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1. Introduction

In recent years, several researchers have studied various modifications of the Baskakov- 
-Durrmeyer operators. The approximation properties of these operators in many different 
spaces were considered, for example, in [4, 8, 10, 11, 18, 19].

A large amount of literature is available on approximation of function of one variable, but 
the corresponding problem for bivariate functions has received less attention. The bivariate 
Bernstein operator was first introduced by Dhingas [3] and it was also considered by Lorentz 
[9] and Stancu [14]. Recently, some positive linear operators for function of two variables 
and their approximation properties were investigated in a series of research articles (e.g. 
[2, 5, 6, 7, 12, 13, 15, 17, 20, 21].

In this paper, we will introduce the Baskakov-Durrmeyer type operators in the space 
of continuous functions of two variables. This is an extension of the paper [10] for a bivariate 
case.

Let    0
2

0 0= [0, ) =+
+

+ +×¥ and .  We denote by C( )2+  the space of all real-valued 

functions continuous on +
2  and by CB ( )2

+  ‒ the space of functions continuous and 

bounded on +
2 .  The norm on CB ( )2

+  is defined by

 f f x yC
x yB ( )

( , )
2

2
= ( , ) .





+
+∈

sup  

Let

 W x e
k
i
n a x

k xn k
a

ax
x

i

k

i
k i

k

n k,
1

=0

( ) = ( )
!(1 )

,
−

+ −
+∑









+
 

where a n n n n n i ii∈ = = + + −+� …0 0 1 1 1 1, ( ) , ( ) ( ) ( ), .³

We consider the class of operators Mn m
a b

,
, , ,α β  given by the formula

 
M f x y mn W x W y

kn m
a b

k l
n k
a

m l
b

,
, , ,

, =0
, ,( ; , ) = ( ) ( ) 1

( 1)
1

(
α β

α β

¥

∑ + + +Γ Γ ll

e ns e mz f s z dsdzns k mz l

+

× ∫ ∫ − + − +

1)

( ) ( ) ( , )
0 0

¥ ¥ α β

 

for ( , ) 2x y ∈ + ,  where m n a b, 10∈ ∈ −+
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Some properties of the operator Mn
aα, ,  in particular, an estimation of the rate of 

convergence, were studied in [10].
Let ( , ) 2x y ∈ +  and
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Now, we give some lemmas which will be useful in the future proofs of the main results. 
The following lemmas are simple consequences of the above definitions and the results 
obtained in [10, Lemma 2.2, Lemma 2.3].
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which gives the result.  

Theorem 2 [22]. Let I1 and I2 be compact intervals of the real line. Let n m, ∈  and 
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Moreover, this convergence is uniform on  AB
2 .

Proof. Using (1.2)‒(1.6), we have
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2. Local approximation results

In this section we will investigate the degree of approximation for functions of two 

variables by operators Mn m
a b
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Proof. Let f C AB∈ ( )2
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Hence, the proof is completed.   
Now, we consider the mixed modulus of smoothness and the modulus of smoothness 

(see [16]). Let δj > 0, j = 1, 2.
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Using the definition of Hn m
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and similarly, we get
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where C1, C2, C3 are positive constants. Hence
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for some C > 0 and the theorem is proved.  

Theorem 7. If f C AB∈ ( )2
 ,  then
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where C > 0, ( , ) 2x y AB∈ .
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Proof. Let f C AB∈ ( )2
  and δj > 0, j = 1, 2. We shall use the Steklov function of second 

order defined by
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Similarly, we get
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From the above and by Theorem 6, we obtain
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where C is a positive constant. This completes the proof.  
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