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Abstract

The aim of this paper is study the existence and uniqueness of mild and classical solution
of the Cauchy problem for a linear and a semilinear evolution equation in Banach space with
nonlocal condition. These theorems are proved by using the sun-reflexive Banach space
relative to an operatd¥(0).
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Streszczenie

Celem niniejszego artykutu jest zbadanie istnienia i jednoznécizzetkowego i klasycznego
rozwiazania zagadnienia Cauchy’ego dla liniowego i semiliniowego réwnania ewolucyjnego
w przestrzeni Banacha z nielokalnym warunkiem pthc@vym. Przedstawione w artykule
twierdzenia zostaly udowodnione przy zatoiu sun-refleksywni@i przestrzeni Banacha
wzgledem operatoré(0).

Stowa kluczoweproblem ewolucyjny rozwigzanie catkowge rozwigzanie klasycznenie-
lokalny warunek poecgkowy, przestrzé sunrefleksywna
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1. Preliminaries

Let (X, || - ||) be a Banach space and supposéthxt(] D(A) — X is a linear closed
operator, wher®(A) domain ofA is dense irK. For such an operatérwe may define the
adjoint operatoA " in the spacé& . However, the domail(A") of A" need not be dense
in X” and because of this fact we cannot define the second adjoint op&raton X .
To avoid this situation one may use so calted— adjointness or “sun-adjointness”. For
details and proofs see, e.g. [2], Chap. 14.

Let p(A) denotes the resolvent set aR@\, A) = (A-A1)"2, AOp(A) be the resolvent
of A,

Definition 1.1. We shall call a linear closed operafor X 0 D(A) —» X asun-operator
if
(i) D(A) =X,
(i) ||R()\, A)|| = O@/A) asA - oo,

For a given sun-operatdy, the spaceX® := D(A”) O X" will be called thesun-adjoint
space of X relative to.A

We denote byA® restriction of A" with domain
D(A®) ={ x"OD(AY): A¥X'0 X°}.

We collect some facts concerning this “sun-adjointness” in the following proposition:

Proposition 1.2. ([2], Chap. 14).

(i) For arbitraryX and unbounded, the sun-adjoint space may very well be a proper
subspace oiX .

(ii) If
OxO X [[x Iy := sup{l| xX°(Q [|: X0 X%, || [k 3

then || - {|lis a norm inX which is equivalent to the original norm || - [Kirin fact

OxO X |, <] {= M|
where M := Ii&ninf IARQ, A

(i) A is a sun-operator.
(iv) The generatoA of aCy — semigroup is a sun-operator.

From this proposition it follows that we can repeat the above procedureaitial X
replaced byA® and X©. We define

X9 := (X®)°.

It is sun — adjoint space of© relative to A°.
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Now we recall the following definition:
Definition 1.3. We assume that is renormed with the north])
Then the spacX is called" sun-reflexive” relative to Af

j09 = X°°,
wherej: X - X" is the canonical embedding of into X ™.

Remark 1.4. In particular, X is sun-reflexive whenever it is reflexive in the usual
sense. Furthermore, a non-reflexive space may be sun-reflexive relative to certain sun-
-operators.

In the sequel we shall need the following theorem:

Theorem 1.5. ([3], Th. 1.52). Letg:A; ={(t 9:0<ss<s t< T - X and suppose
that:
(i) for almost allsO[0, T] the function[s T] Ot - (t $ is continuous,

(ii) for eachtd[0,T], 9(t,-) is summable ovdo,t],
(iii) there exists a functiom 0 L1(0,T;[0,)) such that for(t, s) OAr, |lg(t.s) £ (s)

t
Then the functionG:[0,T] Ot - .[ o(t 9 dd1 Xis continuous.
0

2. Thelinear case

Let ( X, || - ||) be a Banach space. We shall consider the following nonlocal linear
problem

{u'(t) = Alhu(d+ o, t0(0, ] 1)

u(0)=uy + h(wd X

whereA(t) : X O D - X, tO[0,T] is a linear closed operator with domd&@pA(t)] = D

dependent on and dense iiX; g : [0,T] - X, h: C([0,T], X) -~ X are given functions and
u: [0,T] - Xis an unknown function.
We shall give examples of functitm For details see [1], Chap. I.5.

Examples2.1.

k
() h(u:=> aut), whereud X, a;OR, j=1,..k, 0t <..<t, <T, kON.
i=L
k g
(ii) h(u):=2—’j u(s)ds where ud X, aj,g; UR, j=1..k, Ost; <. <t <T,
j:lajtv—g.
] ]

t—l<tj _Ej y kl:lN

i
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We make the following assumptions:
(Aq) For eacht J[0,T], A(t) is the generator of @ — semigroup.
(Ap) The family {A(t)}, tO[0,T] is stable in the sense that there exist real numbkeesl
and w such that

< MA-w)¥

k
l_l R, At))
j=

forall A>w, O<t <...<t, <T, kON.

(A3) For eachx [ X the mappingt — A(t)x is of classC([0,T], X).

(A4) The resolvent sep(A(t)) does not depend drand O belongs t@(A(t)).
(As) L>00Ot,t0O[0,T] lg®) —g(®) || £ L |t—T].

Remark 2.2. From assumption (4 and Proposition 1.2 (iv), it follows th&{0) is the
sun-operator.

Definition 2.3. A twoparameter family of bounded operatotd(f 5)}, 0<s<t<T
onX is calledan evolution system of problem

{u'(t) = A(Yu(t), td (0, T]

u0)=uy, O X @

if the following two conditions are satisfied
@) U(s, 9 =1, sO[0,T],
urJue,s)=Uf(t,s), 0ss<r<t<T,

(i) (t,s) - U(t, 9 is strongly continuous fo@<s<t<T.
It is known that following theorem is true:

Theorem 2.4 ([4], Th. 5.4.8). Let assumptions {A (A,), (As), (A4) hold. Then there
exists a unique evolution system of (B)({, 9}, 0<s<t< T satisfying

() U9y ,<Mexp{wt-s}, 0ss<t<T,

(ii) %U(t,s)x: ADU(t 9 x xOD, 0<s<t<T,

(iii) %U(t,s)x:—U(t,ﬁﬁ(s)x xOD, 0<s<ts<T,

(iv) U(t,s)DO D, 0<s< t< T,
(v) for xOD the mapping(t,s) — U(t, 9 x is continuous inY::(D,||EﬂD[A(0)]) for

0<s<t<T, where

"X”D[A(O)] =[{+|A0)4. XD
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Now, we recall the following definition:

Definition 2.5. A functionu: [0,T] — X is a classical solution of the nonlocal linear
problem(1) if u is continuous on [}, continuously differentiable on (0}, u(t)0D for

t0[0,T] and (1) is satisfied.

Let u be a classical solution of (1) and assumptiong, (84,), (As), (A4), (As) hold.
Then the function

s-U(t9ug, sO(@O,t), tO[OT]

is differentiable and
%[U(I,S)U(S] =-Ut3Ap0)st Ut)s't)s

=UL)A9UST ULH Asl)s Qs UIIL9

Furthermore, from (4 it follows that g0 L}([0,T], X). Since U(t, 9}, 0<s<t<T

is family of bounded operators strongly continuous, it is uniformly bounded ([6], Th. 1.31).
Thus

®)

C>o[u(ts), ,<C

Consequently, the function
s U(t,94d9, sO(0,t), tO[O,T]
is integrable and integrating (3) from Ottgields

t
U, tu®)-uU (t,O)u(O)=IU (t,s)g(9 ds
0
This implies
t
mo:uam%+uapmwyju@@quf @)
0

Suppose that the functiom: C([0,T], X) - X satisfies the following assumption:
(Ag) there existsK >0 such that0<CK <1 and

Ou,wOC(0, T, X) [ KO- 1§ W< K w ”\é([o,T],X)'

Applying Theorem 1.5 we obtain that the right-hand side of (4) is a continuous function
on [O,T]. It is natural consider it as a generalized solution of (1) even if it is not
differentiable and does not strictly satisfy the equation in the sense Definition 2.5.
Motivated by this remark we make the following definition:

Definition 2.6. A function ud C([0, T], X) such that

t
MD=U@m%+Uapmwyjumgqsd: )
0

is calledthe “mild solution” of nonlocal linear probler(i).
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Theorem 2.7. Under assumptions (A (Ay), (As), (Ag), (As), (As) the problem (1)
has exactly one “mild solution”.

Proof. Let

t
(Gu)(1) = U(t,0), + U(t, 0)h(u)+j U(t 9 o § ds uC(0, T}, X), tO[0,T].
0

The operatofs is a mapping fronC([0, T], X) into itself.
From assumptions it follows

U - (W8] =] U0 MY~ wil< CH v or, -

Consequently is a contraction. By Banach’s contraction principle, this implies that (1)
has exactly one “mild solutiont:
Using the same method as in [5] (Th. 2.1) we prove the main theorem in this section.

Theorem 2.8. Let (X, || - ||) be a sun-reflexive Banach space relati{ap Assume
(A1), (A2), (A3), (Ag), (As), (Ag) and letu, OD and h(u)O D. Then the nonlocal linear
problem (1) has exactly one classical solutiuch that

t
u(t) :U(t,O)uO+U(t,0)h(u)+jU(t, 9g(9ds tO[0,T]
0

3. The semilinear case

Let (X, || - |]) be a Banach space. In this section we consider the nonlocal semilinear
problem

{u'(t) = AYu(t)+ f(t (D), td(0,T] ©)

u(0) =y, + h(yd X,

whereA(t) : X O D - X, t0[0,T] is a linear closed operator with domdmpA(t)] = D
dependent ohand dense iX; f:[0,T] x X —» X, h: C([0, T], X) - X are given functions

andu: [0,T] - Xis an unknown function.

The classical solution of the problem (6) is defined analogously to the classical solution
of problem (1).

Let u be a classical solution of (6), assumptions)(AA,), (As), (As), (As) hold and
f:[0,T]x X - X be continuous. Then as in Section 2

t
u(t) =U(t,0)u, +U (t,O)h(U)+J- Ut s) f(s U9 d ()
0

and the right-hand side of (7) is a continuous function on|.[Therefore, we define “mild
solution” of (6) analogously to the problem (1).
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Theorem 3.1. Let assumptions (&, (A,), (As), (A4), (As) hold.

If f:[0,T]x X - X is continuous, there existk >0 such that0 < C(K +_LT)<1 and
Ot0[,T] Ox, yO X | ft.x) - ft,y)|<L|u-w,

then the problem (6) has exactly one “mild solution”.

Proof. By analogy to the proof of Theorem 2.7 we define the mapping
G: C([0,T], X) - C([0,T], X)

t
(Gu)(1) = U(t,0)y, + U(t, 0)h(u)+j Ut 9 f(su 3 & udc(o,T], X), tO[0,T].
0

Since
[Gu)(t) - (GW(D]| < A K+ LT[ u- VHC([O,T],X)’

whereC and K as in the proof of Theorem 2.@ is a contraction. By Banach’s con-
traction principle, this implies that (6) has exactly one “mild solutian”.

Applying the same method as in the proof of [5] (Th. 2.2) we prove the following
theorem:

Theorem 3.3. Let (X, || - ||) be a sun-reflexive Banach space relativ¢dp
Assume (A), (A2), (As), (Ag), (Ae). If u,OD, h(uyODand f: [0,T] x X - X satisfy

the Lipschitz condition with constant. >0 then the nonlocal semilinear problem (6)
has the unique classical solutiosuch that

t
u(t) =U(t,0)u, + U(t,O)h(u)+j U(t,s) f(s (3 ds tO[O,T].
0
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