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Abstract

The aim of the paper is to prove two theorems on the existence and uniqueness of mild

and classical solutions of a semilinear intedifedéntial evolution nonlocal Cauchy problem
for the first order equation.

The method of semigroups and the Banach fixed point theorem are applied to prove

the existence and uniqueness of the solutions of the problem considered.
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Streszczenie

W pracy dowodzimy dwdch twierdae istnieniu i jednoznaczio catkowych i klasycznych

rozwiazah semiliniowego raniczkowo-catkowego ewolucyjnego nielokalnego zagadnienia
Cauchy’'ego dla réwnania ¢du pierwszego. Aby udowodhiistnienie i jednoznacziéé

rozwiazah rozwaanego zagadnienia stosowana jest metoda potgrup i twierdzenie Banacha

0 punkcie statym.

Stowa kluczowe6zniczkowo-catkowe ewolucyjne nielokalne zagadnienie przestrzenie
Banacha
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1. Introduction
In this paper we prove two theorems on the existence and uniqueness of mild and
classical solutions of semilinear integrfdiential evolution nonlocal Cauchy problem for

a first order equation. To do it the method of semigroups and the Banach fixed point
theorem will be used. The Cauchy problem considered here is of the form:

U0+ AU = H(L U, U+ H(ts Y ds

s uds 044+ 3 )

u(to) + 9(u) = )

where t; 20, a > 0, -A is the infinitesimal generator of & semigroup{T(9},», on

a Banach spack, f, f; (i = 1, 2),g andb are given functions satisfying some assumptions
anduy O E.
The results obtained in the paper, are generalizations of some results from [1]-[5].

2. Preliminaries

In this paper we shall assume tHatis a Banach space with norﬁrt]], A is the

infinitesimal generator of 6, semigroup{T(9} ,», oNE andD(A) is the domain od.
Throughout the paper we shall use the notation:

| =[te.tg+a], where t;2 0 and a> C
A={(t9:fyssst< p+ 8,
M =sup{T ()| .tO[0,a]}

and
X =C(l,E).
Consider the Cauchy problem
u(t)+ Au(t) = K9, tO1\{to}, 3
u(ty) = x 4)

Afunctionu: 1 - E is said to be a classical solution of the problem (3)—(4) if:
(i) uis continuous ohand continuously differentiable on {t},
(i) v@O+Au)= k9 fortO1\{to},
(i) u(tp) = x
Theorem 2.1. Assume that E is a reflexive Banach spake,| — E is Lipschitz
continuous on | and Kl D(A).



17

Then the Cauchy problem (3)—(4) has the only one classical solution u and it is given by
the formula

u(t)=T(t—t0)x+f T(t-9K3¥ds © |

Proof. One can find a proof of this theorem in [5, Section 4.2].

3. Theorem about a mild solution

A functionu O C(I, E) and satisfying the integral equation

WO =T~ T(- 9+ [ TE 3 (s0sumH+
s to+a
+LO fl(S,T,u(T))dr+.Lo L(s7 Ur) d) ds, 0 J

is said to be a mild solution of the integrodifferential evolution nonlocal Cauchy problem
13-
Theorem 3.1. Assume that
() f:1xE? - E is continuous with respect to the first variable in fl.AXE - E
(i = 1, 2) are continuous with respect to the first and second variableg\,on
g: X - E b:l - | are continuous and there exist positive constants (i,41, 2)
and K such that

2

| f(s2.2)- (szdl< D | =74

)
for sOl,z,z0 E (i=12),
[ fi(s7.2- f(s7. < H z ¢ (#12) ©)
for (s,7)0A,zZ1 E

and

low-o(W|< K| w-W, for wwd X 7)
(i) M[a(2L+al + aL,) + K] <1.
(i) uyOE

Then the integrodifferential evolution nonlocal Cauchy prob{&jr(2) has a unique
mild solution.

Proof. Introduce the operatdf : X — X given by the formula
(F)) = T(t- R = T(- D g+ [ T 3 (503 @O

f s wendr+ [ (sr ) @) ds @ ®
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From (8) and (5)—(7),
| (Fw)(® = (F®(D) || <]| T(t= &) [ | AW - oW+

+L:||T(t— I f(s w3 whbB)- €.5ws WoOR| e
+I;||T(t-s>||(j§|| f(sT, wr)= (s, wr))| dj ds
+L:||T(t—3)||uj|| bL(sT, W)= §(sm, W) dj ds MK wiy +
ML (w9 -9 +] vy w o) o

ML, L t( Li" W(r) - ()| de ds+ ML, ft :Utjll wr) - Wr)| dj ds
<M(a(2L+aly +aly) + K| w- W, for wWwl X and € I 9)
If we define
q=M(a2L+al; + aly) + K)
then, by (9) and assumption (ii),
| Fw=Fi| < o w- |, for wwd X (10)

with 0 <q < 1. This shows thdt is a contraction oiX.

Consequently, by (10), operatérsatisfies all the assumptions of the Banach fixed point
theorem. Therefore, in spagethere is the only one fixed point Bfand this point is the
mild solution of the integrodifferential evolution nonlocal Cauchy problem (1)—(2). So, the
proof of Theorem 3.1 is complete.

4. Theorem about a classical solution

A function u:l - E is said to be a classical solution of the integrodifferential
evolution nonlocal Cauchy problem (1)—(2) if:
(i) uis continuous ohand continuously differentiable on {tg},

(i) U+ Au(t) = f(t,L(t)),L(t(p))+f f(tsyy dsf“a A ts@s for

tO 1\ {to},
(iii) - u(ty) +g(u) = .
Theorem 4.1. Assume that:
(i) Eis a reflexive Banach space amd1 E.

(i) f:1xE? - E, f,:AxXE - E(i = 1, 2) are continuous with respect to the second
variables in I, g: X - E b:1 - | is continuous on | and there exist positive
constants C, i = 1, 2)and K such that:
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I1s2.2)- (s2als § sTIsX ] 27l a
for s301,z,720 E (E12),

(s a- (sl o sl 2 (s12) W
for (s,7),(37)0A,z°4] E
and

low- @< K| w-w, for w X 13)
(i) M[a@2C+ aG + aG)+ K <1.

Then the integrodifferential evolution nonlocal Cauchy prob{&jr(2) has a unique
mild solution (which is denoted by) u. Moreover, §ffLD(A), g(u) O D(A) and if there

exists a positive constaft such that:

lu(9)- U kY[< H ¢ ¢ for S (14)

then u is the unique classical solution of the prob{&ys(2).
Proof. Since all the assumptions of Theorem 3.1 are satisfied, it is easy to see that the
problem (1)—(2) possesses a unique mild solution which according to the last assumption is
denoted by

Now, we shall show that is the classical solution of the problem (1)—(2). To this end,
introduce:

N:= rgja}x" f (s,u(s), u((9)) , (15)
N; = (Q%” fisr.ur)) (=12 (16)

and observe that:

U+ B == (Tt - = TE D W-(Te k@ 63 T+ Oh+
T30 un (o[ uts, @) ] L00s @) Y e

T30 U3 o+ os, @) 7T L0s @) W e

0

=T(E-EXT - Dy - T(= H(TH- 00+ [* T b X € E)s @OB+

t
to

T s ) ) d&f Tt X (8 huss )h((bs)n

+J: f,(s,7, u(r)) dr + j:"

0

-5 U9 (K Y) ds | T+ ){fm 5.0 @) (s @) T} 4 an

fres(J7 s e enf] TR w0 @ st g

for tO[ty, ty+a), h>0and +h O (o, to + a.
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Consequently, by (17), (15), (16), (11), (12) and (14),

[ut+h)—uh|< hM| Ag||+ hM| Ag Y|+ hM N al+ a+
+MCah+ MC.[: (s b= @¢H+] b8 M UDbM) e
< Ma’Ch+ MaN h+ M& G b=

=Ch+ M| (Just b= € o+ Gbs M- (UONH) e

t
<Ch+ |\/|C(1+H)jt Just H- ¢ 3 d (18)

fortO[ty, to+a),h>0and +hO (t, to + a.
From (18) and Gronwall’s inequality:

u(t+h) - u(|| < c,@VCT+H)
Jut+h) - u| =< G

fort O [to, to + @), h>0 andt + h O (to, ty + a]. Henceu is Lipschitz continuous oh
The Lipschitz continuity ofi on| combined with the Lipschitz continuity 6bn| x E?
andf; (i = 1, 2) with respect to the first variabled imply that the function:

0t - GuOUEO)+ [ ftsuds [T S(1s 0B c

is Lipschitz continuous oh This property of together with the assumptions of Theorem
4.1 imply , by Theorems 2.1 and 3.1, that the linear Cauchy problem:

VO + A = FEU®uEO)+ [ (EsuD ds |7 A sy ds 1Ol

v(ty) =Ugy — g(U)

has a unique classical solutiorand it is given by:
b0 =TT Y+ [ T 3 (s0B COW+

s tp+a
+j fl(S,T,U(T))dT‘F.[ f(sT, UT)) d) ds o) @© |
to to
Consequentlyu is the unique classical solution of the integrodifferential evolution
nonlocal Cauchy problem (1)—(2) and, therefore, the proof of Theorem 4.1 is complete.
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