Rani et al. Journal of Inequalities and Applications (2025) 2025:111 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-025-03363-x a SpringerOpen Journal

Some remarks about the convergence of k2l

composition operators

Meenu Rani', Monika Herzog”" and Brijesh Kumar Grewal'

"Correspondence:

mherzog@pk.edu.pl Abstract

’Department of Applied Thi icl f itive [i h Its f
Mathematics, Faculty of Computer is article presents a new sequence o pos@ye inear operators.t at results from
Science and Telecommunications, recent advancements in the area of composition operators. We introduce the
Cracow University of Technology, moment-generating function and utilize it to compute moments of certain orders.
Warszawska 24, Cracow, 31155, . . . .

Poland Regarding the convergence, we establish fundamental approximation theorems as
Full list of author information is well as Voronovskaya-type and Griss-Voronovskaya-type theorems. Moreover, the
available at the end of the article difference estimates of the Baskakov-Kantorovich-type and our newly defined

composition operators are also provided.
Mathematics Subject Classification: 41A35;41A36; 26A15

Keywords: Semi-exponential operators; Composition operators; Modulus of
continuity; Voronovskaya-type results

1 Introduction

Let us denote the space of all real-valued continuous functions on Ry := [0, 00) by C(Ry),
and the Banach space of all continuous and bounded functions on Ry endowed with the
sup-norm || - ||« by Cp(Ro). Moreover, we shall also consider the following closed subspace
of Cp(Ro):

Cu(Ro) = {f € Cy(Ro)| lim f(@) =g},
where g e R.
Remark 1 As usual, we denote e, () = t” the monomial of degree n € N.

Remark 2 For improved presentation and readability of the paper, we use both ¢* and
exp (x) notations for the exponential function e*, where appropriate. Moreover, we utilize
the software Mathematica to do some calculations.

Whenever we investigate approximation operators, we are interested in the convergence
of these operators to a given function f. One of the possible answers to the question

presents Theorem 2.1 from paper [4].
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Theorem 1 (Theorem 2.1, [4]) Suppose that for each s € R and x € R,
Tim L, (") = L(e™; %),

then
lim L, (f(8);%) = L(f(£); %),

forall f € Cp(Ry).

We also recall Theorem 2.1 from paper [16] to get an estimation of the error of approx-

imation.

Theorem 2 (Theorem 2.1, [16]) Let the sequence of positive linear operators
L, :C.[0,00) = C,[0,00),

satisfies the following conditions
lim a,,,=0, mec{0,1,2},
n—>00

where

Ampn = ”Ln(exp_m) — €XP_yy, Il oo-

Then for all f € C,[0,00), we have

12aF) = Flloe < @0alf oo + 2+ @0,) " (f, /0 + 201, + @2,),

where

@*(f,8) := sup {[f(x) —f@®)]:x,t>0,]e* €| < 8}.

Remark 3 [16] For f € C,[0, 00) the modulus of continuity w*(f, §) has the following con-
nections with the classical modulus of continuity w(f, §):
(i) o*(f,8) = w(f*,8), where f*:[0,1] — R is given by

B f(=In x), ifx € (0,1]
lim;, oo f(2), ifx=0,

[

(ii) for every § > 0 we have w(f,§) < w*(f,$).

In the past few decades, developing new operators has consistently intrigued academics.
Several techniques have been documented in literature for this purpose including the
composition of operators, see for example: [5-8, 18—-20] and [21]. Recently, Gupta [10]
used composition technique and modified Laguerre polynomials to construct new ap-
proximation operators. He discovered discrete type operators and presented their explicit
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representation, moment generating functions and convergence theorems. Abel and Gupta
[1], performed composition of well known operators like Bernstein—Durrmeyer and Bern-
stein, Szasz—Durrmeyer and Jain—Pethe, Baskakov—Szasz and Szdsz—Mirakyan operators
to introduce new operators which approximate real continuous functions. In this direc-
tion, Acu et al. [3] established the composition of semi-exponential Szdsz-Mirakyan oper-
ators and Szdsz—Durrmeyer operators with Post—Widder operators. For more information

on composition operators, we suggest the papers [2, 11, 14].

2 Composition of semi-exponential Post-Widder operators and
Szasz-Kantorovich operators

We start this section by short preliminary recalling basic definitions connected with our

new operators.

Szasz—Kantorovich and Baskakov—Kantorovich operators [13] are defined as follows:

K
Su(f;x) = ne‘”x (n ) / f(t)dt

k 0
— S (n+k-1 x* Gt
V,,(f;x) =n Z ( k )W ﬁ f(t)dt,
k=0 n

forn e N,x € Ropandf € Cp(Ry). Semi-exponential Szasz—Mirakyan and semi-exponential
Post—Widder operators are defined

) k
- e 5 P (8

k=0

IR 7 ) L C me k
B(f. - (= E - ¥ k=1
P (fin) = ebx (x) pars k! T(n+k) /0 e ufwdu

for 8>0,neN,x e Ry and f € Cp(Ry).
In paper [3] composition operators L5 (;x) are defined as follows:

LB (%)= (P, 0 SEY(5x0),

where P,(;x) is the classical Post—Widder operator. The explicit formula of the operator

is
Lﬁ(f(t),x) Zl"( )( )n/we—7un 1,=(n+pu ((n +kl!3)u) f<n)du,

which we also can rewrite as Baskakov-type operators V,(.;x)

LA(fix) =V, (f; ( +nﬂ )x) .

In this article, we will consider the following operators:

KP(;x):= (PP o S,)(;x),

Page 3 of 15
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which can be written as

oo oo _1 m—j
Ko -ne 3 () L <1+x>w/» s

o ms N
We start from setting the MGF (Moment Generating Function) for our operators.

Proposition 1 For 8 > 0 and x € Ry, the moment generating function of KE (5x) is given by

(e%‘ - 1) (1 —x(e% - 1))_nexp M ,

1- (e% - 1) x
for A in some open neighborhood of 0.
Also, if A = 0 then we will consider the limit f{in})% (e% - 1) =1.

Kf(epr;x) =

RIS

Proof By the definition of the operators K2 (;x), we have
KP(expy;x) = PP 0 S, (exp;x) = PE(S, expy;x) = % (e% - 1) Pt (exp ( 1);x> )

Now, applying the moment generating function of the operator Ph(;x) (see [3]), we get
the desired result. 0

We obtain the moments of our operators using Proposition 1 and the following well
known connection:

a’
KP(ersx) = [

AT K’S (expyu; x):|

A=0
Lemma 1l Let ,B >0 and x € Ry. Then the following formulas hold true:
(i) K7 (eo;%) =

(il) K2 (ey;x)=x+ 2ﬁx *1,

(iii) I( (eg;%) = 4 + Z/Sx +nx — + 3ﬁ2x4+6§;ci+6ﬁx2+1;
6B8x* +6x% +9x>  68%x° + 188x* + 188x> + 4x® + 94 + 7x

2n " 2n2
4B83x° + 2482x° + 1882%x* + 248x* + 368x° + 148x% + 1
" 4n’ ;

v) KP(egx)=x* ‘o [5,3%8 + (20831 + 608%)x”

(iv) KP(es;x)=x° +

+ (30,92;42 +1508%n + 408 + 1808%)x°]
1 3 2 2 2 5
‘g [(2087° + 12081 + (12087 + 220B)n + 24087 + 1208)x° ]

o [(301° + (1208 + 55)n> + (3608 + 30)n + 758 + 2408)x*]

1
o [(401° + 1201% + (1508 + 180)n + 1508)x°
n

+ (751 + 75n + 30B)x” + 30nx + 1].

Page 4 of 15
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If we denote by ,uﬁ,r(x) = K,’,3 ((61 - x)’;x) = Kf ((61 — xeo)’;x), the r*(r € N) order cen-
tral moments of the operators K% (;x), then we can compute /Lg,,(x) with the help of the

following relation:

B (e% - 1) x2
— L _Ax .
1- (e% - 1)x

A=0

Lemma 2 For given B >0 and x € Ry, the operators K2 (%) verify the following identities:
M) rho@ =1;

o= 22 ) (a0

. 2Bx% +1
(if) M5,1(x) = T;
o B xx+1) 682 + 12845 + 128x% + 2
(ifi) pa,0(x) = + ;
’ ) n 612
(v) ul @) = o [48%x° + 248°%° + (12Bn + 184> + 24B)x" ]
’ n

t [((128 +8)n + 36B)x° + (18n + 148)x> + 10nx + 1];

(v) ,uﬁA(x) = 5—; [5,34x8 +608%x” + (308%n + 408> + 180,32)966]

+ == [((308° + 1008y + 24087 + 1208)2°]

1 2 2 4
+ — [(151” + (1808 + 30)n + 758> + 2408)x" |
5n*

1
toa [(301* + (80 + 80)n + 150B8)x° + (151> + 751 + 30B)x” + 25mx + 1].
n

The next theorem is a consequence of Theorem 1. First, we achieve the convergence of
our operators to a given function f. Next, we regard different subsequences of K% (;x)and
we get, as the limits, well-know operators.

Theorem 3 Let f € Cp(Ro), x € Ry and m be a non-negative integer. Then the following
convergence holds true:
N1 B sy =
() 1im K7 (f(0)3) =f ),
x

(i) Tim K, (f 0165 ) = S,u(f(0:2),

n
. /3 . _ 3/ .
(i) T (f(0:%) = Va(f(0);2),

t 1
(iv) lim I(,ﬁ3 fl=)inx)=f(Bx*-x), forx>=.
n—00 n :B
Proof
(i) By the definition of the operator K; 5 (%) and the MGF of this operator we have

S (e o | )

and

lim KP(e*;x) = e** = Id(e"; x).
n— 00

Page 5 of 15
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Hence, by Theorem 1, we get the convergence of our operators K2 (%) to the
approximated function f.

(ii) Consider the expression

e (e3)-2len(2) -2l (2) )

p( PG v ) ])

- e () -1]

Notice that the third factor of the above expression tends to exp (mx [exp (%) - 1])
as n — o0 and the last one tends to 1 as # — 00. So we get the limit

: B isnt, f Wl iS _ m _ ist
lim K, (e""; exp 1|exp(mx|e 1 m(e ;3 X).
n—00 n is m

In virtue of Theorem 1, we get part (ii) in the theses of our theorem.

(iii) To prove part (iii), we have to write the following expression

s fon(2) o on(2) ) o

It is easy to observe that

lim KP (e, x) = = [exp (l ) - 1] (1 —x [exp <E> - 1]) =V (e ).
B—0 is n n

Theorem 1 leads to the required equality.

(iv) Let us consider Kf (e% ; nx). Applying Proposition 1, we have

B, it n? is is e
K,,(en,nx)zg exp ) —-1||1-nx|exp ) -1

X oxp (Wx) [exp (52) - 1]) .

1-nx[exp (&) - 1]

Therefore, we get

lim Kf(eis?z;nx) = eis(Bx*-),
Hn—0Q
1
If we define the operator L(f(¢); x) = f(B8x? — x), for x > E, we can deduce that

nlingol(f <f <£) ;nx> = f(Bx* - x).

Again, we apply Theorem 1 for our operators, and we get the last limit stated in [

theorem’s conclusion.
Now, we move onto the estimation of the error of approximation.
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Theorem 4 Let f € C, (Ry), then we have
IKEG) = flloe < 20" (f, /21, + a2 )
where
lim a1, = lim K/ (exp_;) —exp_; [0 =0,
n—00 n— 00
and
lim a,, = lim |[K?(exp_,) —exp_, [lo = 0.
n—00 n— 00
Proof By Lemma 1, we notice that operators KE (%) preserve constants, therefore in The-

orem 2 coefficient ag, = 0. Next, we exam the limit of a4, , and a,,, as n — oo.
The MGF of the operators yields

1 1 _n
KP(exp_y;%) = —n(e™n —1)(1—x(e™7 — 1)) exp
and
n 2 2 -n
Kf(exp_z;x) = —E(e_n - 1)(1 —x(e7n — 1)) exp

By Theorem 3 part (i), for x € Ry, we immediately get
lim Kf(exp_;x) = €™,
n—00
and
lim K 5 (eXp_y; %) = e 2.
n—00

1 2
Let us substitute F,, =e % —1 and G,, = e » — 1, then we have

’F,
Kf(expfl;x) = -nF,(1 -xF,)" exp ( prE )

1-xF,

F,e PRF, In(1 - xF,)
= —HNiLy X - - n )
" P 1-«xF, "
and
nG, ) Bx*G,,
KF ;%) = — 1-xG,)™"
KL (€Xp_y; %) > (1 -xG,)"exp (1 —xGn>

nG, < Bx*G,
exp

-nln(1 -xG,) |.
1-xG,
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1 1
Now, for n € Nand 0 < x < —— < ——, we consider two sequences: f;,, g, as:
n n

fu(x) = Kf (exp_p;x)—e™,  gu(x)= Kf (exp_y;%) — e,

2F, 2G
pxE —nIn(1 — xF,) and PGy
1-«xF, 1-xG,

Using Taylor’s expansion of —nln(1l - xG,,), we can

write, respectively

Bx*F,
1-«xF,

fu(x) = —nF, exp < —nln(1 - xF,,)) e

F?n + 2F,b)x* (F3n+ 3F2b)x®
= —nF, exp F,,mc+(” nb) +(" nb)
2 3
X exp ((F;;n + :ng)x‘* . (Fon + ;SF;‘b)xs . ) e,

and

)= =9 e (PEC 01 -2y ) - e
x) = — X -n -xG,) ) —e
&n p 1-xG,

2
nG, (G2n +2G,b)yx*  (G3n+3Gib)a®
== exp| G,nx + 5 + 3

((Gﬁn+4G3b)x4 ) oy
xexp( —— e ) me

Since lim f,(0) = lim g,(0) = 0 and lim f,(x) = lim g,(x) = O, there exist points &,, p,
n—00 n— 00 X—> 00 X—> 00
such that

fulloo =fu(6n)  and  lIgnlloc = gnlon)s

and

So&n) = g,(pn) = 0. (2.1)

Computing the derivatives of f, and g, we get

o Bx>F,
fix)=e" —nF,exp <1 AL, —nln(1 - xF,,)) (2.2)

X (Fun + (F*n + 2F,B)x + (F3n + 3F2B)x® + (Fin + 4FB)x’ + - - ),

and

Bx>G,,
1-xG,

g (x) =2~ % exp ( —nln(1 - xGn)) (2.3)

X (Gun + (Gin +2G,B)x + (Gin + 3Gf,,3)x2 + (Gin + 4Giﬂ)x3 +0)
Applying the definitions of f,;, g, and connections (2.1)-(2.3), we have

B B(En)*Fy
fu(&n) = —nF, exp <1_7§;'1Fn - nln(1 - EnFn)>

Page 8 of 15
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X (L+ Fyn+ (F2n+ 2F,B)E, + (Fon + 3F2B)(E,)* + (Fin + AF2B)(Ex) + -+ +).
By elementary calculations, we notice that
lim F,,=0, lim F,n=-1.
n— 00 n— o0

As a consequence lim f,(&,) = 0. Analogously for g,(p,), we have
n— 00

 nG1 (P0G
gn(on) == € PR

- —nln(1 - p,G,
2 2P\ 1o, id e )>
X (2+ G+ (G2n +2G,B)p, + (G>n + 3G2B)(pn)*

+(Gin+4G2B)(pu)’ ++++),
and

lim G,=0, lim G,n=-2.

n—00 n—00

Hence, we have lim g,(p,) = 0. The theorem is proved. O

3 Voronovskaya-type theorems

The basic tools for investigating the point-wise convergence of positive linear operators
are Voronovskaya-type results. We consider the theorems for f € C.(R¢) and the appro-
priate modulus of continuity w*(f, §).

Theorem 5 Consider the function f € C.(Ro) such that f',f" € Cy(Ro). Then, for x € Ry,
the operators K} (f; %) admit the following relation:

21 (K:f 59~ o) - ) uﬁ,zoc)) ‘

1 % %
<o (11,75 ) (mahaor+ (K2 (@ =) ) () ). (1)

Proof Using Taylor’s formula for the function f, we can write

f// ( x)
2

f@ =f(x) +f ()t - x) + (t - %) + yalt, %)t - %)?, (3.2)

where

f//(a) _f//(x)

5 (3.3)

VZ(ti x) =

and without loss of generality, we assume « € (x,t); x, ¢ € Ry.
Applying the operators K[ (;x) on both sides of (3.2), we have

2n (K:f (30~ ont ) -T2 uﬁ,zoc)) ‘

= 21kf (It m)l(en — %), (3.4)
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By utilizing the estimation of w*(f”;§) (see [16]), we get

1 (e*—eH*\ . .,

f”(O[) —f”(x)
2

[ya(t,%)| =

Using inequality (3.5), we obtain

KP((e™ —e)(er - x)%x))

1
K} (Iyz(t,x)l(el —x)z;x) =3 (Kf((el —x)%x) + 52

x w*(f”,§). (3.6)

But then from Cauchy-Schwarz inequality, we have

[T
[T

K’ ((e-x —e (e - x)z;x) < (1(5 (- e-f)”f;x)) (1(5 ((er - x)4;x)) . (3.7)

Combining (3.6) and (3.7), we can write

2nK? <|y2(t, X)l(er - x)2;x) <n <1<f (1 —0)%2) + — (Kf (% — ey x) ) ?

52
3
x (K ((er %) ) )w*(f”,a). (3.8)
1
Now, by taking § = — and using (3.4), we reach at the proof. O

i

As a corollary, we get the Voronovskaya theorem for operators KL ().

Corollary 1 Assume that f € C.(Ro) such that f',f" € C.(Ro). Then, for any x € Ry,
Jim n([(,f (f;%) - f(x)) = 252 + D)f (@) + 2x(x + 1) ().

Proof In view of the linear property and the MGF of the operators K2 (;x), we obtain
lim K ((e™ —e™)hx) = Jlim n (e"4" —4e”KP(e7;x) + 66 KP (e7%;x)

—4e KB (e x) + KP (e, x))

=3e ¥ x*(1 +x)*. (3.9)
Also, Lemma 2 gives that
lim 2 (%) = 362(x + 1)% (3.10)
n—00 ’

Since, we know that lims_,o w*(f, 8) = 0, therefore the proof is over by taking limit # — oo
on both sides of the inequality (3.1), along with the equations (3.9) and (3.10). a

An interesting approach to the convergence of linear positive operators presents Griiss—
Voronovskaya-type theorems regarding a so-called multiplicative law for the operators.
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Theorem 6 Assume that the functionsf, g and fg € C.(Ro) such thatf', g, (fg),f", g’ and
(fg)" € Cx(Ry). Then, for each x € Ry, we have

lim n[l(,f‘ ((fg);x) — KB (f; 0K (g; x)] =x(x + 1)f (%) g (x).

Proof In order to obtain the following identity for operators K2 (;%) we utilize the product
rule for the first and the second derivatives of fg.

KL ((fo);%) - KE (f; 0K} (%)

{Kﬂ«fg) %) — f()g(®) — (o) P (£ = x)s20) — (fg) O k(e >}
—g(y){ n L9 e, x)}
- KP(f;x) {Kf(g;x)— g(x) — g@KP((t —x);x g ( ) }

+ 5K;f((r %)%%) {g(x0) g (%) + 2f (%) § () — g'WKE (f; %)}

+ KE (¢ - x);2) {f(x) g (%) - § @KE (f5 %)} .
:Ill —12 —13 +14, +15.

Consequently
lim n(K?((fg);x) — KP (f;0)KP (g;%) = lim n(ly — I, — I3 + Iy + Is). (3.11)

By using Theorem 5, we get
lim n(l, - L - 13) =0. (3.12)
n— 00

Following the estimates of Lemma 2 and Theorem 4, it is easy to see that

lim nly = lim gl(f (¢ - 2% %) { g(x) — KP(f3) } &%)+ (0g %)

n—00

x lim nKP((t - %)% x)
n—0o00

=x(x + 1)f' (x)g (), (3.13)

and
lim nl5 = lim nK((t —x);2) {f(x) - KL (f;2)} g () = 0. (3.14)
Finally, combining (3.12)-(3.14) with (3.11), we get the required result. a

4 Estimation of operator differences
In this section, we will consider the difference between two operators. It means, we es-
timate the difference |Kf - V,|, where Kf (;x) is our new operator and V,(;x) is the
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Kantorovich version of the Baskakov operators. We have chosen V,(.;x) because our new
operators Kf (.;x) are connected with Baskakov basis functions.

The main tool, which we shall apply, is Theorem 2.1 from paper [12]. So, first we define
the operators K,’f (;x) and V,,(;;x) according to the environment of Theorem 2.1.

Let us consider for f € C,(Ry) and x € R, the following form of the operators K’ (;%):

KL(F50) =Y si(Bx)uj(f),

j=0
where, the basis function
sp) = et P,

]l

and the functional

. _ yl“ - n+ 1
]"”(f)_(x F(n+])/ |: " k

Similarly, for the operators V,,(.;x), we define

—nt (nt) n k(f)i|

0

‘_/n(f; x) = Z Vn,j(x)Hn,j(f);

j=0
where, the basis function and the functional are defined respectively as:

n+j-1 ¥
Vn,j(x) = i W,

Jaay

H,;(f) = nﬁ f(s)ds.
Moreover, we denote by

. Hy; .
bmi = H,j(e1), 1, =Hy,jer —b"™ey),

b =], i(er), Mlzn'i = Jj(er — brieg).

Remark 4 Based on paper [15], we can write for V,(;x)

g1 Hy; 1
bimi =L 4 —| = .
n 2n Ha 1212

Remark 5 For operators K,‘f (;x), we can compute similar quantities,

n, n+] - n+ 1 —n( )
b]]_<x F(n+1)/ [ 12 t nk(el)}#
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by Remark 4, we get
o0

, nij 1 e T mdk (k1
Wi = E K / rarhs! nt o dr.
] <x> F(n+j) Jo ¢ Ze k' \n ¥ 2n

k=0

Using the definition of Szasz—Mirakyan operators, we obtain

Y — (g)’ F(;ﬂ) /0 ” |:e e (Suens) + %Sm;n)] dt.

By the definition of the Gamma function, we can write

r i+ 1 1 j 1
b]n,/:fi(n-'—}f )+—:x 1+i + —.
n I'(n+j) 2n n 2n

. ips Hy,j
Using the previous quantity 4’/ and the definition of 11, ", we get

Hyy (% +x%) j 1
T 1+ 5 )+ —.
Ha n n 1212

Now, we are in a position to formulate the difference approximation theorem.

Theorem 7 If D(Ry) is the set of all f € C(Ry) such that Kf(f), V() € CRy) and " €
Cp(Ry), then for f € D(Ry), x € Ry and B > 0, the following estimation holds:

2
|(I<f —Vn)(f,x)| S 1 |: 1 + x(x+ 1) :I ”f//” +2a) (f’ \/4.ﬁx2(ﬂx2 +x+ 1)+ 1)

2@ n 2n

Anx(x + 1) + 1)

2n

+2w (f ,
Proof By Theorem 2.1 [12], we have

(KL =V )(50)| < a@f" || +20(f, 81(x) + 20(f, 85(x)),

where
1 > ]n,‘ Hn,’
)= ; (5B s + Vij)ty ™),

2@ = si(Bx) (B —2)", 2@ =D vus) (b1 )"

j=0 Jj=0

Using definitions of s;(8x), v,,;(x), Remark 4 and Remark 5, we may write

a(x) =

:li e_,gx(ﬂ‘x)f 1 +x2+x 1+£ N n+}:—1 x’l’ 1
2 Ji 1212 n n j (1 +xy*" 12n

j=0
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1[1 x(x+1)2]
= | — 4+ = |.

2 | 6n? n

For §2(x), we get

HOEDY e-ﬁx@

=0 J

(ﬂ ) i)z _ ABx*(Bx* +x+ 1)+ 1

n 2n 4p?

and for §5(x), we achieve

[ee] . i , 2
55(@22(“{-1)’67’, <1 .\ L_x> e Dl
P j Q+xy™" \n 2n 4n

The theorem is proved. d

5 Discussion and conclusion

Several techniques are available in the literature to obtain new approximation operators.
Let us recall the well-known paper of Ismail and May ([17]), which deals with so-called
exponential operators or the paper of Wachnicki and Tyliba ([22]), where the authors in-
troduced semi-exponential Szasz—Mirakyan and Weierstrass operators. Later on, new ap-
proaches appear, for example see [9] and the references therein. One of them is a compo-
sition of operators. Recently, many articles highlighting the benefits of composition tech-
niques have been published. This motivates us to work in this area. The present article
provides a new sequence of positive linear operators that results from the composition of
two operators. We introduce the moment-generating function and utilize it to compute
moments of certain orders. Regarding the approximation theorems, we establish funda-
mental approximation theorems, error estimation theorem, as well as Voronovskaya-type
and Griiss—Voronovskaya-type theorems. In the last section of the paper, the difference
estimates of our newly defined composition operators and a Baskakov—Kantorovich-type

composition operators are also provided.
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