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1. Introduction

In recent years, several researchers have studied various modifications of the Baskakov-
-Durrmeyer operators. The approximation properties of these operators in many different
spaces were considered, for example, in [4, 8, 10, 11, 18, 19].

A large amount of literature is available on approximation of function of one variable, but
the corresponding problem for bivariate functions has received less attention. The bivariate
Bernstein operator was first introduced by Dhingas [3] and it was also considered by Lorentz
[9] and Stancu [14]. Recently, some positive linear operators for function of two variables
and their approximation properties were investigated in a series of research articles (e.g.
[2,5,6,7,12,13,15,17, 20, 21].

In this paper, we will introduce the Baskakov-Durrmeyer type operators in the space
of continuous functions of two variables. This is an extension of the paper [10] for a bivariate
case.

Let Ry =[0,00) and R? =R} xR;. We denote by C(R?) the space of all real-valued
functions continuous on Ri and by Cjp (Ri) — the space of functions continuous and

bounded on R2. The norm on Cyz(R?) is defined by

I, @2, = L £ (x.9)-

Let
ax k k
_ax k , x
() =e Ty )yt e
! ; i KI(1+ x)"*
where a e Ry, (n)y =1, (n), =n(n+1)...(n+i-1), i >1.
We consider the class of operators M ,‘i’,ﬁ’“’b given by the formula

1 1
Ta+k+1)TPR+71+1)

MR (fix,0)=mn Y W (W0 (5)
k,I=0

X Jj f e (ns)* e (mz)P* £ (s, 2)dsdz

for (x,y) e Ri, where m,neN, a,b e Rg, a,f3 > —1. It is clear that the operator M,Z’,E’“’b
is linear and positive on Ri. In this paper we study some approximation properties of

M ,‘:ﬁ’”’b in the space of continuous functions of two variables on a compact set. We find
the order of this approximation using full and partial modulus of continuity.
Observe that if f(s,z) = f,(s)f>(z), then

MER“ (fix,9) = ME“ (fs )M (f330), (1.1)
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where

o0

M}?,a (fl;x) = nZWVZk (X)m fce*"s (ns)tukji (S)dS.

k=0

Some properties of the operator M, ¢, in particular, an estimation of the rate of
convergence, were studied in [10].
Let (x,y) € Ri and

e (s,2) =52, 0%, (s,2)=(s—x)'(z— ), i,j=0,1,2,4, (s,2)eR3.

Now, we give some lemmas which will be useful in the future proofs of the main results.
The following lemmas are simple consequences of the above definitions and the results
obtained in [10, Lemma 2.2, Lemma 2.3].

Lemma 1. Let m,neN, a,beR{, o, >—1. For (x,y)e]Ri we get

M;‘,;B’”’b %x, ) =1, (1.2)
1
Mt (@) = S x — (1.3)
’ n n(1+x)
MEB (i) =By B (1.4)
’ m m(1+y)
2 2.2
M}?’}E’a’b(elo;x’y) _ (Q,+1)(2(X,+2) n 2(a+2)x+x i 2 +%
, n n n”(1+x)
(1.5)
2ax? , 20+ 2ax

n(1+x) n2(1+x) ’

2 2.2
M,?’,E’“’b(eo’z;x,y)= (B+1)(2[3+2)+2(l3+2)y+y +y2+ 2b Y .
’ m m m~(1+y)
2by? L 2(B+2)by
m(l+y) m2(1+y) ’

(1.6)

Lemma 2. Let myneN, a,be R}, a,p> 1. For (x,y) e R? we get

1 ax
MEBab (g0 1y = o+l i
o (¢x’y Y) n n(1+x)
u +1 b
MEBer @ sx =B B
m(l+y)
MZ}E’a’b ((I)lc’,ly;x’y) _(a+DB+1) . (a+1)by N B+1ax abxy

nm nm(1+ y) nm(1+x)+nm(l+x)(l+y)’
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a, a+l)(a+2) 2x+x> a*x? 2(o+2)ax
n n (1+x) n°(1+x)
2 2.2
poges 2 - BHDBHD 2ye0t B 22ty

m  mr(1+y)? mP(+y)
Theorem 1. For each f € Cz(R?), we have
“Muﬁub(f)“c (R?) _"f"CB(R )

Jforall nym e N.

Proof. Using the definition M®*>*? we obtain

1 1
MNa+k+)TPE+1+1)

MR (f3x,9)| < mn 2 R COW ()

k=0

y f f ¢ (1) e (m2) | £ (s, )| de

1 1
S(SSZI)JEp]RJf(SZ)|mnk§:0 e COW,, J(Y)F(a+k+1)r([3+l+l)

x J:Q J:O e (ns)** ™™ (mz)P* dsdz

~ sy [ A MEB = s |72 =]
(vz)e]R (vz)e]R

which gives the result. O
Theorem 2 [22]. Let I, and I, be compact intervals of the real line. Let n,meN and

T, CU, x1,) = C(I; x1,) be linear positive operators. If

lim Tn,m (ei’j) = ei,j > (la ]) € {(05 0)7(19 0)’ (09 l)}

n,m—»00

and

. 2,0 , 02y _ 20, 02
lim Tn’m(e +e)=e" +e 7,
n,m—»00

uniformly on I, * I,, then the sequence (T,  f) converges to funiformly on I,  I,, for any
feC(, x1,).

Let 4,B > 0. Throughout the rest of this paper we will denote R> 5 =10, A4]x[0, B].
Theorem 3. Let (x,y) € R, arefixed. If f e C(R%y), then

11m M,%}B’a’b(f;an’) :f(xay)'

n,m—00
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. o 2
Moreover, this convergence is uniform on R7.

Proof. Using (1.2)—(1.6), we have
lim MNP sx,p) =€ (x,), (i, )) € {(0,0),(1,0),(0,1)}

n,m—>00
and
lim Myhel (@ +e%:x,3)= e (x,3) + " (x,y)
n,m—>00
uniformly on RzA 5- Applying Theorem 2, the proof of the theorem is completed. O

2. Local approximation results

In this section we will investigate the degree of approximation for functions of two
variables by operators M,‘z;ﬁ’”’b in terms of the modulus of continuity on a compact set.
Let feC (RZA 5) and 6> 0. The full continuity modulus of the function f is defined
as (see [1], [16])
o(f;8) = sup |/ (s,2)~ f(x,2)|

(5.2),(x,0)eR% 5
(s—x)2+(z-y)? <8?

and its partial continuity moduli are given by
oV (f18) = sup |f(s,2)~f(x,2)],
0<z<B
ls—x[<8
o?(f18)= sup |f(5,2)~ f(5.9).
0<s<4
lz-yI<d
It is known that [imgs_o®(f;0)=0, o(f;d,) <w(f;0,) for 0 <, <J, and for any
A>0, o(f;20) < (1+AM)w(f;0). The same properties are satisfied by partial continuity

moduli. The details of the modulus of continuity for the bivariate case can be found in [1].

Theorem 4. Let f € C(RZAB ). For (x,y) e RZAB, we have

‘Mqﬁab (f3x,9)— £ (x,9)| < 20( £35),

where

2

5 (a+1)(a+2)+2x+x2+ a*x? 2(0+2)ax
n n nz(l+x)2 n2(1+x)

) P 1/2
LBEDE+2) 2y’ by +2(B+2)byJ

m? m m*(1+y)?  m*(1+y)
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Proof. Let & > 0. If \[(s—x)*+(z—»)? <38, then |f(s,2)—f(x,)| <o(f3d). If
J(s=x)* +(z—y)* > 8, then

=0+ (2=’ =0 +E=))
& 5

>1.

Therefore, we obtain

£6.9= @) < o £ifis =27 +z-?)
[ 2 2
§[1+ (s—x) +(z-Y) ]m(f;s)g[n—(s_x)z+(Z_y)zjm(f;6).

3 52
The operator M&ﬁ’“’b is positive and linear, so

MR (f1x, )= 0| < MEhe (1 f = £, )

%, )

< o(f; 6)(M,‘:’,E’“”’ (€%5x, )+ 6% My (935 + 0075, y)j.
From Lemma 2 we obtain
MR (fix,p) - f (x,y)‘ <MERP (| f = fxp)]ixp)

1 (a+1)(a+2) 2x+x> a’x? 2(o+2)ax
< o(f;0) 1+—2 ( )(2 )+ +— 3 (2 )
5 n n n”(1+x) n (1+x)

+([3+1)(2[3+2)+2y+y2+ 2bzyz 2+2([23+2)byj},
m m m-(1+y) m-(1+y)

which ends the proof. O
Theorem 5. If f e C(RZAB ), then for all (x,y) e RZAB , we have

M (f33,) = £ (5,7)

(a+1)(a+2) » a@x’ Aa+ax)| g . 1 J
S(H—n +2x+x +n(1+x)2+ (e ) }0 f,\/;

B+D(B+2) 2 by 2(B+2)by @( e ]
+[1+—m +2y+y +m(1+y)2+ (5 y) Jm f,\/; )
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Proof. Let f € C(R%j). Observe that

1 1
Foa+k+)T(P+7+1)

MR (f,9) = f (6 p)| S mn Y W W0, ()
k=0

X f f e (ns)* e (mz)PH! |/ (s,2)— f(x,2)|dsdz

1 1
MNa+k+1)TPRE+/+1)

+mn Z Wik (X)Wrs,l )
=0

x f fe*"“ (n9)*"* & (mz)P*! | £ (x, 2) — £ (x, )| dsdlz
=J,+J,.
Using the properties of the modulus of continuity and (1.5), we have

1 1
Foa+k+1)T(P+7+1)

o0
Jy=mn Y W W, (3)
k,[=0

x f f e (ns)* e (mz)PY! |/ (s,2)— f(x,2)|dsdz

1
<o(f; 6,7){1 o M (¢§:‘;;x,y)}

n

(a+1)(o+2) » ax’ Aa+ax)| g . 1
(1+—n +2x+x +n(1+x)2+ e ) Jco f,\/; )

IN

| S .
where §, = —=. Similarly, we obtain

B+D(B+2) 2 by 2(B+2)by @( 1 j
J2§[1+—m +2y+y +m(1+y)2+ (1t ) ](o f,\/E .

Hence, the proof is completed. O

Now, we consider the mixed modulus of smoothness and the modulus of smoothness
(see [16]). Let 5/. >0,7=1,2.

The mixed modulus of smoothness is defined as

O (f381,82) = sup|f(s,2) = f(x,2) = f(s,0)+ f(x,9)]

[s—x|<8,, |z-yI<8,
(x,9).(5,2)eR%

&

and the modulus of smoothness of the first and the second order are given by

o (f39;,0,) = sup |/t by +k)= f(x, ),

(X )(x+h,y+h)eR%,
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@, (f39;,8,) = sup |/ G+ 2h,y+2k) =2 f (x+ by +k) + f(x,p)],

(x,),(x+2h, y+2k)eRAB
respectively.
Theorem 6. Let f e C(R%,) and

a a, (x+1 ax +1 by
HERP (fix,9) = Meb o (f3x,) - f[ X+ AL ] f(xp).

n(l+x) m m(l+y)

There exists a positive constant C such that, for all (x,y) € Ri g, we have

2 2 2
Hyhh (g;x,y)-g(x,y)‘ <C % Z—f % Z—‘zg +# ; agv
Uollewsy) Ve, C(R%)
i i 2
for any function g, such that g, a—g., 6_g og (i=1,2) belong to C(RAB)
ox' oy’ oxdy

Proof. Let (x,y) € R%;. Observe that

g(s,2)—g(x,y)=(s— x)ag(xy) (Z—y)M

oy
v A2
f(s u)ag(” y)du+J'(z v)ag(”)d “’ag(" V) dvedu

Oouov
We have

HEhel @@, ) =1, HE " (040:%,0) = Heb? (93):x,») = 0.
Let

ggf(sjz):[f(s_ ag(uy) JU( ag(xv) J Lol

and

s [ [ L) g,

Ouov

Hence

. _ 0. B.a,b 20,1, .
HEb (g3, p) - g(x,0) = Hy P (€0 x, )+ HEb P (€2 x, p) + Hi ™! (8 43x, p).



Using the definition of H [3 @b \we can write

Boa,b ;£1,0, _ B.ab 1,0,
HEpob el ,x,y)\—\M;i,B“ &% x, )

o+l ax

Xh—— 2
. + +n(1+x) Ot+1+x+ ax —u 0 g(u,y)du
x n n(1+x) ou?
‘M“ﬁab x’y)‘
Gl o+l 22 ( )
+| " n(l+x) yer gu,y
X n n(1+x) ou?
1 % o(u,
=5 sup —g(zé Y MER? (629:x,9)
(u,v)eRaB ou
2
Lo [Pewy|ferlar
(u, v)eggik ou? | n  n(l+x)
2
< c g
o ey
and similarly, we get
e
oot €0 x,y)‘gcz_a_f ’
mov C(RYp)
1 2
|HEb? i, )| < G — o'g ,
’ nm | Oudv C®)
where C|,C,, C, are positive constants. Hence
a, 82 52 a2
ngﬁ b(g,x y)—g(x, y)‘<C 2 _f ) ég
o c®y) "NV e, nmouov

for some C > 0 and the theorem is proved.

Theorem 7. If f € C(R%y), then

M,;f;ﬁ’“’b(f;x,y)—f(x,y)‘ < C{(Dz (f;\ﬁ,\ﬁ}wmix (f\ﬁ\ﬁ]
n m n m

+w1[f i(a+1+%) %[BJrHlljr_ny}’

where C > 0, (x,y) € RZAE

93
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Proof. Let /€ C(R%;) and § >0,/ =

1,2. We shall use the Steklov function of second
order defined by

2 82 8l l
Jis, (60) = 5252 ffffo(x+sl+s2,y+zl+zz)

— [ (x+2(8; +8,), y+2(z, + 2,))ds ds,dz,dz, .

Observe that

i, (6 0) = £ (2, 3)| < 0,(£38,.8,)

and

f5152 ()C, y)

5’ 62 f fj- J: f(S Y+ 2z +z,)dsdudz,dz,
2 62
4 5 [ x+8, M+,
- 5752 J: f _[C f f(s,y+2(z, + z,))dsdudz,dz,
< 6 I
8262 j .[V f ff(x +51 +5,, w)dsds,dwdv
8, m+5, & 8
_ 5;; : J-y+ .[+ E L? S (x+2s; +2s,, w)ds,ds,dwdv
8262 f J.y 2 f I 2 S +sy,v+z,y)duds,dvdz,

y+8, 5y X+,
-—= L?J- L? S (u+2s,,v+2z,)duds,dvdz, .
5,9, Y ~

Hence

3 8

628 ff[f(x+81,y+zl +2,)
2

_Zf(x+62 ,y+2z +zzj+f(x y+2z +zz)}dzldz2
62 62

e ff[f(x+261,y+2(zl+zz))

2f(x+8,,y+2(z; +z,))+ f(x, ¥y +2(z +22))]dzldz2

fssz( X, y)=

and

fssz( x,y)| <

8 ) 1 9
2 (f,?l,zzj 8 0,(f381,6,) < 820)2(f 191,8,).

1 1 1
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Similarly, we get
62
el T35, (X:3)

9
<5 0,(f381,8,),
5;

62
_ay f8152 (xa y)

9
o <0 (381,8,),  (x,5) e R

5,8,

From the above and by Theorem 6, we obtain
[MEEe (3,00 - £ (6, )

<SHZN (|1 = fog, 00 )+ [Heh? Ui, 5600 = s, )|+ [ fog, () = (3 )

+‘f((x+1+x+ ax B+1+y+ by J—f(x,y)

n n(1+x)" m m(l+y)

<c{%(f;sl,62)+mmix<f;61,82>+wl (f;“”+n(1"fx),ﬁ;l+m(fiy)j},

where C is a positive constant. This completes the proof. O

The authors would like to thank the referees for their helpful remarks which improved the exposition
of the paper.
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