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!).745:�;57�� 4� 3.4�0�� ,.30%1� )/4� �=� �).)/"�0'� /40#� H()(!.'7.-'I>� .� %,�:4� -�� $)-"'$/"� !).8 
,�1�2>� /5� ()?4;�-'=� �)?4;�-#� ;'/"� !+,-4'1� ?)?'-"� /$!97�;57#>� 3.4�0�;57#� ,)$+0� )/4� �=�
	)?'-"�.:4-�;57#�M�,#,)0%;'�)<!+"�φ�,)$+0�)/4�x=��!.#;9")>� 1'�.-�$�?)?'-"%� ;'/"� "�$�
3)<!�-#>� 1'� 3)3�"-4�?)?'-"� !).745:��:+!-5� 7.9CB�(!.'$!);%� H?�$/#?�&-'�,�!")C74��� 3&��
(!.'$!);%I=��-�$),�-4'�?)?'-"%�;'/"�()$�.�-'�-��!#/=�a=��-�$�$5"��)<!)"%�?%/4�<#B�.:)3-#�
.'�.-�$4'?�?)?'-"%=

�#/=� a=� �$0�3�,/(+0!.93-#7G�4�$)-,'-7;'�.-�$),�-4�
�#/=� a=� �))!34-�"'/��-3�@)!7'/�@)!�7!)//8/'7"4)-

�!.#,4.-�� )/4� (!.'?4'/.7.)-';� (!9"�� ;'/"� 3'W-4),�-�� ;�$)� (4'!,/.�� ()7G)3-�� $5"��
)<!)"%P

 κ φ= ∂
∂�

� HbI

��(!.#(�3$%�(!9"��)�-4'745:0';�$!.#,4O-4'>�"9�3'W-47;9�-�&'1#�!).%?4'B�;�$)�()7G)3-5�
&',)8�&%<�(!�,)/"!)--5>�,�.�&'1-)C74�)3�"':)>�()�$"+!';�/"!)-4'�(%-$"%�-4'745:0)C74�)<&47.�8 
?#�$!.#,4.-9=
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a=V=� �+,-�-4��(!9"��;'3-)!)3-':)

�)-/'$,'-7;5�(!.#;974��.�/�3#�(0�/$47G�(!.'$!);+,�;'/"�!+,-�-4'�)3$/."�07'2P

 ε�H�I�g�ε` + κ�>� H^I

:3.4'�ε`�;'/"�)3$/."�07'-4'?�,�()7.5"$%�%$0�3%�,/(+0!.93-#7G>�;'C&4�()7.5"'$�%$0�3%�&'1#�
,',-5"!.�(!.'$!);%=���(!.'74,-#?�,#(�3$%�;'/"�")�/"�0��<'.�4-"'!(!'"�7;4�?'7G�-47.-';=

�� (!.#(�3$%� (!9"�� ;'3-)!)3-':)� .� ;'3-':)� ?�"'!4�0%� )� ?)3%&'� �)%-:�� E� /"�-� -�8 
(!91'-4��,#!�1��/49�;�$)P

 σ�g�E ε>� HYI

:3.4'P
E� 6� ?)3%0��)%-:��?�"'!4�0%=

�<&47.�;57
 
N

A
= ∫ σ> �%,.:&93-4�;57�HYI>���-�/"9(-4'�H^I>�0�",)�)"!.#?�B�!+,-�-4'P

 N�g�E A ε` + E Sx κ� H\I

:3.4'P
A  6� ()&'�(),4'!.7G-4�(!.'$!);%>
Sx� 6� ?)?'-"�/"�"#7.-#�,.:&93'?�)/4�x=

�)3)<-4'�)<&47.�;57� M y
A

= ⋅∫ σ > �?)1-��%.#/$�B�!+,-�-4'P

 M�g�E Sx ε` + E J κ>� H]I

:3.4'P
J� 6� ?)?'-"�<'.,0�3-)C74�(!.'$!);%=

�'C&4�()7.5"'$�%$0�3%�,/(+0!.93-#7G�(!.'7G)3.4�(!.'.�C!)3'$�7491$)C74�(!.'$!);%>�7.#&4�
Sx�g�`>�")�!+,-�-4��H\I�4�H]I�!).(!.9:�;5�/49=

��%$0�3.4'�)/4�7'-"!�&-#7G�/"�-�)/4),#�(!),�3.4�3)�!+,-�-4�P

 N�g�E A ε`� HjI

�&�� .:4-�-4�� ,� %$0�3.4'� )/4� 7'-"!�&-#7G� !+,-�-4'� H\I� (!),�3.4� 3)� !'&�7;4� ?493.#�
,4'&$)C745�/"�"#7.-5>�7.#&4�?)?'-"'?�M>�4�$4-'?�"#7.-5>�7.#&4�$!.#,4.-9�κ:

 M�g�E J κ� HQ`I

�&�� ?�"'!4�0+,� -4'(!.'-)/.57#7G� !).745:�-4�� &%<� C74/$�-4�� "'� !'&�7;'� $4-'?�"#7.-'�
().)/"�;5� ,�1-'>� )� 4&'� .�?4�/"� 7�0':)� (!.'$!);%� <93.4'� %,.:&93-4�-�� "#&$)� 7.9CB� (!.'8 
-)/.57�� -�(!91'-4�>� 7.#&4� 3)� )<&47.�-4�� A i J� .)/"�-4'� ()?4-49"�� 7.9CB� (!.'$!);%>� :3.4'�
-�(!91'-4��/5�.'!),'=

�+,-�-4'� H^I� ,#!�1�� "'1� ()0)1'-4'� )/4� )<!)"%� (!.'$!);%>� :3#1� 3&�� .-�-#7G� H)<&48 
7.)-#7GI�ε` i κ równanie:

 ε` + κ��g�`� HQQI

)(4/%;'�,�!")CB�,/(+0!.93-';���(%-$"%>�:3.4'�)3$/."�07'-4'�;'/"�.'!),'=
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�C� )<!)"%� 7.9/")� -�.#,�� /49� "'1� )/45� )<);9"-5>� :3#1� 3&�� ?�"'!4�0+,� &4-4),)8/(!98 
1#/"#7G>� (!.'-)/.57#7G� .�!+,-)� C74/$�-4'>� ;�$� 4� !).745:�-4'>� ;'/"� ")� ()0)1'-4'� (%-$"+,>�
:3.4'� -�(!91'-4�� /5� .'!),'=� �� "#?� (!.#(�3$%� <!�$� -�(!91'2� -4'$)-4'7.-4'� ;'/"� $)-8 
/'$,'-7;5� .'!),#7G�)3$/."�07'2>�,497�<�!3.4';� (!'7#.#;-'� ;'/"� $4-'?�"#7.-'�();974'�)/4�
)<!)"%�(!.'$!);%=

a=a=� �+,-�-4��(!9"��.0)1)-':)

�#$)!.#/"%;57� !).,45.�-4'� 3&�� (!9"�� ;'3-)!)3-':)>� !).,�1�-#� <93.4'� (!9"� .0)1)-#� 
.�3,%�)374-$+,�)�!+1-#7G�(!.'$!);�7G�&%<_4�?�"'!4�0�7G=���13��.�7.9C74�;'/"�;'3-)!)3-�=

�� (!.#(�3$%� "�$4':)� (!9"�� .0)1)-':)� -�&'1#� 3)3�"$),)� .�0)1#B>� 1'� C!)3$4� 7491$)C74�
(!.'$!);+,�&'15�-��"';�/�?';�)/4=��)"'?�.)/"�-4'�()3�-'�%.�/�3-4'-4'>�1'�"�$4'�.�0)1'-4'�-4'�
;'/"�$)-4'7.-'=���&'1#�"'1�.�0)1#B>�1'�(!.'$!);'�)<%�7.9C74�-4'�/5�,.:&93'?�/4'<4'�)<!+7)-'>�
7.#&4�%$0�3�:0+,-#7G�)/4�<'.,0�3-)C74�;'3-';�7.9C74�()$!#,��/49�.�%$0�3'?�:0+,-#7G�)/4�
<'.,0�3-)C74�3!%:4';=��3#<#�")�.�0)1'-4'�-4'�<#0)�/('0-4)-'>�")�-�&'1�0)<#�3)$)-�B��-�&4.#�
,�3,%�,#?4�!�7G�6�;'3-�$�,-4)/$4�$)27),'�<#0#<#�43'-"#7.-'=

�).,45.�-4'>� ;�$�3&��(!9"�� ;'3-)!)3-':)>�?)1-��/")/),�B�3)�$�13';�.�7.9C74�)/)<-)>� 
)�4&'�-��/"#$%�)<%�(!9"+,�/('0-4)-'�<935�,�!%-$4�./.#74��H745:0)C74I=���!%-$4�./.#74��?�;5�
()/"�B�(�!�!+,-�2�3&��,4'&$)C74�/"�"#7.-#7G�4�$4-'?�"#7.-#7G=��&��$�13';�,4'&$)C74>�$"+!'�
<935� !).!+1-4�-'� 4-3'$/'?� Q� &%<� V� 3&�� )3(),4'3-4';� 7.9C74� (!9"�>� !+,-�-4�� ./.#74�� 3&��
.�3�-4��.:4-�-4��?�;5�()/"�BP

 M M M( ) ( )1 2	 	 � HQVI

 Q Q Q( ) ( )1 2	 	 � HQaI

 φ φ( ) ( )1 2= � HQbI

 � �( ) ( )1 2	 � HQ^I

R

R

1

2

�#/=� b=� �:4-�-4'�<'&$4�.�3,%�?�"'!4�0+,>�()$�.�-'�(!)?4'-4'�$!.#,4.-�R��g�Q_κH�I

�4:=� b=� �'-34-:�)@�<4?�"'!4�&�<'�?>�!�34%/�)@�7%!J�"%!'�R��g�Q_κH�I��!'�/G),-

�+,-�-4'� HQaI� ;'/"� /('0-4)-'� ")1/�?)C74),)>� :3#1� 3&�� 7.#/"':)� .:4-�-4�� /40�� ()8 
(!.'7.-��;'/"�.'!),�=��+,-�-4'�HQ^I�,#!�1��<!�$�?)1&4,)C74�(!.'/%,%�(!.'$!);+,�,.:&98 
3'?�/4'<4'>���!+,-�-4'�HQbI�<!�$�?)1&4,)C74�)<!)"%>�7.#&4�<!�$�(!.':%<%�-��/"#$%=���,�8 
!%-$+,� ./.#74�� 4/")"-#� ().)/"�;'� ;'3#-4'� ,�!%-'$� HQVI>� $"+!#� ,#!�1�� !+,-),�:9� ?)8 
?'-"+,=
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�&�� (!9"�� .0)1)-':)� !'&�7;9� ?493.#� ?)?'-"'?� .:4-�;57#?� �� $!.#,4.-5� HQ`I� -�&'1#�
(!.'(4/�B�,�()/"�74P

 M E Ji i i i( ) ( ) ( ) ( ) ,= κ � HQYI
:3.4'�4-3'$/�:+!-#���g�Q>�V=

��!%-'$�!+,-),�:4�?)?'-"+,�HVI�4?(&4$%;'�-4'745:0)CB�$!.#,4.-#>�:3#1P

 E J E J( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 2 2κ κ= � HQ\I

oraz E J E J( ) ( ) ( ) ( ) ,1 1 2 2 � ")� ,"'3#� κ κ( ) ( ) ,1 2≠ � 7)� (),)3%;'� 3'@)!?�7;9� ()$�.�-5� /7G'8 
?�"#7.-4'�-��!#/=�b=

�-�&):47.-4'>�3&��,#30%1'2�.�7G)3.4�.�&'1-)CBP

 E A E A( ) ( ) ( ) ( ) ( ) ( ) ,1 1
0
1 2 2

0
2ε ε= � HQ]I

.�7.':)�?)1-��,#/%-5B�()3)<-'�,-4)/$4�,�/")/%-$%�3)�,#30%1'2�ε`>� ;'3-�$�"'�-4'�<935�
4/")"-'�,�3�&/.#7G�!).,�1�-4�7G=

�&�� ):+&-':)� !+,-�-4�� HQ\I� )(4/%;57':)� .:4-�-4'� ,�!")� !).,�1#B� 3,�� (!.#(�3$4�
/.7.':+&-4'P�!+1-#7G�(!.'$!);+,�4�!+1-#7G�?�"'!4�0+,=��#/"�!7.��.?4�-��;'3-';�,4'&$)C74�
�&<)� "#&$)� ?�"'!4�0%� E E( ) ( ) ,1 2 � �&<)� "#&$)� (!.'$!);%� J J( ) ( ) ,1 2 � �<#� )"!.#?�B� /$)$�
$!.#,4.-#=

�).)!-4'�)<��(!.#(�3$4>�!+1-#7G�(!.'$!);+,�4�!+1-#7G�?)3%0+,��)%-:��H?�"'!4�0+,I>�
/5�43'-"#7.-'>��&'�3&��(!.#(�3$%�!+1-#7G�?�"'!4�0+,�.�7G),�-��;'/"�!+,-),�:��,�(%-$8 
74'>�7.#&4�,�$�13#?�(%-$74'���-��/"#$%�.�7G)3.4P

 σ σ( ) ( )( ) ( )1 2� �= � HQjI

�&�� !+1-#7G� (!.'$!);+,>� 7.#&4� $4'3#� .',-9"!.-�� &4-4�� (!.'$!);%� .�,4'!�� /$)$� H()!=�
(%-$"���-�� !#/=� YI>� !+,-),�:��,� /'-/4'�(%-$"),#?�-�� /"#$%�-4'�?)1'�<#B� .�7G),�-�>�
:3#1�,�"�$4?�(%-$74'�?%/4�<#B�/('0-4)-'�.�!+,-)�!+,-�-4'�)3$/."�07'2�H^I>�;�$�4�.,45.$4�
$)-/"#"%"#,-'� "#(%� HVI� )!�.� !+,-),�:�� -�(!91'2� HQjI=� �/.#/"$4'� "!.#� (!),�3.5� 3)�

�#/=� ^=� 	4?)C!)3),'� C74/$�-4'� %$0�3%� .0)1)-':)� .� <'&$4�
/"�&),';�4�<'&$4�1'&<'"),';

�4:=� ^=� �77'-"!47� "'-/4)-_7)?(!'//4)-� )@� /"''&� �-3� 7)-7!'"'�
<'�?/

�

� �
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/(!.'7.-)C74=� 	)1&4,'� ;'/"� "#&$)� .�7G),�-4'� !+,-),�:4� 7�0':)� (!.'$!);%� ,� /'-/4'� 7�08 
$),#?=

�)� "';� ()!#� .�$0�3�-)>� 1'� )C� (!.'$!);%� -4'� 3).-�;'� /$)$%=� �'C&4� ")� .�0)1'-4'� -4'� ;'/"�
/('0-4)-'>�")�,�!+,-�-4�7G�HQVI6HQ^I�();�,4�;5�/49�3)3�"$),'�7.0)-#=��'/"�")�"#&$)�().)!-��
-4'745:0)CB� ,#-4$�;57�� .� (!.'/%-4974�� %$0�3%� ,/(+0!.93-#7G=� 
.7.':+0),'� %.�/�3-4'-4'�
;'/"�1?%3-'�!�7G%-$),)>�:3#1�-(=�!+,-�-4'�HQ`I�?��4--5�()/"�B�,�%$0�3.4'�(!.'/%-49"#?>�
�&'�,-4)/$4�/5�43'-"#7.-'=

a=b=� �+,-�-4��.�$)",4'2
��&'1#� "'!�.� )3-4'CB� "'� ):+&-'� !).,�1�-4�� 3)� )374-$�� (!9"�� /"�&),':)� ()057.)-':)� 

.� )374-$4'?� (!9"�� <'")-),':)� H()!=� !#/=� ^I=� �� 4&'� .�7G),�-�� .)/"�0�<#� .�/�3�� (0�/$47G�
(!.'$!);+,>� ")� )<),45.#,�0�<#� .�&'1-)CB� HQ]I� 4� HQ\I>� :3.4'� 4-3'$/#� Q� 4� V� 3)"#7.#0#8 
<#� )3(),4'3-4)� 7.9C74� /"�&),';� 4� <'")-),';=� �� "#?� (!.#(�3$%>� @)!?�&-4'>� .�!+,-)�

E E( ) ( )1 2  oraz J J( ) ( ) .1 2

��7G),�-4'� 7.9C74� /"�&),';� (!9"�� -4'� <93.4'� (!.'3?4)"'?� -4-4';/.':)� �!"#$%0%=�
�/.#/"$4'�,4'&$)C74>�.�!+,-)�$4-'?�"#7.-'>�;�$�4�7G�!�$"'!#/"#$4�(!.'$!);%>�3)"#7.#B�<935�
7.9C74�<'")-),';=��-3'$/���<93.4'�3)"#7.#0�/"�&4�H.<!);'-4��&%<�$)"',I�,�7.9C74�<'")-),';=

�<#� ()$�.�B>� 1'� .,45.'$� :')?'"!#7.-#� HaI� /(!),�3.�� /49� 3)� .�/�3#� (0�/$47G� (!.'8 
$!);+,>� -�&'1#� (!.'C&'3.4B� $)-/'$,'-7;'� .�/")/),�-4�� !+,-�2� (!9"�� -4';'3-)!)3-':)� 3)�
.�$)",4'2=

�<&47.�;57�()0)1'-4'�)/4�)<!)"%�)$!'C&)-'�(!.'.�!+,-�-4'���g��`:
 �` :   ε�H�I�g�ε` + κ�`�g�`�

 �0
0=

−ε
κ

,  

,"'3#�!+,-�-4'�(0�/.7.#.-#�)3$/."�07'2�H^I�?)1-��.�(4/�BP

 ε�H�I�g�κ�H��6��`I>�

�3$/."�07'-4��,�$)",4'�()0)1)-';�,�(%-$74'����<935�/49�,#!�1�0#P

 ε��g�κ�H���6��`I>�
��,�7.9C74�C74/$�-';�<'")-%

 ε κb by y= −( ),0  

�%:%;57�/"�05�(!)()!7;)-�&-)C74�κ�.�(),#1/.#7G�!+,-�2>�?)1-��%.#/$�B�.�&'1-)CBP

ε εs

s

b

by y y y−
=

−` `

��%,�1�;57>�1' y ys � ` �;'/"�)3&':0)C745�)3�)/4�)<!)"%>�7.#&4� d s �)!�.�1'� y yb � `  to db >   
!+,-�-4'�%(!�/.7.��/49�3)�()/"�74P

ε εs

s

b

bd d
= >

� �
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7)�(!),�3.4�3)�,#-4$%�43'-"#7.-':)>�;�$�.�&'1-)C74�()3�-'�(!.'.�XY[�,�()/"�74�.�0)1'-4��
:')?'"!#7.-':)�HaI=

�� (),#1/.':)� !).%?),�-4�� ,#-4$�>� 1'� ;'C&4� 3'@)!?�7;�� ()3/"�,#� <'")-),';� .�$)"8 
,4'-4�� /('0-4�� .�/�39� (0�/$47G� (!.'$!);+,>� ")� )3$/."�07'-4�� /5� (!)()!7;)-�&-'� 3)� )3&':8 
0)C74�)3�)/4�)<!)"%�4�)3,!)"-4'=

a=^=� 
."#,-��(0#"�

��&'1#� ,� "#?� ?)?'-74'� .,!+74B� %,�:9� -�� .-�7.'-4'� .�0)1'-4�� )� /."#,-';� (0#74'�
()3/"�,#=�
."#,-��(0#"��.�(',-4��!'�&4.�7;9�,�!%-$+,�./.#74�>�!+,-�2�HQVI�4�HQbI>�-��/"#$%�
!+1-#7G�@!�:?'-"+,�(!9"��.0)1)-':)=

�� ��� "�$4'� .�0)1'-4'� -4'� ;'/"� ()"!.'<-'=� 	)1-�� ?#C&),)� ()3.4'&4B� (!9"� 1'&<'"),#� 
,� 3),)&-#?� ?4';/7%� -�� 3,4'� 7.9C74>� .�(4/�B� !+,-�-4�� )/)<-)� 3&�� $�13';� 7.9C74� 4� @)!8 
?�&-4'� ()/"�,4B� ,�!%-$4� ./.#74�� -�� /"#$%=� �'3-�$� "'� ,�!%-$4� ./.#74�� <#0#<#� /('0-4)-'�
")1/�?)C74),)=

�� (!.#(�3$%� .�$)",4'2>� �� ,497� ()057.'-4�� (!.'$!);%� <'")-),':)� 4� /"�&),':)>� /"#$�
?493.#�3,)?��!+1-#?4�7.9C74�?4�-4'�;'/"�?#C&),#>�"#&$)�W.#7.-#=��"'3#>�;�$�;%1�.)/"�0)�
-�3?4'-4)-'>� !+,-)CB� -�(!91'2� -�� /"#$%� .�7G)3.4� "#&$)� ,� /'-/4'� 7�0$),#?=� �%-$"),)>�
;'C&4�.)/"�-5�/('0-4)-'�!+,-�-4��$4-'?�"#7.-'�4�W.#7.-'>�,�!%-$4�!+,-),�:4�(!),�3.5�3)�
/(!.'7.-)C74=


."#,-�� (0#"�� :,�!�-"%;'� /('0-4'-4'� ,/.#/"$47G� ,�!%-$+,� HQjI� ,� $�13#?� (%-$74'=�
�<#� ")� ()$�.�B>� ,#/"�!7.#� ?#C&),)� ,#745B� @!�:?'-"� <'&$4� .�,4'!�;57#� ;'3#-4'� -4'8 
/$)27.'-4'� /."#,-5� (0#"9>� ;�$� ()$�.%;'� !#/=� Y=� �+1-'� !).$0�3#� -�(!91'2� -�� )<%� ()8 
,4'!.7G-4�7G� (0#"#� /('0-4�;5� ,�!%-'$� !+,-),�:4>� )� 4&'� /('0-4)-#� <93.4'� ,�!%-'$� !+,8 
-),�:4�,�/'-/4'�7�0$),#?=

�<'7-)CB� /."#,-';� (0#"#� -�� 7�0)C74� (!.'$!);%� <'")-),':)� H3)$0�3-4';� -�� 7�0)C74�
C74/$�-';�7.9C74�(!.'$!);%�<'")-),':)I�:,�!�-"%;'�/('0-4'-4'�,/.#/"$47G�"#7G�,�!%-$+,>�
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