Analysis and Mathematical Physics (2025) 15:111
https://doi.org/10.1007/s13324-025-01110-5

®

Check for
updates

Squared basis operators related to Bessel functions

Monika Herzog'

Received: 19 November 2024 / Revised: 22 June 2025 / Accepted: 13 July 2025/
Published online: 26 July 2025
© The Author(s) 2025

Abstract

Recent studies on linear positive operators have led to the investigation of approxima-
tion properties of Szdsz—Mirkyan operators related to the modified Bessel function of
order 0. In this paper, we analyse the asymptotic behavior of these operators, conver-
gence theorems, Voronovskaya and Griiss-Voronovskaya type results. A comparative
assessment with classical Szdsz—Mirakyan operators is also presented. These results
may have an impact on wide branches of knowledge, such as probability theory, statis-
tics, physical chemistry, optics, and computer science, especially signal processing.
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1 Introduction

In 1941, G. M. Mirakyan [19] proposed new approximating operators

s =y By (;)

k=0

for function f : Rp — R, such that the above series is absolutely convergent. It
was a generalization of approximation f € CJ[0, 1] by basic Bernstein operators.
Later, independently, J. Favard [7] and O. Szdsz [22] published similar results. Now,
we often call these operators Szdsz—Mirakyan or sometimes Szdsz—Mirakyan—Favard
operators.

In view of paper [16], it occurs that both Szdsz—Mirakyan and Bernstein operators
belong to a wide class, so-called exponential operators. That means, they can be
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interpreted as integral operators with kernel W (n, ¢, u),

b
Ln(f;x)=/ W(n, x,u) f(u)du,

which fulfill the normalization condition

b
/ W(n, x,u)du =0,
a
and satisfy the following differential equation

(La(f5x)) = e )L n(f(er — xeq); x),

where p is a positive analytic function defined on (a, b) and ¢; () =t for i € Nj.

In 2003, King’s modification of the original Bernstein operators [18] initiated a
new approach to the examination of properties of these operators. The modification
assumes that the new operators preserve test functions ey and e>. Based on King’s
idea, new operators with a smaller error of approximation appeared, for example [2],
(51, [6], [15].

In this paper, we will consider a special case of operators introduced in paper [12],
that means

)Zk

0. . 2k
Al 0= I(nx)2<r(k+1>)2f<n)’ o

k=0

forn e N, f € Cy«(Rp) and the following modified Bessel function of the first kind

00 7\ 2k
Io(2) =ZL.

£ Tk +1)?

We focus on these operators because their rescaling version comes in the King-type
operator related to squared Szdsz—Mirakyan basis (see [15]). Moreover, in Lemma 2.3
[15] the error of approximation by these operators was proved to be smaller than by
the classical Szdsz—Mirakyan ones, for uniformly continuous functions. Motivated by
the favorable approximation behavior of Ag , we will examine the error of convergence
for these operators in Cy(Rg). Also, we will consider the Voronovskaya-type results
for our operators. Finally, we will investigate differences between A2 and the basic
Szasz—Mirakyan operators. We shall present a new approach based on the newest
results in the area of research.
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2 Auxiliary results

Let us denote the space of all real-valued continuous functions on Ry = [0, co) by
C(Ryp), and the Banach space of all continuous and bounded functions on Ry endowed
with the sup-norm || - ||oo by Cp(Rg). Moreover, we shall also consider the following
closed subspace of Cp(Rg)

C:(Ro) = {f € C(Ro) | lim f(x) € R},
and for k € N we shall denote

CPRp) ={f € Cu(Ro) : £/, f", ... O € Cu(Ro)}.

Remark 1 As usual, we denote e, (t) = t"* the monomial of degree n € N. Moreover,
we use the software Mathematica for some calculations.

Whenever we investigate approximation operators, we are interested in the conver-
gence of these operators to a given function f. One of possible answers to the question
presents Theorem 2.1 from paper [4].

Theorem 1 [ [4]] Let us consider positive linear operators (Ly,), L forn € N. Suppose
that for s € R and x € Ry

Jim L™ x) = L™ x).
Then
nli?éoL”(f(t); x)=L(f();x)

forall f € Cp(Rg) and x € Ry.

We start by setting the moment generating function (MGF) for our operators, which
is a consequence of the Lemma 5 from paper [13].

Proposition2 Ifn € N and x € Ry, then the moment generating function of Ag is
given by

A
Io(nxen)

Ale PaiX) =
n( b ) Io(nx)
for A in some open neighborhood of 0.

For convenience of the reader, we also recall Lemmas 1 and 2 according to paper [12]
and calculate some additional moments of our operators.
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Lemma 1 Foreachn € N and x € Ry, we have

A(eo; x) = 1,

Ii(nx)
Io(nx)’
Al(er; x) = X2,

31 (nx) 2x2

Aer;x) =x

A (e3ix) = ,
n(€3) =x Io(nx) n

453 I(nx)  4x?
Ad(egsx) = x4 L2 L 2
n(e40) =20 n Ip(nx) + n?

Moreover, if we denote the central moments of operators Ag by
0
P (x) = Ay ((e1 — xeo); x),
then we have the following relations

Lemma2 Foreachn € Nand x € Ry, we get

Mn,0(x) = eo,

Mn,1(x) = x (% - 1) ,

i (x) = 247 (1 - j;i:i;) ,

3 () = 453 <% - 1) 4 2;‘—2

3 2
fin4(x) = 8x* (1 11('”)) ko (11 (nx) 2) + 4%.

B Ip(nx) n \Ip(nx) B n
First, we apply Theorem 1 to achieve the convergence of operators Ag.

Theorem3 Let f € Cp(Rp), x € Ry and m be a non-negative integer. Then, the
following convergence holds true

Tlim AJ(f(1):2) = f (), @)

Tim_ A9 (f (é) ;nx) = (), 3)

tim A%, (f ;) = 45,03 ). @
n— 00 n
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Proof By the definition of operators Ag and the MGF for them, we have

: Io(nxeini)
A€ x) = o)

Using the following property of the modified Bessel function

. L(2)V/27z
lim ——— =

z—>+00 et

L, (&)

we get

. _ _ s . .
lim A%(e*"; x) = lim ™" “De720 = /%% = [d(e'; x),
n—0oo n—0o0

where Id is the identity operator. Hence, by Theorem 1, we conclude the convergence
of our operators AS to the approximated function f.

Now, we proceed to prove the next convergence (3). Let us consider Ag(e%'; nx).
Applying Proposition 2, we have

is I nzxef%
Ag(e%; nx) = M
Io(n2x)

Taking into account (5), we get
is 2 ;TAZ _ _ s . .
lim A% ;nx) = lim " ¥ D722 = ¢ = [d(e™; x).
n—oo n—>0o0o
In virtue of Theorem 1, we get limit (3) in the theses of our theorem.

If we consider limit (4), we have to write the following expression

A0 (eisnt, f) _ Io(mxem)
mn

‘n Io(mx)

and using (5), we achieve

tim A, (7 2) = 49, x).

n—o00 n

Theorem 1 leads to convergence (4). O

Remark 2 1t is easy to observe that the sequence of operators AS has properties (C1)
and (C3) defined in paper [3], with R, = A?n and Q,, = Id, respectively.

According to Example 2 ( [3]), it occurs that operators Ag and S, have similar prop-
erties. Although, our operators are not an exponential-type.



111 Page6of 16 M. Herzog

3 Estimation theorems and Voronovskaya-type results

Now, we move onto the estimation of the error of approximation using Theorem 2.1
from paper [14]. Similar results we can find for example in papers [2], [9], [11], [17].
Note that in the proof of Theorem 5, among other properties, we utilize an interesting
multiplication connection for modified Bessel functions.

Theorem4 [ [14]] Let L,, : C.(Rg) — C.(Rg) be a sequence of positive linear
operators with

amn = |Ln(exp_,,) —exp_,, oo, m € {0, 1,2}
where

Km ap, =0, me{0,1,2}.
n—oo

Then, for f € C,(Rg), we have

1La(f) = flloo < @0l Flloo + @ +a0.0) " (£, /@00 + 210+ d21)
where

o*(f,8) i=sup{|f(x) — f@)| :x,t>0,]e " —e | <8}

Remark 3 In paper [2] was noticed that we do not need assumptions about the conver-
gence of a, _, to 0.

For our operators, we have the following estimation

Theorem 5 Let f € C.(Rg). Then the following estimation holds true

1A5C) = flloo = 200° (£, /2010 + a2)

where
ain = I|1A(exp_;) — exp_; lloo
and

lim aijn = 0
n—-o00 '

fori e {1,2}.
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Proof By Lemma 1, we notice that operators Ag preserve constants; therefore, in
Theorem 4 coefficient ag , = 0. Next, we exam the limit of a; , and a2 , as n — 00.
The MGEF of the operators yields

Io(nxe_%)
Io(nx)

Io(nxe_%)

A Jx) =
I()(I’lx) I’l(exp—2 ‘x)

A(exp_y;x) =

By Theorem 3, we immediately get for x € Ry

lim Ag(exp_l;x) =¢ *, lim Ag(exp_zg x) = e .
n—oo n—oQ
In order to estimate the uniform norm a; ,, we recall a multiplication property for

modified Bessel functions of the first kind. For 6, v € C such that |2 — 1| < 1, we
have

o0

1 /6% =12\
0~"1,(02) = Z pl (%) L4k (2).
k=0~

. N . _1
Moving onto estimation of a; ,, we apply the above relation for6 = e~ #, z = nx and
V=20

Io(nxe_%) B
Iy(nx)

X

Ag(expfl; xX)—e ' =

—X
o

_Zi 2 — Dnx\" L(nx) L
L 2 Ix)  ©

k=0

Reducing the first items of the series, we obtain

o0

_2 k
Ag(eprl;X) —e ' = Z 1 <(e " 1)}1)() Ik(f’lx) . (e*x _ 1)

P k! 2 Iy(nx)

Due to the monotonicity of 7, with respect to v, we can write ;S Eﬁg < 1 fork > 1.
Now, we get

n

2
—x(l—e"n
Ag(exp_l;x) —e 7 <exp (%) —e .

Using Lemma 3.1 from paper [14] with o, = 1=¢~" and x, = 2, we have the

following estimation !

Ag(exp_l; xX)—e ¥ < —
ne
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On the other hand, for the upper bound of the expression, we notice that AS (exp_y; x)—
e~ > 0 and we conclude lim, . a1, = 0. In the case az ,, the argumentation is
similar and we obtain

2
A%(exp_pix) —e ¥ < =
ne

The theorem is proved. O

Remark 4 The use of the multiplication property makes the proof of the approximation
error estimate for the operator Ag in C4(Rp) straightforward. As a consequence of
Theorem 5, we may write the following estimation

2
0
1430 = Fle =20 (£, 2.
In [14] is deduced that for Szdsz—Mirakyan operators the error of approximation is

smaller than the above, so in Section 4, we will investigate the difference of operators
|AY — S,

Now, we are going to present a quantitative Voronovskaya-type theorem.

Theorem 6 If f, f” € Cy(Ry), then we have

0 1 / X
n A0 = Fo]+ @ =5 1w
1 1
< %w* (" 1/3/) (nun,zm + (Al = et ) (n2un,4(x>)2> .

Proof Using Taylor’s theorem for function f, we can write

f"(x)
2

FO) = f)+ f)e—x) + (t — )+, x)( —x)% (©6)

where y (¢, x) = w for @ between x and r and lim,_, , y (¢, x) = 0.
Applying operators Ag on both sides of (6) and multiplying by n, we have

()
2

n (Ag(f; x)— f(x) — f’(x)Ag(el — xep; X) — AS((el — xep)%; x))

= nAS (y(t, x)(ep — xeo)z; x).

The monotonicity of operators AS yields

f"(x)
2

n (Ag(f: X) = f) = f@mn1(x) — un,z(X))

= ”Ag(ly(h 0)l(er — xep); x). @)
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By utilizing the estimation of w™(f”; §) (see [14]), we get

1 —o _ ,—Xx\2
<= (1 +(68—2€)>a)*(f”,8).

@) = )

o

Using the elementary inequality (e~ — e™*)% < (e~ — ¢™*)? and the monotonicity

of Ag to the estimation above, we get

1 —t _ ,—x)\2
A3 (e er = xenix) = 5 [ a2 ((1+ 50 ) @ - veorin) ot

1 AO —x _ ,—1\2 _ 2;
=3 [Ag((m — xe0)?; x) + G ‘ 252(81 <) x)]

x " (f",8) (®)

Now, applying the Cauchy-Schwarz inequality, we have

1

AY ((e_x —e ") (er — xep)’; X> < (Af,) ((e‘x —e x) )7 (AS ((61 — xep)t; X) )%. ©)]

Combining (8) and (9), we can write

ol—

2
X (AS ((e1 — xep)t; x>>%>w*(f”,3).

nAS (1y (. 0)ler = veo%ix) < 5 <A2(<e1 e 0+ g (A0 (7 — e ) )

1
Taking § = T and using (7), we get the estimation in Theorem 6. O
n

By Theorem 6 and properties of the modulus of continuity @*, we obtain the
Voronovskaya-type theorem for operators Ag, which can be compared with Theo-
rem 6, in paper [13].

Corollary 1 Let f, f” € C(Rg).Then, for every fixed x € Ry,
1 X
. (VP o _ g Toen
i n(A30F: 0 = F@) = =3 1/ + 5 £,

Proof By Lemma 2, we have

1
lim gy o) = lim —2xnx (202 Y.
n—00 ’ n— 00 Ip(nx)

Utilizing the following convergence

lim z <M - 1) _ ! (10)

z—00 Ip(2) 2’
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we get lim,,—, o 1ty 2(x) = x. Furthermore, for t, 4 we can write

lim nzy.",4(x) = lim <8x2 |:(nx)2 (1 - I (nx)) - 1nx:| +4x%nx <11 (nx) - l) +4x2) .
n—00 n—00 Ip(nx) Ip(nx)

Applying (10) and the following limit

. e N _ 1
S R e

we get

lim np, 4(x) = 3x2. (12)
n—oo

It remains to prove that n2A2((e’x — e~ ")*; x) is bounded.
Notice that (e ™" —e™)* < (r —x)* for x € Ry. Therefore, monotonicity of operators
AY yields

n?AN((e™ — e ) x) <P AY((t — ) x) = 1Py a(x).

Taking into account limit (12), Theorem 6 and properties of the modulus of continuity,
we conclude the convergence in the corollary. O

Regarding a so-called multiplicative law for linear positive operators usually Griiss—
Voronovskaya-type theorem is presented. For operators Ag we have

Theorem 7 Suppose that f, g € Cf(Ro). Then for every x € Ry we have
Timn(A9(fg: %) = AN DAY 1)) = xf (g ().
Proof Let x € Ry be fixed and f, g € C2(Ry). Consider the following identity

Ad(fgix) — AN f3 x)AY (g5 x)

(f8)"(x)

= {Ag(fg; x) — f(x)gx) — (f&) (X)pun1(x) — 5 M2 (x)
0/ ,. / f//(x)
g AN = £ = f n 0 = T 20
— A ) {Aﬁ(g; ) — g — g pma(x) — 5 z(x)un,z(X)

1
+ Eﬂn,Z(x) [f(x) &) +21 () g'(x) — g ()AL f; x)}

+ ) [ £ g/ @) = g A% 0]



Squared basis operators related Page 110f16 111

=81 —8— 8+ 85+ S5,

where
S = AN(fg:x) — f(x)g(x) = (f8) (X)tn,1 (x) — (.1‘8)2&%2(}6)7
$2=g(x) {AS(f; )= ) = f ) - L ”2(’“) Mn,z(x)} ,
83 = A, (f3 %) {Ag(g; x) —g) — g () pn,1(x) — g”z(x)un,z(x)} :

1
Sb = SHn2 ) { £ 8" ) +2£'() §'0) = §"AN(fi )]
S5 = a1 () { () §'(0) = g AN 00}

Hence, we have

Jim n(AD(fgi0) = ADCS5 0040 (g: )

= lim n(S; — S — S3) + lim nS4 + lim nSs.
n—0oo n—oo n—0oo
Utilizing Theorem 6 for f, g, fg € Cﬁ (Ro), we get
lim n(S; — S — 83) =0.
n—0o0
Moreover, using Lemma 2, (10) and Theorem 5, we obtain the following convergence

lim Sy = lim Z¢" (a2 (F0) = AN(Fi ) + £/00g/ @) lim npty o)

n— o0
=xf'(x)g'(x)
and
lim nSs = lim ng' ()1 (0( £ () = AR ) =0,
n—o00 n—o00
Taking into account the above relations we have the required result. O

As expected, the multiplicative law concerning operators AS is not true. However,
as a consequence of Theorem 7, we have Ag(fg; x) — Ag(f; x)AS(g; x) =0 (1/n)
asn — oo.

4 Difference of operators

In this section we will consider the difference between two operators, that means we
estimate difference |A2 — Syu|. The investigation of differences between operators is
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an ongoing problem in operator theory, see for example [1], [8], [10].
The main tool, we shall apply, is Theorem 2.1 from paper [8] and results from [12].
For our operators we define

_py (nx)/

snj(x)=e T Hn,j(f)=f<£>

and

1 (%)% (2
@i = e gy =S <7)

Therefore, operators S, and A} can be represented as
o0 o
Su(f12) =Y suj )V Hy j (). ANFix) =D anj(x) I (f).
j=0 Jj=0
Moreover, we denote by
H, : Hy j H, -
b7 = Hy j(e1), um, "~ = Hy jler —b"miep),
and
. I, j .
b=y jen). 1" = Jnjler = beg).
Remark 5 Based on paper [8] we can write for S,

Hn'_‘j Hn,'_
b ’-/—;, H’Z ]—O.

Remark 6 For operators Ag we can compute similar quantities. Using the definition
S
of b7ni, u5"’ we get

2j ;
b/n,_j — _J’ M;"’] = 0.
n

Now, we are in a position to formulate the theorem.

Theorem 8 If f € Cp(Ry) and x € Ry, then for n € N we have

1Sy — AD(F: )] < 20 (f; \/E) + 20, (f; \/zxz (1 - M)) .
n Iy(nx)
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Proof By aforemention theorem we have
1S — AD(f3 0] < a1l + 201 (f3 81(x)) + 201 (f3 82(x))

where

o0

a(x) = % > (sn,,»(x),é’”'f + an,j(x)u;"’j) :
j=0
8%()6) - ZS”’./(X) (bH”-j - _x) s
j=0

s 2
B0 =Y an ) (b7 = x)".
j=0
By definitions of s, ;j(x) and a, j(x), using Remark 4 and Remark 5 it is easy to
observe that o(x) = 0. For 8%(x) we get
[ee] ] 2 X
ST =Y snj(x) (— —x) ==,
= n n

and for 8% (x) we achieve

I (nx)

62(x)—j§0a,w(n x> =2 (1-705 )

The theorem is proved. O

5 Graphical representation

In this section we use the Mathematica software to visualize the convergence of our
operators. For x € [0,5] C Ry we deal with the function f(x) = ﬁ which
belongs to the space C(Rg). Figure 1 performs four terms of the sequence of operators
AY, forn = 5, 10, 20, 50. (See Fig. 1).

The graphs ensure as that for any compact subset of Ry operators Ag are uni-
formly convergent to the approximated function f(x) = which was proved
in Theorem 3.

In the picture below (see Fig. 2), we enlarge the plots that we have above for

x €[3,5].

1
1+x+x2°
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— Adf
— Adf
— ADf

— AGf

— Adf
— Af
— ALf

— ALf

0.00 " " L " " L " " " L L s " Il
3.5 4.0 45 5.0

Fig.2 From the top AY(f), A% (). ASy (). A%y (/). f.

6 Conclusion

In the article we focus on a special case of operators introduced in paper [12]. We
propose a new approach to the operators regarding new achievements in the area of
operator research. We take into account the operators because of their good approxi-
mation properties, considering their error of approximation for uniformly continuous
functions. It is proved in paper [15] that the second central moment for these operators
is smaller then the genuine Szdsz—Mirakyan ones. Hence, we investigate the error of
convergence for the operators in space C,(Rp), utilizing an interesting multiplication
relation for modified Bessel functions. Furthermore, we achieve the Voronovskaya-
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type results due to new asymptotic formulas for functions /; and Iy. We conclude
these considerations presenting the difference between Ag and basic Szasz—Mirakyan
operators. In view of great attention which attract Bessel functions (see for example
papers [20], [21], [23]) we propose to consider a generalized form of our operators
for various scaling.
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