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CONTOUR-NODE COORDINATES FOR SOLVING  
LINEAR ELECTRICAL CIRCUITS  

INCLUDING INDUCTIVE COUPLINGS
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A b s t r a c t
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connected electrical circuits with arbitrary situated in their structure mutual inductances 
between separate circuit branches. The concept of the application of the proposed coordinates 
is shown on the practical calculations applied to the chosen example of the circuit.
Keywords: contour-node coordinates, mutual interaction of the circuits
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1. Introduction

�+&!�?	��%	.%^%1)#3%��	)0	�%/	%1%(�&!($1	.%^!(%"'	��%	_+%"�!)�"	()�"!.%&!�?	��%	3+�+$1	
!�`+%�(%	<%�/%%�	��%	"2"�%3"	$�.	��%!&	%1%(�&)3$?�%�!(	()3#$�!<!1!�2	<%()3%	3)&%	$�.	3)&%	
!3#)&�$��W	��	#&$(�!(%'	��%	%^$1+$�!)�	)0	��%	()3#$�!<!1!�2	!"	+"+$112	.)�%	+"!�?	3$��%3$�!($1	
3).%11!�?	3%��)."	/�!(�	$&%	()�"!.%&%.	3)"�	$##&)#&!$�%	0)&	$	"#%(!4(	�$"6W	��%	$((+&$(2'	
()�^%&?%�(%	$�.	($1(+1$�!�?	 "#%%.	)0	 ��%	 "%1%(�%.	3%��).	.%#%�."	)�	 ��%	 0)&3+1$�!)�	)0	
��%	%_+$�!)�	"�&+(�+&%"	.%"(&!<!�?	!�^%"�!?$�%.	"2"�%3W	]"+$112'	0)&	")1^!�?	(+&&%��	`)/	!�	
()3#1%g	(!&(+!�"	/!��	%1%(�&)3$?�%�!(	()+#1!�?"'	��%	3%"�	(+&&%��"	3%��)."	$&%	+"%.	$�.	$&%	
considered to be more reliable than nodes potential methods [1].

2. The purpose of work

��%	$!3	)0	��!"	#$#%&	!"	�)	"�)/	��%	$.^$��$?%"	)0	()��)+&��).$1	())&.!�$�%v"	3%��)."	
0)&	 ")1^!�?	 %1%(�&!($112	 �)�	 ()��%(�%.	 (!&(+!�"	 ()+#1%.	 <2	 3+�+$1	 !�.+(�$�(%"	 1)($�%.	 
!�	$&<!�&$&2	(�)"%�	<&$�(�%"	)0	��%	(!&(+!�"	)^%&	��%	3%��)."	)0	()��)+&	(+&&%��"	$�.	�).$1	
^)1�$?%"	 {|}W	 ��%	 3$!�	 #+&#)"%	 )0	 ��!"	 �%/	 $##&)$(�	 !"	 �)	 .%&!^%	 ��%	 ?%�%&$1	 "(�%3%'	 
!�	/�!(�	��%	(!&(+!�	($�	<%	.!^!.%.	!��)	"%#$&$�%	"+<"2"�%3"	()��%(�%.	)�12	^!$	3$?�%�!(	
ties and which can be built in the form of the classical mathematical model. The approach, 
/�!(�	+"%	.%^%1)#%.	�2#%	)0	"(�%3%	/)+1.	"!?�!4($��12	&%.+(%	��%	)&.%&	)0	!�!�!$1	%_+$�!)�	
"%�	!�	()3#$&!")�	�)	��%	3%��).	)0	()��)+&	(+&&%��"W	�)&%)^%&'	��%	"%�"	)0	%_+$�!)�"	)<�$!�%.	
+"!�?	��!"	3%��).	/!11	<%	!�	��%	0)&3	3+(�	%$"!%&	�)	")1^%	��$�	��%	%_+$�!)�"	)<�$!�%.	0)&	
other used methods.

3. Statement of the problem and it’s solving method

�!^!.!�?	 ��%	 �)�$1	 "2"�%3	 �)	 ��%	 "+<"2"�%3"	 ��&)+?�	 %1%(�&!($1	 ()��%(�!)�"	 $�.	
%"�$<1!"�!�?	$	3$��%3$�!($1	3).%1	)0	()��)+&��).$1	())&.!�$�%"	.)%"	�)�	1%$.	�)	3+(�	1)/%&	
)&.%&	 )0	 "2"�%3	 %_+$�!)�"	 !�	 ()3#$&!")�	 /!��	 ��%	 ()��)+&	 (+&&%��"	 3%��).W	 ��	 ��!"	 ($"%	
3+�+$1	3$?�%�!(	&%1$�!)�"	+"+$112	&%3$!�	!�	"+<"2"�%3"'	/�!(�	$&%	.%"(&!<%.	<2	��%	3%��).	
of contour currents.

��	 #&$(�!(%'	 ()3#1%g	 (!&(+!�"	 ~%1%(�&!($1	 "2"�%3"�	 +"+$112	 ()�"!"�	 )0	 "%^%&$1	 ?$1^$�!(	
+�&%1$�%.	"+<"2"�%3"'	()��%(�%.	)�12	^!$	3+�+$1	 !�.+(�$�(%"	 �!%"W	��%	 !.%$	 !"	 �)	.%"(&!<%	
")3%	"+<"2"�%3"	+"!�?	��%	()��)+&	(+&&%��"	3%��).	$�.	0)&	��%	&%"�	+"%	��%	3%��).	)0	�).$1	
^)1�$?%"W	 ��%	 "2"�%3	 )0	 %_+$�!)�"	 .%"(&!<!�?	 ?!^%�	 (!&(+!�"	 �$"	 �)	 <%	 "+##1%3%��%.	 <2	
$�$12"!"	)0	��%!&	"�&+(�+&%	0)&	��%	)#�!3$1	.!^!"!)�	�)	��%	"+<"2"�%3"	��$�	($�	?!^%	$##&)#&!$�%	
"�&+(�+&%	)0	3$�&!(%"'	^%(�)&"	)0	#$&$3%�%&"	$�.	())&.!�$�%"	)0	��%	"(�%3%	$"	/%11	$"	?!^%"	
��%	#)""!<!1!�2	)0	1)/%&!�?	��%	)&.%&	)0	"2"�%3	%_+$�!)�"W

�1%(�&!($1	 (!&(+!�	 ()�"!"�!�?	 )0	 �/)	 ()3#1%g	 %1%(�&!($1	 "+<"2"�%3"	 1!�6%.	 �)?%��%&	 ^!$	
3+�+$1	!�.+(�$�(%"	~�!?+&%	��	/$"	()�"!.%&%.	!�	0+&��%&	%g$3#1%W	�)&	��%	4&"�	"+<"2"�%3'	
��%	"+<"2"�%3	%_+$�!)�"	/%&%	0)&3%.	+"!�?	�).$1	())&.!�$�%"'	$�.	0)&	��%	"%()�.	)�%	�	��%	
"+<"2"�%3	 %_+$�!)�"	 /%&%	 (&%$�%.	 +"!�?	 ��%	 ()��)+&	 ())&.!�$�%"W	�11	 ^%(�)&	 ^)1�$?%"	 $�.	
(+&&%��"	/%&%	.!^!.%.	!��)	"+<�^%(�)&"	$�.	!3#%.$�(%	$�.	$.3!��$�(%	3$�&!g%"	!��)	<1)(6"	
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()&&%"#)�.!�?	�)	��%	.!^!"!)�	!��)	"+<"2"�%3"W	��	��!"	($"%'	$	1!�%$&	(!&(+!�	!"	()�"!.%&%.'	/�$�	
"!3#1!4%"	��%	")1+�!)�	)0	��%	#&)<1%3'	$1��)+?�	��!"	3%��).	!"	$1")	"+!�$<1%	0)&	$�$12"!"	$�.	
nonlinear circuits.
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�!?W	 �W	 �%�%&$1!9%.	"(�%3%	)0	�/)	%1%(�&!($1	(!&(+!�"	()+#1%.	)�12	^!$	3+�+$1	!�.+(�$�(%"
�2"W	 �W	 �(�%3$�	)?=1�2	./=(�	)</).=/	#)7>(9)�2(�	�216)	#)#&9%9	"#&9;@%�!$	3$?�%�2(9�%

[%(�)&	%_+$�!)�	)0	^)1�$?%	<&$�(�%"	!�	3$�&!g	0)&3	0)&	��%	4&"�	$�.	"%()�.	"+<"2"�%3	
/�!(�	!�(1+.%	3+�+$1	!�.+(�!^%	()+#1!�?	($�	<%	"�$�%.	$"�	

 � � � �E Z I Z I UI I I I I II II I− − =− −  (1)

 � � � �E Z I Z I UII II II II II I I II− − =− − , 	 ~|�

where:
Z I I�  Z II II� 	 �	 3$�&!g%"	)0	()3#1%g	!3#%.$�(%"'	.%"(&!<!�?	!�.!^!.+$1	<&$�(�%"	$�.	

3+�+$1	!�.+(�$�(%"	<%�/%%�	��%3	/!��!�	4&"�	$�.	"%()�.	"+<"2"�%3	
&%"#%(�!^%12�

Z I II� ,  Z II I� 	 �	 3$�&!g%"	 )0	 ()3#1%g	 !3#%.$�(%"'	 .%"(&!<!�?	 ��%	 !�.+(�!^%	 �!%"	
between subsystems.

��	%g#$�.%.	0)&3	��%	?%�%&$1	3$�&!g	)0	(!&(+!�v"	#$&$3%�%&"	$(�!%^%	0)11)/!�?	0)&3�
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where:
n and m	 �	 �+3<%&	)0	<&$�(�%"	!�	4&"�	$�.	"%()�.	"+<"2"�%3	%"#%(�!^%12W

�)��.!$?)�$1	 %1%3%��"	 )0	 ��%	 3$�&!g%"	 Z I I� ,  Z II II�  represent the mutual relations 

<%�/%%�	��%	<&$�(�%"	!�"!.%	"+<"2"�%3"	&%"#%(�!^%12'	��%	%1%3%��"	)0	 Z I II� ,  Z II I�  matrixes 
represent the mutual relations between the branches of subsystems.
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��%"%	 3+�+$1	 &%1$�!)�"�!#"	 /%&%	 .%�%&3!�%.	 ��&)+?�	 3+�+$1	 ()+#1!�?	 ()%04(!%��	 
<%�/%%�	!��	<&$�(�	)0	��%	4&"�	"+<"2"�%3	$�.	8��	<&$�(�	)0	��%	"%()�.	"+<"2"�%3	.%4�%.	$"�
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�%�v"	%g#&%""	��%	̂ )1�$?%"	$(&)""	��%	<&$�(�%"	)0	��%	4&"�	"+<"2"�%3	+"!�?	�).$1	̂ )1�$?%"	�	
U Ut NI I I= Π ,  where �It 	3$�&!g	)0	�'�'	)&	��	(&%$�%.	�)	%g#&%""	^)1�$?%"	$(&)""	<&$�(�%"	<2	
�).$1	^)1�$?%"	'	$�.	"+<"�!�+�%	!�	�)	~��	$�.	"!3!1$&12	<&$�(�	(+&&%��"	)0	��%	"%()�.	"+<"2"�%3	
can be expressed as functions of contour currents I It CII II II= Γ  $�.	"+<"�!�+�%.	�)	%_+$�!)�"	
~��	$�.	~|�W	��	($�	<%	$1")	�)..%.	��$�'	0&)3	��%	X!&(��)00v"	1$/'	0)&	��%	"%()�.	"+<"2"�%3		
ΓII IItU = 0. 	�0�%&	��%	"+<"�!�+�!)�	��%	%_+$�!)�"	~��	$�.	~|�	$(()3#1!"�	0)11)/!�?	0)&3�

 E Z I Z I Ut C t NI I I I I II II II I I− − =− − Γ Π ;  (3)

 ΓII II II II II II II II II I IE Z I Z It C− − =− −Γ Γ Γ 0.  (4)

Final form of a mathematical model of contour-nodal coordinates is obtained from 
%_+$�!)�"	~��	$�.	~��	<2	")1^!�?	%_+$�!)�	~��	/!��	&%"#%(�	�)	��%	^%(�)&	)0	<&$�(�	(+&&%��"	 
)0	��%	4&"�	"+<"2"�%3	 I I 	$�.	"+<"�!�+�%	��%	&%"+1�	!��)	%_+$�!)�	~��	$�.	�$6!�?	!��)	$(()+��	
that, ΠI II = 0 :
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�&)3	 ��%	 )<�$!�%.	 "2"�%3	 )0	 %_+$�!)�"	 ~��	 �).$1	 ^)1�$?%"	 )0	 ��%	 4&"�	 "+<"2"�%3	 
$�.	()��)+&	(+&&%��"	)0	��%	"%()�.	"+<"2"�%3	($�	<%	($1(+1$�%.W	��%"%	_+$��!�!%"	($�	<%	1$�%&	
+"%.	�)	)<�$!�	<&$�(�	(+&&%��"	$�.	^)1�$?%"	$(&)""	<&$�(�%"W
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�)	()�4&3	��%	()&&%(��%""	$�.	$.%_+$(2	)0	&%(%!^%.	3$��%3$�!($1	3).%1'	$�	%g$3#1%	
($1(+1$�!)�	 0)&	 ��%	 ()3#1%g	 %1%(�&!(	 (!&(+!�"'	 /�!(�	 ()�"!"�"	 )0	 �/)	 ?$1^$�!(	 !")1$�%.	
"+<"2"�%3"	�!%.	)�12	^!$	3+�+$1	!�.+(�$�(%"	~�!?W	|�	/$"	#&)^!.%.	!�	��!"	/)&6W

��!"	"(�%3%	~�!?W	|�	($�	<%	!�!�!$112	.%"(&!<%.	!�	()��)+&��).$1	())&.!�$�%"	$�.	�).$1	
^)1�$?%"	<2	 0)+&	%_+$�!)�"	$�.	+"!�?	 ��%	3%��).	)0	()��)+&	(+&&%��"	<2	 "%^%�	%_+$�!)�"W	 
��	?%�%&$1'	��%	�+3<%&	)0	%_+$�!)�"	0)&	��%	��&%%	()�"!.%&%.	3%��)."	()3#$&%	$"	0)11)/"�

n n nCC NVCC NV� � .

where: 
nCC	 �	 �+3<%&	)0	%_+$�!)�"	0)&	()��)+&	(+&&%��"	3%��)."'
nNVCC	 �	 �+3<%&	)0	%_+$�!)�"	0)&	()��)+&��).$1	())&.!�$�%"	3%��)."'
nNV	 �	 �+3<%&	)0	%_+$�!)�"	0)&	�).$1	^)1�$?%"	<$"%.	3%��)."W


0	 ()+&"%	 4�$1	 .%"(&!#�!)�	 )0	 ��%	 (!&(+!�	 /!11	 ()�"!"�	 )0	 ��%	 "$3%	 �+3<%&	 )0	 ��%	
!�.%#%�.%��	 %_+$�!)�"'	 <+�	 !�	 &%$1	 1!0%	 !�	 !"	 )0�%�	 .!04(+1�	 �)	 #%&0)&3	 "!3#1%	 &%.+(�!)�	 )0	 
��%	�+3<%&	)0	%_+$�!)�"W

��%	 .!$?&$3	 0&)3	 ~�!?W	 |�	 !"	 $	 ()3#1%g	 .!$?&$3	 ()�"!"�!�?	 )0	 (1)"%	 1))#"	 /!��	 ��%	
%1%3%��"	/�!(�	$&%	�+3<%&%.	!�	&$�.)3	)&.%&	~��%	.!&%(�!)�	0&)3	1%0�	�)	&!?��	/$"	(�)"%��'	
$�.	$"	$	4&"�	%1%3%��	($�	<%	"%1%(�%.	$�2	%1%3%��	0&)3	$�2	"+<"2"�%3	$�.	$�2	�).%	($�	 
be chosen as reference one.

��%	 ?)$1	 !"	 �)	 0)&3	 ��%	 !3#%.$�(%	 3$�&!g%"	 0)&	 $	 ?!^%�	 %_+$�!)�	 "(�%3%	 0&)3	 ?!^%�	
^$1+%"	 )0	 (!&(+!�	 #$&$3%�%&"	 �$6!�?	 +�.%&	 ()�"!.%&$�!)�	 ^)1�$?%	 #)1$&!�2	 )0	 ��%	 3+�+$1	
!�.+(�$�(%	)0	%$(�	�/)	()+#1%.	()3#)�%��"	~)�	��%	"(�%3%	#)1$&!�2	)0	()+#1!�?	!"	"�)/�	$"	
“o��W
�%�	��%	()+#1!�?	()%04(!%��	/$"	(�)"%�	$&<!�&$&2	�	�	�	�W�'	$�.	0)&	?!^%�	#$&$3%�%&"	
"%�'	��%	#&)#)"%.	")1+�!)�	"(�%3%	&%�+&�%.'	0)&	%$(�	"+<"2"�%3'	��%	^%(�)&"	$�.	3$�&!(%"	)0	
#$&$3%�%&"	"�)/�	!�	�!?+&%	�W

��%	3$�&!(%"	$�.	^%(�)&"	"�)/�	<%1)/	/%&%	($1(+1$�%.	0)&	��%	.!$?&$3	0&)3	�!?W	|W	$�.	
/%&%	"+<"�!�+�%.	�)	��%	%_+$�!)�	~��'	/�!(�	/$"	��%�	")1^%.	+"!�?	�$��������	")0�/$&%W	
The results of these calculations are shown in Table 1.

T a b l e  1
Calculated values of nodal voltages and contour currents for a given solution scheme  

and given circuit diagram

U10_0, V IC5'	� IC6'	� IC7'	�

���'|	�	8|�'��� �'���	�	8�'��� ��'���	�	8�'��� �'��	�	8�'���

The contour currents from table 1 (IC5, IC6, IC7) were chosen as the currents of three 
()��)+&"	0&)3	1%0�	.!$?&$3	!�	4?+&%	|W

]"!�?	 )<�$!�!�?	 �).$1	 ^$1+%"	 )0	 ^)1�$?%	 $�.	 ()��)+&	 (+&&%��"'	 ��%	 ^$1+%"	 )0	 ^)1�$?%"	
$(&)""	<&$�(�%"	$�.	<&$�(�	(+&&%��"	/%&%	($1(+1$�%.	$�.	1!"�%.	!�	�$<1%	|

��	)&.%&	 �)	 $""%""	 ��%	 $.%_+$(2	)0	 ��%	 &%"+1�"'	 ��%	 (+&&%��"	 $�.	^)1�$?%"	)0	 ��%	 (!&(+!�	
0&)3	 ��%	 .!$?&$3	 "�)/�	 !�	 �!?W	 |W	 /%&%	 $1")	 ($1(+1$�%.	 +"!�?	 ��%	 3%��).	 )0	 ()��)+&	
(+&&%��"	 $�.	 +�!1!9!�?	 ��%	 "$3%	 "%�	 )0	 ��%	 #$&$3%�%&"W	 �$1(+1$�!)�	 &%"+1�"	 $&%	 #&%"%��%.	 
in Table 3.
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The comparison of the results obtained by the method of contour-nodal coordinates 
and the method of contour currents for the second subsystem (IC5, IC6, IC7�	 	�	�$<1%	�	$�.	
�$<1%	 �	 "�)/"	 ()3#1%�%	 3$�(�'	 /�$�	 !�.!($�%"	 ��%	 $.%_+$(2	 $�.	 $##&)#&!$�%	 "�&+(�+&%	 
)0	 .%^%1)#%.	 3$��%3$�!($1	 3).%1W	 ��%	 ()��)+&��).$1	 ())&.!�$�%"	 3%��).	 /$"	 $1")	 +"%.	 
for the analysis of electrical circuits, which consist not only of the two, but three, four  
$�.	 3)&%	 !")1$�%.	 "+<"2"�%3"W	 �%"+1�"	 )0	 ��%	 ($1(+1$�!)�"	 ()�4&3%.	 ()&&%(��%""	 )0	 ��%	
proposed approach.



27

� $ < 1 % 	|
The calculated values of branch currents and voltages across

Number of the

branch p

currents
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T a b l e  3
The calculated contour current values of contour current method
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4. Conclusions

�W	 
&.%&	 )0	 ��%	 %_+$�!)�	 !�	 ��%	 3%��).	 )0	 ()��)+&��).$1	 ())&.!�$�%"	 !"	 $1/$2"	 1%""	 )&	 
%_+$1	��%�	)&.%&	)0	��%	%_+$�!)�	"2"�%3	)<�$!�%.	+"!�?	��%	3%��).	)0	()��)+&	(+&&%��"	$�.	
+"+$112	%_+$1	�)	��%	)&.%&	)0	��%	%_+$�!)�"	)<�$!�%.	+"!�?	��%	3%��).	)0	�).$1	^)1�$?%"W

|W	 �.%_+$(2	 )0	 ��%	 .%&!^%.	 3$��%3$�!($1	 3).%1	 /$"	 ()�4&3%.	 <2	 ()3#$&!")�	 )0	 ��%	
&%"+1�"	)<�$!�%.	<2	��%	#&)#)"%.	3%��).	/!��	��%	&%"+1�"	)<�$!�%.	+"!�?	()��)+&	(+&&%��"	
method. A comparison showed that, for the same considered circuit structure and for  
the same parameter sets, the results are the same. 

�W	 ��%	.%&!^%.	3$��%3$�!($1	3).%1	($�	<%	+"%.	0)&	��%	$�$12"!"	)0	(!&(+!�"	!�	#)/%&	"+##12	
"2"�%3	��$�	()��$!�"	�&$�"0)&3%&"	$�.	��	3$(�!�%"	��+"	()��$!�!�?	!�.+(�!^%12	()+#1%.	
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%1%3%��"	$�.	#%&0)&3!�?	.2�$3!(	#&)(%""%"W	��%	3%��).	<%()3%"	%"#%(!$112	%00%(�!^%	
0)&	 "2"�%3"	 /!��	 $	 "!?�!4($��	 .!00%&%�(%	 <%�/%%�	 ��%	 �+3<%&	 )0	 !�.%#%�.%��	 (!&(+!�"	 
and number of the system components.
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