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1. Introduction

The subject of the paper is the construction of an explicit periodic solution u to
the equation

P’u(x,t)=f(x,t), P=D.-D,, P’=P(P*), P’=P(P) @)
in the domain
D={(x,t):x€(0,1),t €(—00,)},
satisfying the boundary conditions
P7'u(0,t)=h(t), i=1,2,3, te(—o0,00) )
Plu(L,t)=k(t), i=1,2,3, te(—o0,0) 3)
and the periodicity condition
u(xt+p)=u(xt), (x,t)eD, @)
where p>0 being the period.
Here functions f, h,, k,, i=1,2,3, are given periodic function with period p.
In the following works (Koronski, 1990; 1991; 1995; 1996) explicit solutions
of limit problems for three-parabolic equations with different boundary
conditions are constructed. In (Koronski, Zdankiewicz, 1996; Koronski, 1999)
the periodic solutions of the biparabolic problem with Riquier boundary

conditions is considered. In this article the generalization of paper (Koronski,
Zdankiewicz, 1996) is given.

2. The Green function

By Krzyzanski (1971, p. 476), is know that the Green function for the
equation Pu(x,t)=0, for the domain D and boundary conditions of Dirichlet
type G(0,t; y,5)=G(1,¢; y,s)=0 is of form

G(x;ti y;S) :Y(t_s) [Vo (x)t;' )’ys)+H(x1t3 y;S)],

where

1

Vo (%8 7,5)=(t=s) >exp(B(t,5)(x,7)*), B(t;s)=(-4(t=5)"),

H(x!t5 )’;5) :Z(_l)n (an (xlt} y;5)+V,,2 (x;ti 2 5));
n=1
1
V, (x,t; y,5)=(t=s) > exp(B(t,5)(x,,)"),
x;n=x+2n, x;nH:—x—Zn, n=1,2,3,...,

1

Vn2 (xlt; )’;S) = (t _5)75 eXP(B(t:S) (xf;)’)z ))

x;l =x—2n, xinﬂ =—x+2n+2, n=1,2,3,...,
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Y (t—s) denote the Heaviside function, i.e.
Y(t—s)=0 for t<s and Y (t,s)=1 for t>s.

3. The iterated Green potentials compatible with
boundary condition

Let us consider following potentials

t
w, (x,t) = _[ hy (s)D,G(x,t;0,5)ds,

—00

t 1 s
wy (8)= [ [Glast; 3,9) [ Iy (5,) D, G, 550,5,)ds dyds,

—0 0

t 1 s 1 B
ws (%)= I IG(x,t; 7,5) I IG(y;Si Yusy) I h3(52)Dy2G(J’1»515O)Sz)dszd)ﬁdsldyds)

—0 0 —0 0

t
w, (x,t)= I k,(s)D,G(x,t;1,5)ds,

t 1 s
wq(x,t)= J '[G(x,t; ,5) J. k,(s,)D, G(y,s;1,5,)ds,dyds,

—0 0

t 1 s 1 s)
we(x,t) = I IG(x,t; ,5) I IG(y,s; V1,5,) I k3(52)Dy2G(yl,sl;l,sz)dszdyldsldyds.

—0 0 —0 0

4. Properties of the potentials w,i=1,2,3,4,S§,6

Let
6
w(x,t)= z w, (x,t).
i=1

Theorem 1. If h, k,i=1,2,...,6, are continuous and bounded in (—o0,),
and if h,k,i=12,..,6, are periodic function, i.e. h(t+p)=h/(t),
k(t+p)=k,(t),i=1,2,...,6, t € (—o0,00), then

1° Pw(x1)=0, (x,t)eD,

2o PTlw(0,t)=h(t),i=1,2,3, t(-w0,),

30 PUw(Lt)=k(t),i=1,2,3, te(-0,),

4°  w(x,t+p)=w(xt), (x,t)eD.
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Proof. Ad 1°. We have

Pw(x,t)= ZPWi (1)

t t
= J‘hz(sl)DylG(x,t;O,s)ds1 +J‘k2(sl)DylG(x,t;l,s)ds1

—00 —o0

IIG(x,t y,s)jh (sl)D G(y,s,O s, )ds,dyds

—0 0

IIG(x,t ,5) I ky(s,) D, G(y,5;1,5,)ds,dyds,

—0 0

Plw(x t)= ZP w,(x,t) = jh (s)D, G(x,£;0,5,)ds, + jk (s,)D, G(x,t;1,5,)ds,,

i=1

P3w(x,t) = ZP3wi (x,t)

—PIh (s1)D,, G(x,t;0 sl)dsl+PIk (s1)D, G(x,t;1,5,)ds, =0
for (x,t)eD.
Ad 2°.

6
P7w(0,6)=> P™w (0,t)
j=1

t
—pi! j h,(s)D,G(0,t;0,5)ds

—00

P 1HG(O £ 9,5) Ih (5,)D, G(,5;0,5,)ds,dyds

—0 0

+P" 1J‘J‘G(O t; y,s)IIG(y,s )’1)51)_[h (sZ)D G(yl,sl,O s, )ds,dy,ds,dyds

—0 0 —0 0

+P" IJ-k (s)D,G(L,t;0, s)ds+P'"~ IIIG(I t; y,s)jk (s,)D, G(y,5;0,s,)ds,dyds

—0 0

+p! J‘J.G(l t;y,s) I IG(y,s, yl,sl)J-k (52)D G(y,,5,;0,s,)ds,dy,ds dyds=h,(t),

-0 0 -0 0
i=1,2,3, te(—OO’(‘O).
Ad 3°. Similarly to the 2°, we obtain that
P 'w(1,t)=k(t), i=1,2,3, te(—o,).

Ad 4°. To verify the periodicity of the function w(x,t), we shall prove that
the integrals w,(x,t), i=1,2,...,6 are periodic
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For w,(x,t) we have

t+p
w, (x,t+p)= jhi (s)DyG(x—O;t+p—s)ds.
Applying the change of the integral variable
s=p+z, ds=dz, if se(—oo,t+p), then ze(—xn,t), (5)

we obtain

t
w, (x,t+ p) = Jhi(z+p)DyG(x—O;t—z)dz

and by periodicity h, we obtain that
w, (x,t+p) =w, (x,t), (x,t)eD.

For the w, (x,t) we have

tp 1 B
w, (x,t+p)= j IG(x—y;t—i—p—s) hz(sl)DylG(y—O;s—sl)dsldyds.
—o0 0 —0

Applying the change of the integral variable defined by (5) we obtain

ptz

t 1
w, (x,t+p)= IIG(x—y;t+p—p—z) I hy(s,)D, G(y—0; p+2z—s,)dsdyds.

—0 0
Applying in the integral

ptz

I hz(51)DylG()’_OSP+Z_51)d51

the change of the integral variable

s,=p+z,, ds,=dz,, if s e(-o,p+z), then z e(-x,z),

we obtain
ptz z
[ 1(s)D, G(y=0; p+z=5))ds, = [ I (2, +p)D, G(y=0; p+2—p—2)dz,

and by periodicity of h,, we obtain

p+Z z

Jhz(sl)DylG(y—O;p+z—sl)dsl: ‘[hz(zl+p)DylG(y—0;z—zl)dz1

—00 —0o0

= Ihz(zl)DylG(y—O;z—zl)dzl.
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Consequently
w, (x,t+p)=w,(x,t), (x,t)eD.
For the integral w,(x,t), we have

t+p 1

w,(x,t+p)= J.J.G(x yit+p— s)J.JG(y V58— sl)J‘h(sz)D G(y, —0;s, —s, ) ds,dy,ds,dyds.

Y -0 0
Applying the change of the integral variable
s=z+p, ds=dz, if se(-o,t+p), then ze(—on,t),
we obtain

z+p 1

et ep= | Joleyitepp-) [ [6lmsazsps) j (520D, Gy =055, =, syl s,

—0 0 —o0 0

Applying in the integral

z+p 1
I IG(J’ yiztp— 51) jh (Sz)D G(J’l —=0;s,— Sz)dszd)’ldsu
-0 0 —00

the change of the integral variable
s=z,+p, ds,=dz,, if s e(—0,z+p), then z e(-x,z),
we obtain the integral

zZ1tp

.[.[G(y y;z2+p—2,—p) J.h (52)D G(y1 0; p+z, —s, )ds,dy,dz.

—0 0
Applying in the integral

zZ1t+p
I h3(52)Dy2G(y1 —0; p+z,—s,)ds,

the change of the integral variable
s,=2z,+p, ds,=dz,, if s,e(-o,z,+p), then z,e(-mo,z).

By periodicity h, by last integral, we obtain
Z
I hy(z,)D, G(y,—0;2, —2,)dz,.

Consequently we obtain

w3(x,t+p) =w, (x,t), (x,t) eD.
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5. Potential compatible with source function
ant its properties

Let us consider the potential
w, (x)t):

1 s 1 s 1
= I IG(Z:ti }’)5) j IG(Zrti )’1’51) j jf()’z:sz)G()’u51))’Z’Sz)dhdszd%dsldyds-

—0 0 —0 0 —0 0

Theorem 2. If the function feC'(D)NB(D), where B(D) denote the class
of all function bounded in the domain D, and if the function f is periodic with
respecttot,i.e. f(x,t+p)=f(xt), then:
1° Pw,(x,t)=f(x,t), (x,t)eD,
2°  P7'w (0,t)=0,i=1,2,3, t € (—o0,),
3° P7'w,(1,t)=0,i=1,2,3, t e(—o0,),
4°  w.(x,t+p)=w,(xt), (x,t)eD.
Proof. Ad 1°. By Poisson theorem, (Krzyzanski, 1971, p. 522), we obtain
t 1 s 1
Pw, (x,t)= I IG(Z)tE Yusi) j If(yZISZ)G(yllslfyzrsz )dy, ds,dy,ds,
—0 0 —0 0
Applying to last integral Poisson theorem we obtain

1
P2W7(x;t)= J._ff(yzysz)G(x;ti)’zrsz)dyzdsr

-0 0
Applying once more the Poisson theorem, we obtain
P’w,(x,t)=f(x,t), (x,t)eD.
Ad 2°. We have

w, (O)t) =

t1 s 1 5 1
= J‘ J-G(O,t; 9,5) J. J.G(y,s; Yisi) I If(yzrsz) G(91,81) Y215, )dy,ds,dy, ds,dyds =0,

—0 0 —0 0 —0 0

£l 51
Pw, (0,t)= _[ JG(01t5 J’USl) j J.f()’wsz) G(J’USUyz)sz)dyzdszd)ﬁdsl =0,

-0 0 -0 0

t 1
P, (0,0)= [ [ £(32,5,) G0,8, 35,5, ) dyyds, =0.

—0 0

Ad 3°. The proof 3° is similar to those 2°.
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Ad 4°. We have

t+p1 s 1 s 1
w; (x,t+p)= I IG("C_)’JH'P_S) J IG(y)Si )’1151) I If(J’z’Sz) G(yl,sl,yz,sz)dyzdszdyldsldyds.
-0 0 -0 0 -0 0

Applying the change of the integral variable
s=p+z, ds=dz, if se(-o,t+p), then ze(—xo,t),

we obtain

1 zip 1 sl
w7(x,t+p)= ij(x—y;ter—p—z) j IG()’_ylip"'z_Sl)jjf()’z:sz) G()’USN}’2f52)dy2d52dy1d51dyd5-

—0 0 —0 0 —0 0

Let us consider the integral

z+p 1 st 1
J. ‘[G(y_yl5p+z_sl) _[ _[f()’z)sz) G(J’l = Y538 =5, )dy,ds,dy,ds,
—o0 0 —o0 0

Applying the change of the integral variable

s,=z,+p, ds,=dz,, if s €(—0,p+z), then z e(-xo,z),

we obtain
z 1 Z1+p 1
J. J.G(y_yl5p+z_zl _P) J. _[f(yvsz) G(yl )% +P_52)dy2d52dJ’1d51'
—o0 0 -0 0

Let us consider the integral

Ztpl

I If(yzrsz) G()’l — )% +p—52)dy2d52.

—0 0
Applying the change of the integral variable
s,=2,+p, ds,=dz,, if s,e(-0,z,+p), then z,e(-x,z),

we obtain

Z

1
J. J.f(yzrzz +p)G(y, = y,52 + p—2, + p)dy,dz,.
—0 0
By periodicity of the function f, and by the last integral, we obtain
z 1
I If()’z:zz) G(y, = 1,52 —2,)dy,dz,.
—0 0

Consequently we obtain periodicity

w, (x,t+p)=w,(x,t), (x,t)eD.
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6. Conclusion - an explicit periodic solution
of the problem (1)-(4)

By Theorem 1 and Theorem 2, we obtain the following result.
Theorem 3. If the assumptions of the Theorem 1 and Theorem 2 are satisfied,
then the function

w(x,t)= iwi (x,t)

is a periodic solution of (1)—(4) problem.
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