

k
′( ) ( )  The ratio is:
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That is one of the reasons of analytical method [25] inaccuracy. 
Results for the rated mode (lines B and B′) are discussed in the section 7.

Fig. 3. Distribution of radial magnetic force components in the no-load mode (A, A′) and  
in the rated mode (B, B′) for PMSM-0.25-48000

5. Simulation model for the rated mode

The analytical method used to calculate the radial magnetic force acting on the rotor of 
a synchronous machine in load mode operating with rotor eccentricity does not exists.

Therefore, the evaluation of air gap magnetic flux higher spatial harmonics presents 
the main difficulty (as compared to the no-load mode). The magnetic field in load mode 
represents the sum of stator core field and rotor pole field. The magnetic field is distorted as 
compared to the no-load mode. The resulting magnetic flux is not aligned with rotor pole 
axis, but shifted on the load angle (Θ). Moreover, the stator winding may induce its own 
spatial harmonics. The order of these harmonics depends on Q – number of slots per pole 
and phase.

Evaluation of all range of harmonics in the air gap of the machine operating in the 
rated mode has been of practical interest (especially for machines with electromagnetic 
excitation). These harmonics affect the radial magnetic force distribution.

To calculate the forces in the rated mode, one should solve the additional problem of 
determining the mutual position of the rotor and stator for an arbitrary value of eccentricity 
ε (including the ε = 0 case). This problem arises both in synchronous machines with 
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electromagnetic excitation and in synchronous machines with permanent magnets on the 
rotor. The solution method adopted for salient-pole synchronous machines (as they are well 
studied) is presented in this paper.

The practical implementation of the calculation approach is developed on the basis of 
results obtained and discussed in the paper on ICEM 2014 [28] where some types of different 
synchronous machines were modeled and analyzed.

6. Synchronous generator load angle Θ estimation

The algorithm for the determination of the mutual position of the rotor and stator is 
presented step-by-step. Part of the algorithm is based on the FE package [26].
1.  Define the geometry model (computational domain) in the simulation package. The 

geometry model presents the generator cross-section (2D).
2.  To determine the direction and magnitude of the stator magneto-motive force Fst (first 

harmonic), assign some values to the phase currents:

 I IA rat= = const;  I IB rat= − =0 5. const;  I IC rat= − =0 5. const .  (4)

Then, mark the point R on the stator inner circumference that stays from the direction 
to the middle of the phase zone “А” by the angle (+π/2) (in positive angle direction). The 
vector ОR on the vector diagram corresponds to the stator magneto-motive force (MMF). 
The magnitude of the MMF is calculated in the simulation package [26].
3.  To determine the direction of the resulting magnetic flux Φ0 (the first harmonic), mark 

the point Н on the stator inner circumference shifted from the point R by the angle НОR 
= (+γ). The equation to calculate the angle value is included in Appendix. The vector ОH 
on the vector diagram corresponds to the resulting magnetic flux.

4.  To determine the direction of the rotor magnetic flux Φrot (the first harmonic) and get 
more accurate value and position of the vector Φ0, one should perform the following 
iterative process:
 – Mark the point M(K) on the stator inner circumference shifted from the point H by the 

angle HOM = (+Θ(K)), where K – is the iteration index. In the geometry model [26], 
rotate the rotor so that the axis d direction is aligned with the vector ОМ.

 – Apply stator winding phase currents IA; IB; IC and rotor magneto-motive force Frot (in 
PM synchronous machines the magneto-motive force is calculated according to [29], 
taking into account permanent magnet demagnetization curve).

 – Calculate the electromagnetic field distribution in the cross-section of synchronous 
machine. Perform Fourier analysis to get unity harmonic of magnetic flux distribu-
tion and the total unity harmonic magnetic flux Φ0

K( ).  The flux value Φ0 should be 
equal to the one calculated in Appendix a), b), or in other terms – it should correspond 
to the rated voltage (Urat).

5.  Post processing the simulation results.
5.1.  If Φ Φ0 0

K
Ue( ) − <  then it is really to quit iterations and to follow to p. 6. The flux 

value Φ0 and the load angle Θ are calculated with the required accuracy eU.
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5.2.  Else if Φ Φ0 0
K( ) >  then Θ(K) should be reduced (modify geometry model by rotor 

rotation by the angle ΔΘ):

 Θ Θ ∆ΘK K+( ) ( )= −1 ,  
where:

ΔΘ – is the predefined angle change step.
5.3.  If Φ Φ0 0

K( ) <  then Θ(K) should be increased (modify geometry model by rotor 
rotation by the angle ΔΘ):

Then, the simulations (p. 4, p. 5) must be repeated.
6. Recalculation of generator operation mode parameters (including power factor cosφ). 

Mark the point H(K) on the inner stator circumference that is shifted from the point R by 
the angle H(K)OR. Vector OH(K) on the vector diagram (Fig. 4) corresponds to the resulting 
magnetic flux Φ0

K( )  (first harmonic). The angle H(K)OR should be equal to the angle 
НOR, calculated in Appendix. The case H(K)OR > НOR corresponds to over-excitation 
operation mode of the generator (cosφ < cosφrat), case H(K)OR < НOR corresponds to 
under-excitation operation mode of the generator (cosφ > cosφrat).

Fig. 4. Vector diagram. See Appendix

The power factor cosφ can be adjusted by excitation current regulation in synchronous 
machines with electromagnetic excitation. In the case of PM synchronous machines, the 
power factor cosφ can be adjusted by replacing permanent magnets with other ones that have 
a new coercive force value.

7. The rated mode results 

The radial force distribution fcalc(sk) calculated for the test-case PMSM-0.25-48000 at 
the rated mode is presented in the Fig. 3. Line B′ corresponds to the actual magnetic flux 
distribution in the air gar calculated by software package [26], and line B corresponds to the 
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unity harmonic of line B′ Fourier decomposition. Again, the ratio of the average radial force 
to the average unity harmonic magnetic force is calculated as:
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In addition, a similar ratio for the total force acting on the bearing can be calculated as:

That yields to F
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These results indicate the change in the radial force applied to the bearing in no-load and 
at rated mode.

8. Appendix 

The voltage and current sinusoidal waveform distortion should be limited according to 
IEC [27] specification. To meet this requirement and reduce higher spatial harmonics, the 
design of generators provides additional measures, such as skewed stator slots (per one tooth 
pitch in the axial direction) or a pole shift (single or group) in the tangential direction [19, 20, 
22]. This yields to an almost sinusoidal shape of the voltage. Therefore, the phase angle (φ) is 
defined by the first harmonics of voltage and current.

The relations between unity harmonic of magnetic flux, corresponding magneto-motive 
force (MMF) and phase voltage are estimated by well-known equations of a synchronous 
machine [19–20, 28]. These equations determine the electromagnetic loads of a synchronous 
machine and the power factor (cosφrat) at the rated power mode (Prat). Fig. 4 presents vector 
diagram illustrating these equations.
а)  The relation between stator winding electromotive force (EMF) Е and the rated phase 

voltage (vector OD) is evaluated by the following equation:

 E U Xrat L rat= + +( )



cos sin ,

.
2 2 0 5
ϕ ϕ  

where:
XL – stator winding leakage reactance (in relative units).

b)  The relation between first harmonic of the air gap magnetic flux Φ0 (vector ОН) and 
generator electromotive force Е (vector ОЕ) is evaluated by the following equation:

 Φ0 2
=

E
fw Kst wπ  

where:
f – frequency, 
wst – number of turns in the stator phase winding, 
Kw – winding factor. 
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c) Angles on the vector diagram:
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9. Conclusions

The calculation approach has been developed for the calculation of radial magnetic 
forces due to rotor eccentricity based on FEM at the no-load and the rated modes.

To identify the load angle, it is necessary to simulate the rated mode. The machine 
magnetic circuit saturation and the higher spatial harmonics of a mutual field of magnetic 
flux density are considered in both modes. 

The magnetic flux is distorted by the stator reaction field at the rated mode. The additional 
higher spatial harmonics to the magnetic flux spectrum appeared and the magnetic forces 
distribution changed. The load angle is calculated using graphical options of the simulation 
package.

The paper describes the practical implementation of the algorithm. The results are 
obtained for different operating conditions and include differential and integral parameters 
of the radial magnetic pulling tensioning forces.
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