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Anomalous quartic term in the expansion of the symmetry energy
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The quartic term in the framework of relativistic mean-field theory with inclusion of scalar meson interactions
is investigated. It is shown that the quartic term in the asymmetric expansion of nuclear matter energy may
reach very large values. This makes the even power expansion of asymmetry questionable and suggests possible
nonanalytic contributions to the energy of matter.
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I. INTRODUCTION

The fundamental quantity for describing neutron star mat-
ter is the energy density ε(n, x), which is a function of the
baryon number n and proton fraction x = np

n . The proton
fraction is the number of protons per baryon. The dependence
of the energy of nuclear matter on the isospin asymmetry,
represented by x, can be described by the quantity called the
symmetry energy. It plays an important role in many aspects
of nuclear physics and astrophysics, such as the mass-radius
relation and the composition of the crust. There are many
scientific papers based on both theoretical calculations and
experimental measurements, which focus on the energy sym-
metry behavior and its dependence on the density. Although it
is relatively well determined at the nuclear saturation density
n0 = 0.16 fm−3, little is known about its behavior at densities
much higher than n0. Moreover, the asymmetry dependence of
ε is also poorly known. It can be quantitatively measured by
expansion in powers of 1 − 2x. The isospin symmetry ensures
that only even powers are present:

ε(n, x) = ε(n, 1/2) + S2(n)(1 − 2x)2 + S4(n)(1 − 2x)4

+O((1 − 2x)6). (1)

As per Taylor’s theorem, the coefficients of Eq. (1) for order
2i take the following forms:

S2i(n) = 1

22i · (2i)!

∂2i(ε(n, x)/n)

∂x2i

∣∣∣∣
x= 1

2

. (2)

The first term in Eq. (1) describes symmetric nuclear mat-
ter, which can be determined relatively well around n0 using
the compressibility coefficient. The rest of this equation deals
with asymmetric nuclear matter (ANM). Although details of
ANM are still far from certain, great progress has occurred in
recent years, particularly in the determination of the quadratic
term S2. The behavior of S2 as a function of the density is
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better understood, especially at low energy densities, due to
the determination of the symmetry energy slope at n0 (for a
review see [1]). The higher orders of this equation are still
poorly known. There is widespread conviction that the next
term in Eq. (1), called the quartic term, is much smaller than
the quadratic one and hence is usually neglected. Ignoring
all terms of higher than second order is called the parabolic
approximation and is in common use. Interestingly, the quartic
term may have some influence on neutron star structure and
behavior, such as the density at which the core-crust transi-
tion appears or the threshold density for the URCA cooling
process [2–5].

The omission of the quartic term is usually justified by the
comparison of quadratic and quartic terms coming from the
kinetic energy contribution in the absence of any interactions,

εkin =
(∫ kp

0
+

∫ kn

0

)√
k2 + m2

k2dk

π2
; (3)

then

Skin
2 = k2

6
√

k2 + m2
, (4)

Skin
4 = k2(10k4 + 11k2m2 + 4m4)

648(k2 + m2)5/2
, (5)

where m is the nucleon mass and k is the Fermi momentum
for symmetric matter k = ( 3π2

2 n)1/3. Their nonrelativistic ver-
sions take a simpler form,

Skin
2 = 1

3 E (nr)
0 , (6)

Skin
4 = 1

81 E (nr)
0 , (7)

and here E (nr)
0 is the nonrelativistic Fermi energy E (nr)

0 = k2

2m .
At the saturation point, the values of Sin

2 (n0) and Skin
4 (n0) are

12 and 0.5 MeV, respectively. However, recently presented
considerations based on a high-momentum tail in the distribu-
tion function [6] indicate that the kinetic energy contribution
could be much higher. From Eqs. (6) and (7) it can be seen
that they scale as n2/3, and at very high densities, typical
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for a neutron star center, Skin
2 and Skin

4 do not exceed 50 and
3 MeV, respectively. The inclusion of the effective nucleon
mass m∗ (which decreases with the density and so increases
these kinetic energy terms slightly) does not significantly
change the situation. Comparison of the kinetic contribution
to S2 with its experimental value at saturation point S2(n0) =
31.2 MeV indicates a large role for interactions. Moreover,
the interaction contribution usually has a stronger density
dependence and becomes more significant as the density
increases.

In the relativistic mean-field (RMF) framework, the quartic
term has been analyzed in [7] and [8] and appears to be
small, typically one order of magnitude smaller than S2.
Other theoretical predictions for S4 based on the Hartree-Fock
theory [9–12] lead to similar conclusions.

Some attempts were made to estimate the fourth-order
contribution to the symmetry energy at saturation density by
fitting to the nuclear binding energy [13–15] or double β

decay [16]. Results for the quartic term were unexpectedly
high, as large as 20 MeV. Such uncertainty concerning the
value of the quartic term gained additional complexity from
recent calculations based on the chiral effective-field theory.
In Ref. [17], it was shown that the chiral expansion introduces
a logarithmic asymmetry dependence (1 − 2x)4 ln |1 − 2x|
which makes the expansion given by Eq. (1) questionable.

In our work we have focused on the quartic term deter-
mination and its density dependence within the framework of
the RMF model, enriched through scalar meson interactions,
e.g., by inclusion of the σ -δ crossing term [18]. We show that
the expansion given by Eq. (1) must be treated with caution,
because the quartic term appears to be unexpectedly large.

II. MODEL

The Lagrangian L in the RMF framework includes nucle-
ons and the four meson fields σ , ω, ρ, and δ. It is given by

L = L0 + Lint + Lσδ. (8)

Additionally, we have taken into consideration the interaction
between the scalar mesons σ and δ denoted in Eq. (8) as Lσδ .
The first component L0 includes the standard components for
noninteracting nucleons described by a bispinor field ψp, ψn

along with mesons σ , ω, ρ, and δ. Expressions for these can be
found in [18]. The second part of Eq. (8), where the coupling
constants appear, is given by

Lint = gσ σ ψ̄ψ − gωωμψ̄γ μψ − 1
2 gρ �ρμψ̄γ μ�τψ

+ gδ�δψ̄ �τψ − U (σ ), (9)

where U (σ ) = 1
3 bm(gσ σ )3 + 1

4 c(gσ σ )4 is the self-interaction
of the σ meson. Finally, the third component, which repre-
sents a new interaction between two scalar mesons, has the
following form:

Lσδ = g̃ασ α�δ2, α = 1, 2. (10)

We have considered two cases of this interaction: linear, α =
1; and quadratic, α = 2. Furthermore, this interaction has an
influence on the field equations for the mean meson fields, σ

and δ3 (in the following we use the notation δ3 ≡ δ), coming
from the minimum-energy condition

m2
σ σ = gσ

(
ns

p + ns
n

) − ∂U

∂σ
− g̃αα σα−1δ2, (11)

m2
δ δ3 = gδ

(
ns

p − ns
n

) − 2g̃ασαδ. (12)

The field equations for ω and ρ remain unaffected, follow-
ing the standard RMF model. Here, the following notation has
been used:

ni = 2

(2π )3

∫ ki

0
d3k, i = p, n, (13)

ns
i = 2

(2π )3

∫ ki

0

m∗
i√

k2 + m∗2
i

d3k, i = p, n, (14)

m∗
p = m − gσ σ − gδδ,

m∗
n = m − gσ σ + gδδ,

(15)

where i = p, n stands for proton and neutron, n = np + nn is
the baryon density, ns

i is the scalar density, ki = (3 π2ni )
1
3

denotes the Fermi momenta, and m∗
i are the effective masses.

Finally, the energy density has the form

ε = 1

2
m2

σ σ 2 + 1

2
m2

ωω2 + 1

2
m2

ρρ
2 + 1

2
m2

δ δ
2 + U (σ )

+ gασ αδ2 +
∑
i=n,p

∫ ki

0
k2

√
k2 + m∗2

i

dk

π2
. (16)

All relevant parameters of the model are listed in Table I. They
are determined by the properties of matter at the saturation
point. The constants in the isoscalar sector, Cσ , Cω, b, and
c, are chosen to obtain the binding energy and compress-
ibility of matter at n0, (ε/n − m)|n0 = −16 MeV, and K =
9n2

0
∂ (ε/n)
∂n2 |n0 = 230 MeV, respectively.

In the isovector sector we fit the coupling constants
Cρ, Cδ, gα to two quantities given by the experimental data:
the symmetry energy S2(n0) = 30 MeV and its slope L =
3n0

∂S2
∂n |n0 . For vanishing gα the constants Cρ and Cδ are corre-

lated by the value of S2(n0) = 30 MeV, as shown in [19], and
the slope L gets a value that is too large. Recent measurements
suggest that the slope value is 60 MeV with an uncertainty
of ±30 MeV [20]. Such low values of L can be obtained in
our model only by selecting a negative cross-term coupling
gα . For linear and quadratic coupling we used the values g1 =
−0.009 fm−1 and g2 = −0.004. The remaining two couplings
Cρ and Cδ are uniquely determined by S2(n0) and L. The
relations between measured quantities and coupling constants
are listed in Table I. A more detailed discussion of the model
parameters is given in another work [18].

III. QUARTIC TERM

The quartic term S4(n), which represents the fourth order
of the Taylor expansion of Eq. (1), is defined as the fourth
derivative of the energy density ε(n, x) with respect to the

015808-2



ANOMALOUS QUARTIC TERM IN THE EXPANSION OF … PHYSICAL REVIEW C 100, 015808 (2019)

TABLE I. Model parameters for isoscalar and isovector sectors.

Isoscalar sector

C2
σ = 11 (fm2)

C2
ω = 6.48 (fm2)

b = 0.054
c = −0.0057

Isovector sector

C2
δ (fm2) C2

ρ (fm2) L (MeV)

Standard RMF theory
1.0 7.1 91.8
2.5 12.3 103.7
3.25 14.8 110.1
3.5 15.7 112.3

Linear σ -δ meson interaction (α = 1)
(gα=1 = −0.009 fm−1)

1.0 7.4 88.8
2.5 14.8 77.6
3.25 19.6 57.2
3.5 21.3 46.8

Quadratic σ -δ meson interaction (α = 2)
(gα=2 = −0.004)

1.0 7.3 88.3
2.5 13.6 77.6
3.25 17.1 62.3
3.5 18.4 55.2

proton fraction x:

S4(n) = 1

384

∂4(ε(n, x)/n)

∂x4

∣∣∣∣
x= 1

2

. (17)

The computation can be made using the energy density ε

specified in Eq. (16) which is characterized by meson fields
σ , ω, ρ, and δ or, alternatively, it can be expressed by the ef-
fective masses of protons and neutrons given by Eq. (15). The

energy density is minimized with respect to the meson fields,
which corresponds to vanishing partial derivatives ∂ε

∂σ
= 0 and

∂ε
∂δ

= 0 when n and x are kept constant, which leads to the
equations of motion, (11) and (12). The minimum-energy
condition means that the meson fields become functions of
the densities σ (n, x), δ(n, x). The second derivative ∂2ε(n,x)

∂x2 ,
which corresponds to S2(n), holds the first derivative of the
δ and σ meson fields ∂δ

∂x and ∂σ
∂x , while the fourth derivative,

which corresponds to S4(n), includes field derivatives up to
third order. In general, the nth derivative of ε requires the
(n − 1)th derivative of the meson fields. For the isoscalar field
σ , only even order derivatives remain at x = 1/2, whereas
for the isovector field δ, only odd order derivatives remain.
Summing up, for S2 one needs to know ∂δ

∂x , and S4 requires ∂δ
∂x ,

∂3δ
∂x3 , and ∂2σ

∂x2 , which can be obtained by the differentiation of
the equations of motion, Eqs. (11) and (12). In the following,
we assume kp = kn = k and m∗

p = m∗
n = m∗ for symmetric

nuclear matter. Here, k(n) = ( 3
2π2n)

1/3
. The symmetry en-

ergy has the form

S2(n) = k2

6E
+ 1

8
nC2

ρ − C2
δ

k3m∗2

3E2π2 fδ
, (18)

where E = E (k, m∗) = √
k2 + m∗2 and fδ is a function de-

pending on the nucleon-δ coupling constant and the σ -δ
meson interaction coupling constant. Its form is given as

fδ = 1 + C2
δA + 8C2

δ σ αgα, (19)

where the σ -δ coupling g̃α , appearing in Eqs. (11) and (12),
is replaced here by a combination of coupling constants gα =

g̃α

4gα
σ g2

δ

, which allows one to simplify the following formulas.

The quantity A is a function of the scalar density ns = ns
p + ns

n
and vector density n = np + nn at x = 1/2:

A(k, m∗) = 4

(2π )3

∫ k

0

k2d3k

(k2 + m∗2)3/2
= 3ns

m∗ − 3n

E
. (20)

The derivation of the quartic term is more laborious but
attainable:

S4(n) = k2(10k4 + 11k2m∗2 + 4m∗4)

648E5
− g2

α

8α2m∗4n3σ 2(α−1)C8
δ

E4 f 4
δ fσ

− gα

2αm∗2n2σα−1C4
δ

(
6Ek2m∗nC2

δ fδ + 9nC4
δ (3k2m∗n + 2m∗3n − 2E3ns) + E2k2m∗ f 2

δ

)
3E7 f 4

δ fσ

− n

216E11k4 f 4
δ fσ

(− 3E5k8m∗2 f 4
δ − 4E4k6m∗2C2

δ f 3
δ (E fσ (4k2 + m∗2) + 9k2n)

− 18E2k4m∗nC4
δ f 2

δ

(
m∗(k2 fσ (k2 − 2m∗2)(k2 + m∗2 + 3En(3E4 + 2k4 − 4k2m∗2 − 3m∗4)) − 6E4k2ns)

+ 108E2k4m∗n2C6
δ fδ (k2m∗3(E fσ + 12n) + 6E3k2ns − 9E4m∗n + 9m∗5n) + 27n2C8

δ (−36E7k2ns(k
2ns − 3Em∗n)

+ m∗( fσ (7k8m∗3n + 2E7k4ns − 3E8k2m∗n) − 9E4m∗n(4k2m∗((4k2 + 3m∗2)ns − 6Em∗n) + 9E5n))

× (m∗)6n( fσ (14k6 + 10k4m∗2 + 3k2m∗4) − 9En(−18E4 + 16k4 + 24k2m∗2 + 9m∗4)))
)

(21)
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FIG. 1. The quartic term S4 as a function of the density for
changing Cδ . Inset: Zoomed-in diagram of the quartic term around n0.

Its complexity is associated with the higher derivatives of the
meson fields δ and σ . One may note the appearance of fσ ,

fσ = A + 1

C2
σ

+ U ′′(σ ), (22)

Eexact

Eapp(2)

Eapp(4)

0

200

400

600

800

en
er
gy

[M
eV

]

linear α=1

symm
etric

0.0 0.2 0.4 0.6 0.8 1.0
0

200

400

600

800

1000

1200

1400

n [fm−3]

en
er
gy

[M
eV

]

quadratic α=2

FIG. 2. Comparison of the approximated energy with the exact
result for pure neutron matter for both models when C2

δ = 3.5 fm2.
The gray line represents symmetric matter.

which includes couplings from the isoscalar sector due to
the appearance of the isoscalar field derivative as explained
previously.

Here we show the results for the quartic term density
dependence for different Cδ couplings. At the saturation point
S4(n0), the values remain between 0.44 and 0.65 MeV for
the linear model and between 0.49 and 0.61 MeV for the
quadratic model. Cδ ranges within 0 and 3.5 fm2. These are
typical values which one may encounter in RMF models.
However, as the density increases the behavior of S4 changes
dramatically. As one can observe in Fig. 1, at densities of
a few times n0, for the quadratic model, S4 is anomalously
large, reaching over a thousand MeV. In the linear model the
values of the quartic term at these densities oscillate between
−100 and 100 MeV. In order to check whether such large
values are the result of erroneous derivations, we numerically
calculated the fourth derivative of the energy expressed by
the polynomial-interpolated function up to sixth order. We
obtained complete agreement of the numerical derivative with
the analytical one given by Eq. (21). One must remember that
these unexpectedly large values of the quartic term appear
for the most appropriate value of C2

δ = 3.5 fm2, which cor-
responds to the most likely symmetry energy slope L around
50 MeV. When S4 is much greater than the energy difference
between symmetric and neutron matter, one may suspect that
the expansion given by Eq. (1) is no longer valid. Indeed, in
Fig. 2 the second- and fourth-order expansions of the energy
for pure neutron matter are compared with the exact result.
For the quadratic model especially, the subsequent correction
in the energy expansion is greater than the difference between
symmetric and pure neutron matter. It can be seen already that
the second-order expansion (with parabolic approximation)
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FIG. 3. Energy per particle in the quadratic model, α = 2, as a
function of x for various densities and C2

δ .
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differs greatly from the exact result and adding the fourth-
order term does not improve it.

For further evidence we have analyzed the dependence
of the energy on the proton fraction with a fixed density,
shown in Fig. 3. At low densities the second- and fourth-order
expansions work very well; they both overlap with the exact
solution, independently of the coupling value Cδ . However, as
shown in Fig. 1, at higher densities, expansion (1) diverges
significantly with increasing asymmetry.

IV. DISCUSSION

In this work the expansion of energy in powers of isospin
asymmetry up to fourth order was studied for nuclear models
with a σ -δ interaction term, Eq. (10). Two types of couplings
were considered: linear, α = 1; and quadratic, α = 2. We
focused on the density dependence of the quartic term, which
appeared to be unexpectedly large at densities a bit higher than
n0 for both kinds of interactions. In the case of quadratic cou-
pling the quartic term is so large that it makes the power series

completely useless. When subsequent terms in the power
expansion at a given point of a function are rapidly increasing
it could be a signal that the function is not analytical at this
point. Such a function can have regular derivatives only up to
some order. For example, for f (β ) = β9/2 + (1 − β2)8 we get
the expansion around 0 f (β ) ≈ 1 − 8β2 + 28β4, where the
subsequent derivatives rapidly increase. Up to fourth order the
function seems to be analytical, however, the fifth derivative
of that function does not exist. It is difficult to say whether
the case is the same in our model. In principle, it would
be necessary to know all higher derivatives. Even the sixth
derivative is highly complex. Nonanalyticity of the expansion
of the asymmetry was recently signaled in [17], where it was
obtained from chiral perturbation theory with the inclusion of
an iterated 1π exchange carried out by the contact interaction.
It would be very interesting if, similarly, such nonanalyticity
in the energy could be obtained in the RMF model only
after the inclusion of a specific scalar meson interaction.
We are aware that our final conclusion here requires further
investigation.
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